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SYSTEM AND METHOD OF COMPUTING AND RENDERING THE NATURE OF 
POLYATOMIC MOLECULES AND POLYATOMIC MOLECULAR IONS 

This application claims priority to U.S. Application Nos,: 60/730,882, filed October 28, 
5 2005; 60/732,154, filed November 2, 2005; 60/737,744, filed November 18, 2005; 

60/758,528, filed January 13, 2006; 60/780,518, filed March 9, 2006; 60/788,694, filed April 
4, 2006; 60/812,590, filed June 12, 2006; and 60/815,253, June 21, 2006, the complete 
disclosures of which are incorporated herein by reference. 

10 Field of the Invention: 

This invention relates to a system and method of physically solving the charge, mass, 
and current dehsity functions of polyatomic molecules, polyatomic molecular ions, clidtomic 
molecules, molecular radicals, molecular ions, or any portion of these species, and computing 
and rendering the nature of these species using the solutions. The results can be displayed on 

1 5 visual or graphical media. The displayed information provides insight into the nature of these 
species and is useful to anticipate their reactivity, physical properties, and spectral absorption 
and emission, and permits the solution and display of other species. 

Rather than using postulated unverifiable theories that treat atomic particles as if they 
were not real, physical laws are now applied to atoms and ions. In an attempt to provide 

20 some physical insight into atomic problems and starting with the same essential physics as 
Bohr of the e~ moving in the Coulombic field of the proton with a true wave equation, as 
opposed to the diffusion equation of Schrodinger, a classical approach is explored which 
yields a model that is remarkably accurate and provides insight into physics on the atomic 
level. The proverbial view deeply seated in the wave-particle duality notion that there is no 

25 large-scale physical counterpart to the nature of the electron is shown not to be correct. 
Physical laws and intuition may be restored when dealing with the wave equation and 
quantum atomic problems. 

Specifically, a theory of classical quantum mechanics (CQM) was derived from first 
principles as reported previously [reference Nos. 1-8] that successfully applies physical laws 

30 to the solution of atomic problems that has its basis in a breakthrough in the understanding of 
the stability of the bound electron to radiation. Rather than using the postulated Schrodinger 
boundary condition: ,!X F -> 0 as r H> oo", which leads to a purely mathematical model of the 
electron, the constraint is based on experimental observation. Using Maxwell's equations, the 
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classical wave equation is solved with the constraint that the bound n = 1 -state electron 
cannot radiate energy. Although it is well known that an accelerated point particle radiates, 
an extended distribution modeled as a superposition of accelerating charges does not have to 
radiate. A simple invariant physical model arises naturally wherein the predicted results are 
5 extremely straightforward and internally consistent requiring minimal math, as in the case of 
the most famous equations of Newton, Maxwell, Einstein, de Broglie, and Planck on which 
the model is based. No new physics is needed; only the known physical laws based on direct 
observation are used. 

Applicant's previously filed WO2005/067678 discloses a method and system of 

10 physically solving the charge, mass, and current density junctions of atoms and atomic ions 
and computing and rendering the nature of these species using the solutions. The complete 
disclosure of this published PCT application is incorporated herein by reference. 

Applicant 5 s previously filed WO2005/ 1 1 663 0 discloses a method and system of 
physically solving the charge, mass, and current density functions of excited states of atoms 

15 and atomic ions and computing and rendering the nature of these species using the solutions. 
The complete disclosure of this published PCT application is incorporated herein by 
reference. 

Applicant's previously filed U.S. Published Patent Application No. 20050209788A1, 
relates to a method and system of physically solving the charge, mass, and current density 
20 functions of hydrogen-type molecules and molecular ions and computing and rendering the 
nature of the chemical bond using the solutions. The complete disclosure of this published 
application is incorporated herein by reference. 

Background of the Invention 

25 The old view that the electron is a zero or one-dimensional point in an all-space 

probability wave function ^(x) is not taken for granted. The theory of classical quantum 
mechanics (CQM), derived from first principles, must successfully and consistently apply 
physical laws on all scales [1-8]. Stability to radiation was ignored by all past atomic models. 
Historically, the point at which QM broke with classical laws can be traced to the issue of 

30 nonradiation of the one electron atom. Bohr just postulated orbits stable to radiation with the 
further postulate that the bound electron of the hydrogen atom does not obey Maxwell's 
equations — rather it obeys different physics [1-12]. Later physics was replaced by "pure 
mathematics" based on the notion of the inexplicable wave-particle duality nature of electrons 
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which lead to the Schrodinger equation wherein the consequences of radiation predicted by 
Maxwell's equations were ignored. Ironically, Bohr, Schrodinger, and Dirac used the 
Coulomb potential, and Dirac used the vector potential of Maxwell's equations. But, all 
ignored electrodynamics and the corresponding radiative consequences. Dirac originally 
5 attempted to solve the bound electron physically with stability with respect to radiation 
according to Maxwell's equations with the further constraints that it was relativistically 
invariant and gave rise to electron spin [13]. He and many founders of QM such as 
Sommerfeld, Bohm, and Weinstein wrongly pursued a planetary model, were unsuccessful, 
and resorted to the current mathematical-probability-wave model that has many problems [9- 

10 16]. Consequently, Feynman for example, attempted to use first principles including 
Maxwell's: equations to discover new physics to replace quantum mechanics [17]. . 

Physical laws may indeed be the root of the observations thought to be "purely 
quantum mechanical", and it was a mistake to make the assumption that Maxwell's 
electrodynamic equations must be rejected at the atomic level. Thus, in the present approach, 

15 the classical wave equation is solved with the constraint that a bound n~\ -state electron 
cannot radiate energy. 

Herein, derivations consider the electrodynamic effects of moving charges as well as 
the Coulomb potential, and the search is for a solution representative of the electron wherein 
there is acceleration of charge motion without radiation. The mathematical formulation for 

20 zero radiation based on Maxwell's equations follows from a derivation by Haus [1 8]. The 
function that describes the motion of the electron must not possess spacetime Fourier 
components that are synchronous with waves traveling at the speed of light. Similarly, 
nonradiation is demonstrated based on the electron's electromagnetic fields and the Poynting 
power vector. 

25 It was shown previously [1-8] that CQM gives closed form solutions for the atom 

including the stability of the n = \ state and the instability of the excited states, the equation 
of the photon and electron in excited states, and the equation of the free electron and photon, 
which predict the wave particle duality behavior of particles and light. The current and 
charge density functions of the electron may be directly physically interpreted. For example, 

30 spin angular momentum results from the motion of negatively charged mass moving 

systematically, and the equation for angular momentum, r x p , can be applied directly to the 
wave function (a current density function) that describes the electron. The magnetic moment 
of a Bohr magneton, Stern Gerlach experiment, g factor, Lamb shift, resonant line width and 
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shape, selection rules, correspondence principle, wave particle duality, excited states, reduced 
mass, rotational energies, and momenta, orbital and spin splitting, spin-orbital coupling, 
Knight shift, and spin-nuclear coupling, and elastic electron scattering from helium atoms, are 
derived in closed-form equations based on Maxwell's equations. The calculations agree with 
5 experimental observations* 

The Schrodinger equation gives a vague and fluid model of the electron. Schrodinger 
interpreted e^Y * (x) x P(x) as the charge-density or the amount of charge between x and 
x + dx (*P * is the complex conjugate of W ). Presumably, then, he pictured the electron to 
be spread over large regions of space. After Schrodinger 5 s interpretation, Max Born, who 



10 was working with scattering theory, found that this interpretation led to inconsistencies, and 
he replaced the Schrodinger interpretation with the probability of finding the electron 
between x and x + dx as 



Born's interpretation is generally accepted. Nonetheless, interpretation of the wave function 

15 is a never-ending source of confusion and conflict. Many scientists have solved this problem 
by conveniently adopting the Schrodinger interpretation for some problems and the Born 
interpretation for others. This duality allows the electron to be everywhere at one time — yet 
have no volume. Alternatively, the electron can be viewed as a discrete particle that moves 
here and there (from r — 0 to r = qo), and x ¥ x ¥ * gives the time average of this motion. 

20 In contrast to the failure of the Bohr theory and the nonphysical, adjustable-parameter 

approach of quantum mechanics, multielectron atoms [1,4] and the nature of the chemical 
bond [1,5] are given by exact closed-form solutions containing fundamental constants only. 
Using the nonradiative wave equation solutions that describe the bound electron having 
conserved momentum and energy, the radii are determined from the force balance of the 

25 electric, magnetic, and centrifugal forces that corresponds to the minimum of energy of the 
system. The ionization energies are then given by the electric and magnetic energies at these 
radii. The spreadsheets to calculate the energies from exact solutions of one through twenty- 
electron atoms are given in f 06 Mills GUT [1] and are available from the internet [19]. For 
400 atoms and ions, as well as hundreds of molecules, the agreement between the predicted 

30 and experimental results is remarkable. 

The background theory of classical quantum mechanics (CQM) for the physical 
solutions of atoms and atomic ions is disclosed in R. Mills, The Grand Unified Theory of 




a) 
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Classical Quantum Mechanics, January 2000 Edition, BlackLight Power, Inc., Cranbury, 
New Jersey, (" '00 Mills GUT"), provided by BlackLight Power, Inc., 493 Old Trenton Road, 
Cranbury, NJ, 08512; R. Mills, The Grand Unified Theory of Classical Quantum Mechanics, 
September 2001 Edition, BlackLight Power, Inc., Cranbury, New Jersey, Distributed by 
5 Amazon.com (" '01 Mills GUT"), provided by BlackLight Power, Inc., 493 Old Trenton 
Road, Cranbury, NJ, 08512; R. Mills, The Grand Unified Theory of Classical Quantum 
Mechanics, July 2004 Edition, BlackLight Power, Inc., Cranbury, New Jersey, (" '04 Mills 
GUT"), provided by BlackLight Power, Inc., 493 Old Trenton Road, Cranbury, NJ, 08512; R. 
Mills, The Grand Unified Theory of Classical Quantum Mechanics, January 2005 Edition, 
* 10 BlackLight Power, Inc., Cranbury, New Jersey, (" '05 Mills GUT"), provided by BlackLight 
Power, Inc., 493 Old Trenton Road, Cranbury, NJ, 085 12 (posted at 

www.blacklightpower.com) ; R. L. Mills, "The Grand Unified Theory of Classical Quantum 
Mechanics", June 2006 Edition, Cadmus Professional Communications-Science Press 
Division, Ephrata, PA, ISBN 0963517171, Library of Congress Control Number 
1 5 2005936834, (" '06 Mills GUT"), provided by BlackLight Power, Inc., 493 Old Trenton 
Road, Cranbury, NJ, 08512 (posted at 

http://www.blacklightpo wer. com/bookdo wnload. shtmD ; in prior PCT applications 
PCT/US02/35872; PCT/US02/06945; PCT/US 02/0695 5; PCT/US0 1/0905 5; PCT/US01/ 
25954; PCT/US00/20820; PCT/US00/20819; PCT/US00/09055; PCT/US99/17171; 

20 PCT/US99/17129; PCT/US 98/22822; PCT/US98/14029; PCT/US96/07949; 

PCT/US94/02219; PCT/US9 1/08496; PCT/US90/01998; and PCT/US89/05037 and U.S. 
Patent No. 6,024,935; the entire disclosures of which are all incorporated herein by reference 
(hereinafter "Mills Prior Publications"). 

The following list of references, which are also incorporated herein by reference in 

25 their entirety, are referred to in the above sections using [brackets]: 

1. R. L. Mills, "The Grand Unified Theory of Classical Quantum Mechanics", June 2006 
Edition, Cadmus Professional Communications-Science Press Division, Ephrata, PA, 
ISBN 0963517171, Library of Congress Control Number 2005936834; posted at 

30 http://www.blacklightpower.coin/bookdownload.shtml . 

2. R. L. Mills, "Classical Quantum Mechanics", Physics Essays, Vol. 16, No. 4, December, 
(2003), pp. 433-498; posted with spreadsheets at 
www.blacklightpower.com/techpapers.shtml. 
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3. R. Mills, "Physical Solutions of the Nature of the Atom, Photon, and Their Interactions to 
Form Excited and Predicted Hydrino States", submitted. 

4. R. L. Mills, "Exact Classical Quantum Mechanical Solutions for One- Through Twenty- 
Electron Atoms", in press, posted with spreadsheets at 

5 http://www.blacklightpowerxom/techpapers.shtml. 

5. R. L. Mills, "The Nature of the Chemical Bond Revisited and an Alternative Maxwellian 
Approach", Physics Essays, Vol. 17, (2004), pp. 342-389, posted with spreadsheets at 
http ://www.blacklightpower . com/techpapers . shtml . 

6. R. L. Mills, "Maxwell's Equations and QED: Which is Fact and Which is Fiction", in 
10 press, posted with spreadsheets at ht1p://www.blacklightpower.com/techpapers.shtml. 

7. R. L, Mills, "Exact Classical Quantum Mechanical Solution for Atomic Helium Which 
Predicts Conjugate Parameters from a Unique Solution for the First Time", submitted, 
posted with spreadsheets at http://www.blacklightpower.com/theory/theory.shtml.. 

8. R. Mills, "The Grand Unified Theory of Classical Quantum Mechanics", Int. J. Hydrogen 
15 Energy, Vol. 27, No. 5, (2002), pp. 565-590. 

9. R. L. Mills, "The Fallacy of Feynman f s Argument on the Stability of the Hydrogen Atom 
According to Quantum Mechanics", Annales de la Fondation Louis de Broglie, Vol. 30, 
No. 2, (2005), pp. 129-151, posted at http://www.blacklightpower.com/techpapers.shtml. 

10. R. Mills, The Nature of Free Electrons in Superfluid Helium — a Test of Quantum 
20 Mechanics and a Basis to Review its Foundations and Make a Comparison to Classical 

Theory, Int. J. Hydrogen Energy, Vol. 26, No. 10, (2001), pp. 1059-1096. 

11. R. Mills, "The Hydrogen Atom Revisited", Int. J. of Hydrogen Energy, Vol. 25, Issue 12, 
December, (2000), pp. 1171-1183. 

12. F. Laloe, Do we really understand quantum mechanics? Strange correlations, paradoxes, 
25 and theorems, Am. J. Phys. 69 (6), June 2001, 655-701. 

13. P. Pearle, Foundations of Physics, "Absence of radiationless motions of relativistically 
rigid classical electron", Vol. 7, Nos. 1 1/12, (1977), pp. 931-945. 

14. V. F. Weisskopf, Reviews of Modem Physics, Vol. 21, No. 2, (1949), pp. 305-315. 

15. H. Wergeland, "The Klein Paradox Revisited", Old and New Questions in Physics, 
30 Cosmology, Philosophy, and Theoretical Biology, A. van der Merwe, Editor, Plenum 

Press, New York, (1983), pp. 503-515. 

16. A. Einstein, B. Podolsky, N. Rosen, Phys. Rev., Vol. 47, (1935), p. 777. 

17. F. Dyson, "Feynman's proof of Maxwell equations", Am. J. Phys., Vol. 58, (1990), pp. 
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(1986), pp. 1126-1129. 
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SUMMARY OF THE INVENTION 

The present invention, an exemplary embodiment of which is also referred to as 
Millsian software, stems from a new fundamental insight into the nature of the atom. 
Applicant's new theory of Classical Quantum Mechanics (CQM) reveals the nature of atoms 

1 0 and molecules using classical physical laws for the first time. As discussed above, traditional 
quantum mechanics can solve neither multi-electron atoms nor molecules exactly. By 
contrast, CQM produces exact, closed-form solutions containing physical constants only for 
even the most complex atoms and molecules. 

The present invention is the first and only molecular modeling program ever built on 

1 5 the CQM framework. All the major functional groups that make up most organic molecules 
have been solved exactly in closed- form solutions with CQM. By using these functional 
groups as building blocks, or independent units, a potentially infinite number of organic 
molecules can be solved. As a result, the present invention can be used to visualize the exact 
3D structure and calculate the heat of formation of almost any organic molecule. 

20 For the first time, the significant building-block molecules of chemistry have been 

successfully solved using classical physical laws in exact closed-form equations having 
fundamental constants only. The major functional groups have been solved from which 
molecules of infinite length can be solved almost instantly with a computer program. The 
predictions are accurate within experimental error for over 375 exemplary molecules. 

25 Applicant's CQM is the theory that physical laws (Maxwell's Equations, Newton's 

Laws, Special and General Relativity) must hold on all scales. The theory is based on an often 
overlooked result of Maxwell's Equations, that an extended distribution of charge may, under 
certain conditions, accelerate without radiating. This "condition of no radiation" is invoked to 
solve the physical structure of subatomic particles, atoms, and molecules. 

30 In exact closed-form equations with physical constants only, solutions to thousands of 

known experimental values arise that were beyond the reach of previous outdated theories. 
These include the electron spin, g-factor, multi-electron atoms, excited states, polyatomic 
molecules, wave-particle duality and the nature of the photon, the masses and families of 
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fundamental particles, and the relationships between fundamental laws of the universe that 
reveal why the universe is accelerating as it expands. CQM is successful to over 85 orders of 
magnitude, from the level of quarks to the cosmos. Applicant now has over 65 peer-reviewed 
journal articles and also books discussing the CQM and supporting experimental evidence. 
5 The molecular modeling market was estimated to be a two-billion-dollar per year 

industry in 2002, with hundreds of millions of government and industry dollars invested in 
computer algorithms and supercomputer centers. This makes it the largest effort of 
computational chemistry and physics. 

The present invention's advantages over other models includes: Rendering true 
10 molecular structures; Providing precisely all characteristics, spatial and temporal charge 
distributions and energies of every electron in every bond, and of every bonding atom; 
Facilitating the identification of biologically active sites in drugs; and Facilitating drug 
design. 

An objective of the present invention is to solve the charge (mass) and current-density 
15 functions of polyatomic molecules, polyatomic molecular ions, diatomic molecules, 

molecular radicals, molecular ions, or any portion of these species from first principles. In an 
embodiment, the solution for the polyatomic molecules, polyatomic molecular ions, diatomic 
molecules, molecular radicals, molecular ions, or any portion of these species is derived from 
Maxwell's equations invoking the constraint that the bound electron before excitation does 
20 not radiate even though it undergoes acceleration. 

Another objective of the present invention is to generate a readout, display, or image 
of the solutions so that the nature of polyatomic molecules, polyatomic molecular ions, 
diatomic molecules, molecular radicals, molecular ions, or any portion of these species be 
better understood and potentially applied to predict reactivity and physical and optical 
25 properties. 

Another objective of the present invention is to apply the methods and systems of 
solving the nature of polyatomic molecules, polyatomic molecular ions, diatomic molecules, 
molecular radicals, molecular ions, or any portion of these species and their rendering to 
numerical or graphical form to all atoms and atomic ions. 
30 These objectives and other objectives are obtained by a system of computing and 

rendering the nature of at least one specie selected from a group of diatomic molecules 
having at least one atom is other than hydrogen, polyatomic molecules, molecular ions, 
polyatomic molecular ions, or molecular radicals, or any functional group therein, comprising 
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physical, Maxwellian solutions of charge, mass, and current density functions of said specie, 
said system comprising processing means for processing physical, Maxwellian equations 
representing charge, mass, and current density functions of said specie; and an output device 
in communication with the processing means for displaying said physical, Maxwellian 
5 solutions of charge, mass, and current density functions of said specie. 

Also provided is a composition of matter comprising a plurality of atoms, the 
improvement comprising a novel property or use discovered by calculation of at least one of 
a bond distance between two of the atoms, a bond angle between three of the atoms, and 
a bond energy between two of the atoms, orbital intercept distances and anglesxharge-density 

10 functions of atomic, hybridized, and molecular orbitals, the bond distance, bond angle, and 
bond energy being calculated from, physical solutions of the charge, mass, and current density 
functions of atoms and atomic ions, which solutions are derived from Maxwell's equations 
using a constraint that a bound electron(s) does not radiate tinder acceleration. 

The presented exact physical solutions for known species of the group of polyatomic 

15 molecules, polyatomic molecular ions, diatomic molecules, molecular radicals, molecular 
ions, or any functional group therein, can be applied to other species. These solutions can be 
used to predict the properties of other species and engineer compositions of matter in a 
manner which is not possible using past quantum mechanical techniques. The molecular 
solutions can be used to design synthetic pathways and predict product yields based on 

20 equilibrium constants calculated from the heats of formation. Not only can new stable 
compositions of matter be predicted, but now the structures of combinatorial chemistry 
reactions can be predicted. 

Pharmaceutical applications include the ability to graphically or computationally 
render the structures of drugs that permit the identification of the biologically active parts of 

25 the specie to be identified from the common spatial charge-density functions of a series of 
active species. Novel drugs can now be designed according to geometrical parameters and 
bonding interactions with the data of the structure of the active site of the drug. 

The system can be used to calculate conformations, folding, and physical properties, 
and the exact solutions of the charge distributions in any given specie are used to calculate the 

30 fields. From the fields, the interactions between groups of the same specie or between groups 
on different species are calculated wherein the interactions are distance and relative 
orientation dependent. The fields and interactions can be determined using a finite-element- 
analysis approach of Maxwell's equations. 
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Embodiments of the system for performing computing and rendering of the nature of 
the polyatomic molecules, polyatomic molecular ions, diatomic molecules, molecular 
radicals, molecular ions, or any portion of these species using the physical solutions may 
comprise a general purpose computer. Such a general purpose computer may have any 
5 number of basic configurations. For example, such a general purpose computer may 
comprise a central processing unit (CPU), one or more specialized processors, system 
memory, a mass storage device such as a magnetic disk, an optical disk, or other storage 
device, an input means, such as a keyboard or mouse, a display device, and a printer or other 
output device. A system implementing the present invention can also comprise a special 
1 0 purpose computer or other hardware system and all should be included within its scope. 

Although not preferred, any of the calculated and measured values and constants 
recited in the equations herein can be adjusted, for example, up to + 10%, if desired. 

BRIEF DESCRIPTION OF THE DRAWINGS 

15 

Fig. 1 illustrates an elliptical current element of the prolate spheroidal MO; 

Fig. 2 illustrates the ellipsoidal current-density surface obtained by stretching 7 0 ° {0,<f>) along 

the semimajor axis; 
Fig. 3 illustrates the angular momentum components of the MO and S ; 
20 Fig. 4 illustrates cross section of an atomic orbital; 
Fig. 5 illustrates A. Prolate spheroid MO; 
Fig. 6 illustrates the equilateral triangular H^{l/ p); 
Fig. 7 illustrates the cross section of the OH MO; 

Fig. 8 illustrates OH MO comprising the superposition of the H 2 -type ellipsoidal MO and 
25 the 02 p y AO with a relative charge-density of 0.75 to 1 .25; 

Fig. 9 illustrates H 2 0 MO comprising the linear combination of two O-H -bond MOs; 

Fig. 10 illustrates the cross section of the NH MO showing the axes, angles, and point of 
intersection of the i^-type ellipsoidal MO with the N2p x AO; 

Fig. 1 1 illustrates NH MO comprising the superposition of the H 2 -type ellipsoidal MO and 
30 the N2 p x AO with a relative charge-density of 0.75 to 1.25; 

Fig. 12 illustrates NH 2 MO comprising the linear combination of two N-H -bond MOs; 
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Fig. 13 illustrates NH 3 MO comprising the linear combination of three N-H -bonds; 

Fig. 14 illustrates the cross section of the CH MO showing the axes, angles, and point of 
intersection of the H 2 -type ellipsoidal MO with the Clsp* HO; 

Fig. 15 illustrates CH MO comprising the superposition of the # 2 -type ellipsoidal MO and 
5 the C2$p 3 HO with a relative charge-density of 0.75 to 1 .25; 

Fig. 16 illustrates CH 2 MO comprising the linear combination of two C-H -bond MOs; 

Fig. 17 illustrates CH 3 MO comprising the linear combination of three C-H -bond MOs; 

Fig. 18 illustrates CH A MO comprising the linear combination of four C-iif-bond MOs 
formed by the superposition of a H 2 -type ellipsoidal MO and a C2sp z HO; 
10 Fig. 19 illustrates the cross section of the N 2 MO; 

Fig. 20 illustrates N 2 MO comprising the cr MO (i^-type MO) with N atoms at the foci; 

Fig. 21 illustrates the cross section of the 0 2 MO; 

Fig. 22 illustrates 0 2 MO comprising the cr MO (# 2 -type MO); 

Fig. 23 illustrates the cross section of the F 2 MO; 
15 Fig. 24 illustrates F 2 MO comprising the a MO (H 2 -type MO) with F atoms at the foci; 

Fig. 25 illustrates the cross section of the Cl 2 MO; 

Fig. 26 illustrates Cl 2 MO comprising the superposition of the H 2 -type ellipsoidal MO and 

the two CBsp 3 HOs; 
Fig. 27 illustrates the cross section of the CN MO; 
20 Fig. 28 illustrates CN MO; 

Fig. 29 illustrates the cross section of the CO MO; 
Fig. 30 illustrates CO MO; 

Fig. 31 illustrates the cross section of the NO MO; 
Fig. 32 illustrates NO MO; 
25 Fig. 33 illustrates the cross section of the C0 2 MO; 

Fig. 34 illustrates C0 2 MO; 

Fig. 35 illustrates the cross section of the N0 2 MO; 
Fig. 36 illustrates N0 2 MO; 

Fig. 37 illustrates the cross section of the C-C -bond MO (cr MO) and one C-H -bond 



WO 2007/051078 PCT/US2006/042692 

12 

MO of ethane; 

Fig. 38 illustrates the cross section of one C - H -bond MO of ethane showing the axes, 

angles, and point of intersection of the if 2 -type ellipsoidal MO with the C etham 2sp 3 
HO; 

5 Fig. 39 illustrates CH 3 CH 3 MO comprising the linear combination of two sets of three 

C - H -bond MOs and a C - C -bond MO; 
Fig. 40 illustrates the cross section of the C = C -bond MO (cr MO) and one C-H -bond 
MO of ethylene showing the axes, angles, and point of intersection of each H 2 -type 

ellipsoidal MO with the corresponding C ethylme 2sp 2 HO; 
10 Fig. 41 illustrates the cross section of one C-H -bond MO of ethylene showing the axes, 
angles, and point of intersection of the H 2 -type ellipsoidal MO with the ,C ethylene 2sp 3 
HO; 

Fig. 42 illustrates CH 2 CH 2 MO comprising the linear combination of two sets of two 

C - H -bond MOs and a C = C -bond MO; 
1 5 Fig. 43 illustrates the cross section of the C = C -bond MO ( a MO) and one C-H -bond 
MO of acetylene showing the axes, angles, and point of intersection of each H 2 -type 

ellipsoidal MO with the corresponding C aceiylem 2sp 3 HO; 

Fig. 44 illustrates CHCH MO comprising the linear combination of two C-H -bond MOs 
and a C s C -bond MO; 

20 Fig. 45 illustrates the cross section of one C = C -bond MO (cr MO) and one C-H -bond 
MO pf benzene showing the axes, angles, and point of intersection of each H 2 -type 

ellipsoidal MO with the corresponding C benzene 2sp 2 HO; 
Fig. 46 illustrates the cross section of one C-H -bond MO of benzene showing the axes, 
angles, and point of intersection of the H 2 -type ellipsoidal MO with the C benzetie 2sp 3 
25 HO; 

Fig. 47 illustrates C 6 H 6 MO comprising the linear combination of six sets of C-H -bond 

MOs bridged by C = C -bond MOs; 
Fig. 48 illustrates the cross section of one C - C -bond MO ( a MO) and one C-H -bond 
MO of C n H 2n+2 showing the axes, angles, and point of intersection of each H 2 -type 

30 ellipsoidal MO with the corresponding C alkam 2sp 3 HO; 
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Fig. 49 illustrates the cross section of one C - H -bond MO of C n H 2n+2 showing the axes, 
angles, and point of intersection of the H 2 -type ellipsoidal MO with the C alkam 2sp 3 
HO; 

Fig. 50 illustrates C 3 H 8 MO comprising a linear combination of C - H -bond MOs and 
5 C-C -bond MOs of the two methyl groups and one methylene group; 

Fig. 51 illustrates C 4 H l0 MO comprising a linear combination of C- H -bond MOs and 

C-C -bond MOs of the two methyl and two methylene groups; 
Fig. 52 illustrates C s H n MO comprising a linear combination of C - H -bond MOs and 
C-C -bond MOs of the two methyl and three methylene groups; 
10 Fig. 53 illustrates C 6 H l4 MO comprising a linear combination of C - H -bond MOs and 
C-C -bond MOs of the two methyl and four methylene groups; 
Fig. 54 illustrates C 7 H 16 MO comprising a linear combination of C -H -bond MOs and 

C-C -bond MOs of the two methyl and five methylene groups; 
Fig. 55 illustrates C % H l% MO comprising a linear combination of C - H -bond MOs and 
15 C-C -bond MOs of the two methyl and six methylene groups; 

Fig. 56 illustrates C 9 H 20 MO comprising a linear combination of C - H -bond MOs and 

C-C -bond MOs of the two methyl and seven methylene groups. (A) Opaque view 
of the charge-density of the C-C -bond and C-H -bond MOs; 
Fig. 57 illustrates C 10 H 22 MO comprising a linear combination of C - 77 -bond MOs and 
20 C-C -bond MOs of the two methyl and eight methylene groups; 

Fig. 58 illustrates C U H 24 MO comprising a linear combination of C - H -bond MOs and 

C-C -bond MOs of the two methyl and nine methylene groups; 
Fig. 59 illustrates C l2 H 26 MO comprising a linear combination of C - iif-bond MOs and 
C-C -bond MOs of the two methyl and ten methylene groups; 
25 Fig. 60 illustrates C lB H 38 MO comprising a linear combination of C-f/-bond MOs and 
C-C -bond MOs of the two methyl and sixteen methylene groups; 
Fig. 6 LA illustrates 1,3 Butadiene; 
Fig. 61.B illustrates 1,3 Pentadiene; 
Fig. 61.C illustrates 1,4 Pentadiene; 
30 Fig. 61.D illustrates 1,3 Cyclopentadiene; 
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Fig. 6 IE illustrates Cyclopentene; 

Fig. 62 illustrates Naphthalene; 

Fig. 63 illustrates Toluene; 

Fig. 64 illustrates Benzoic acid; 
5 Fig. 65 illustrates Pyrrole; 

Fig. 66 illustrates Furan; 

Fig. 67 illustrates Thiophene; 

Fig. 68 illustrates Imidazole; 

Fig. 69 illustrates Pyridine; 
10 Fig. 70 illustrates Pyrimidine; 

Fig. 71 illustrates Pyrazine; 

Fig. 72 illustrates Quinoline; 

Fig. 73 illustrates Isoquinoline; 

Fig. 74 illustrates Indole; 
15 Fig. 75 illustrates Adenine; 

Fig. 76 illustrates a block diagram of an exemplary software program; and 

Figs. 77 and 78 illustrate pictures of an exemplary software program. 

20 



25 



30 
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Section I 



THE NATURE OF THE CHEMICAL BOND 
OF HYDROGEN-TYPE MOLECULES 
AND MOLECULAR IONS 



With regard to the Hydrino Theory — BlackLight Process section, the possibility of states with 
n II p is also predicted in the case of hydrogen molecular species wherein H(lf p) reacts 

a proton or two H(l/ p) atoms react to form iJ^ (1/ p) and H 2 (lf p), respectively. The 

natural molecular-hydrogen coordinate system based on symmetry is ellipsoidal coordinates. 

10 The magnitude of the central field in the derivations of molecular hydrogen species is taken 
as the general parameter p wherein p may be an integer which may be predictive of new 
possibilities. Thus, p replaces the effective nuclear charge of quantum mechanics and 
corresponds to the physical field of a resonant photon superimposed with the field of the 
proton. The case with p = 1 is evaluated and compared with the experimental results for 

15 hydrogen species in Table 11.1, and the consequences that p = integer are considered in the 
Nuclear Magnetic Resonance Shift section. 

Two hydrogen atoms react to form a diatomic molecule, the hydrogen molecule. 

2H[a H }^ H 2 \2c^^2a o ~\ (11.1) 

where 2c' is the internuclear distance. Also, two hydrino atoms react to form a diatomic 
20 molecule, a dihydrino molecule. 



2H 



a 



H 



2c' = 



(11.2) 



where p is an integer. 

Hydrogen molecules form hydrogen molecular ions when they are singly ionized. 
H 2 [2c' = j2a 0 ~]-+H 2 [2c' = 2a a ] + +e- (11.3) 
25 Also, dihydrino molecules form dihydrino molecular ions when they are singly ionized. 



2c' = 



2c' = 



2ct„ 



+ e~ 



(11.4) 
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HYDROGEN-TYPE MOLECULAR IONS 

Each hydrogen-type molecular ion comprises two protons and an electron where the equation 
of motion of the electron is determined by the central field which is p times that of a proton 
at each focus (p is one for the hydrogen molecular ion, and p is an integer greater than one 
5 for each (1/ p), called dihydrino molecular ion). The differential equations of motion in 
the case of a central field are [1] 

m(r-rd 2 ) = f(r) (11.5) 

m(2r0 + r0) = O (11.6) 
The second or transverse equation, Eq. (11.6), gives the result that the angular momentum is 
10 constant. 

r 2 0 = constant = L I m (11.7) 
where L is the angular momentum ( ft in the case of the electron). The central force 

equations can be transformed into an orbital equation by the substitution, u = — . The 

r 

differential equation of the orbit of a particle moving under a central force is 

15 £^ + « = _Z^ /(M -i) (11.8) 

36 mlu 



m 2 

Because the angular momentum is constant, motion in only one plane need be considered; 
thus, the orbital equation is given in polar coordinates. The solution of Eq. (11.8) for an 
inverse-squared force 

f(r) = ~ (11.9) 
r 

20 is 
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where e is the eccentricity of the ellipse and A is a constant. The equation of motion due to 
a central force can also be expressed in terms of the energies of the orbit. The square of the 
speed in polar coordinates is 

v 2 =(f 2 +r 2 0 2 ) (11.13) 
5 Since a central force is conservative, the total energy, E , is equal to the sum of the kinetic, 
T 5 and the potential, V , and is constant. The total energy is 

im(r 2 + ^ 2 ) + r(r)-£= constant (11.14) 

Substitution of the variable u = - and Eq. (11.7) into Eq. (11.14) gives the orbital energy 

r 

equation. 

10 L m I^^ + u *\v{u^~E (11.15) 

Because the potential energy function V{r) for an inverse-squared force field is 

V(r) = -- = -ku (11-16) 

r 

the energy equation of the orbit, Eq, (11.15), 

1 L 2 (d 2 u 



2 m 2 



+ 

K ae 2 j 



-ku = E (n.17) 



1 5 which has the solution 



T 2 

m — :rk 

m (11.18) 

xl/2 V J 



2 



1 + \l+2Em — T k~ 2 j cos<9 



where the eccentricity, e 9 is 

( 1} -V /2 



e = 



V m j 



(11.19) 



Eq. (11.19) permits the classification of the orbits according to the total energy, E, as 
20 follows: 

E < 0, e < 1 closed orbits (ellipse or circle) 

£ -0, e = 1 parabolic orbit 

E > 0, e>\ hyperbolic orbit 
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Since E = T + V and is constant, the closed orbits are those for which T <\V\, and the open 
orbits are those for which T >\ V | . It can be shown that the time average of the kinetic 
energy, < T > , for elliptical motion in an inverse-squared field is 1 / 2 that of the time average 
of the magnitude of the potential energy, |< V >| . <T >= 1/2|< V >| [1], 

5 As demonstrated in the One-Electron Atom section, the electric inverse-squared force 

is conservative; thus, the angular momentum of the electron, h , and the energy of atomic 
orbitspheres are constant. In addition, the orbitspheres are nonradiative when the boundary 
condition is met. 

The central force equation, Eq. (11.14), has orbital solutions, which are circular, 
10 elliptical, parabolic, or hyperbolic. The former two types of solutions are associated with 
atomic and molecular orbitals. These solutions are nonradiative. The boundary condition for 
nonradiation given in the One-Electron Atom section, is the absence of components of the 
spacetime Fourier transform of the current-density function synchronous with waves traveling 
at the speed of light. The boundary condition is met when the velocity for the charge density 
15 at every coordinate position on the orbitsphere is 

v B =— (11.20) 

m e r n 

The allowed velocities and angular frequencies are related to r n by 

(11.21) 



v = r co 



<o.,=-^T (11.22) 



m r 



20 As demonstrated in the One-Electron Atom section and by Eq. (11.22), this condition is met 
for the product function of a radial Dirac delta function and a time harmonic function where 
the angular frequency, co , is constant and given by Eq. (1 1 .22). 
tzL 

tl 777 



(D„ - 



(11.23) 



where L is the angular momentum and A is the area of the closed orbit. Consider the 
25 solution of the central force equation comprising the product of a two-dimensional ellipsoid 
and a time harmonic function. The spatial part of the product function is the convolution of a 
radial Dirac delta function with the equation of an ellipsoid. The Fourier transform of the 
convolution of two functions is the product of the individual Fourier transforms of the 
functions; thus, the boundary condition is met for an ellipsoidal-time harmonic function when 
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(11.24) 



m e A m e ab 
where the area of an ellipse is 

A = ndb (ll- 25 ) 
where b and 2b are the lengths of the semiminor and minor axes, respectively, and a and 2a 
5 are the lengths of the semimajor and major axes, respectively. The geometry of molecular 
hydrogen is ellipsoidal with the internucleax axis as the principal axis; thus, the electron 
orbital is a two-dimensional ellipsoidal-time harmonic function. The mass follows an 
elliptical path, time harmonically as determined by the central field of the protons at the foci. 
Rotational symmetry about the internuclear axis further determines that the orbital is a prolate 
10 spheroid. In general, ellipsoidal orbits of molecular bonding, hereafter referred to as 
ellipsoidal molecular orbitals (MOs), have the general equation 

4 + z + 4 =1 (n.26) 

a 2 b 2 c 

The semiprincipal axes of the ellipsoid are a, h, c . 
In ellipsoidal coordinates the Laplacian is 

An ellipsoidal MO is equivalent to a charged perfect conductor (i.e. no dissipation to current 
flow) whose surface is given by Eq. (11.26). It is a two-dimensional equipotential membrane 
where each MO is supported by the outward centrifugal force due to the corresponding 
angular velocity, which conserves its angular momentum of h. It satisfies the boundary 
20 conditions for a discontinuity of charge in Maxwell's equations, Eq. (1 1.48). It carries a total 
charge q = -e, and it's potential is a solution of the Laplacian in ellipsoidal coordinates, Eq. 

(11.27). 

Excited states of orbitspheres are discussed in the Excited States of the One-Electron 
Atom (Quantization) section. In the case of ellipsoidal MOs, excited electronic states are 

25 created when photons of discrete frequencies are trapped in the ellipsoidal resonator cavity of 
the MO. The photon changes the effective charge at the MO surface where the central field is 
ellipsoidal and arises from the protons and the effective charge of the "trapped photon" at the 
foci of the MO. Force balance is achieved at a series of ellipsoidal equipotential two- 
dimensional surfaces confocal with the ground state ellipsoid. The "trapped photons" are 

30 solutions of the Laplacian in ellipsoidal coordinates, Eq. (1 1 .27). 
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As is the case with the orbitsphere, higher and lower energy states are equally valid. 
The photon standing wave in both cases is a solution of the Laplacian in ellipsoidal 
coordinates. For an ellipsoidal resonator cavity, the relationship between an allowed 
circumference, 4aE , and the photon standing wavelength, X 9 is 
5 4aE = nX (11.28) 

where n is an integer and where the elliptic integral E of Eq. (11.28) is given by 



E(k)= \4 1- k sin 2 <j>d<j> (11.29) 



k ^ e ^ ^- b \ (1130) 
a 

Applying Eqs. (11.28) and (11.29-11.30), the relationship between an allowed angular 
10 frequency given by Eq. (11 .24) and the photon standing wave angular frequency, co , is; 

Ttft h ft 1 /i i n\ 

— 7= r= — r = ~^ = fl> " (n.31) 

m e A m /laptop *n e a„b n n 
where w = 1,2,3,4,... 

1 1 1 

2 3 4 

m x is the allowed angular frequency for n =■ 1 

15 a x and b x are the allowed semimajor and semiminor axes for n = 1 

The potential, $ , and distribution of charge, cr over the conducting surface of an 
ellipsoidal MO are sought given the conditions: 1.) the potential is equivalent to that of a 
charged ellipsoidal conductor whose surface is given by Eq. (11.26), 2.) it carries a total 
charge q~-e, and 3.) initially there is no external applied field. To solve this problem, a 

20 potential function must be found which satisfies Eq. (1 1.27), which is regular at infinity, and 
which is constant over the given ellipsoid. The solution is well known and is given after 
Stratton [2]. Consider that the Laplacian is solved in ellipsoidal coordinates wherein | is the 
parameter of a family of ellipsoids all confocal with the standard surface £ = 0 whose axes 
have the specified values a, b 9 c . The variables £ and 77 are the parameters of confocal 

25 hyperboloids and as such serve to measure position on any ellipsoid £ = constant . On the 
surface £ = 0 ; therefore, ^ must be independent of g and 77 . Due to the uniqueness 
property of solutions of the Laplacian, a function which satisfies Eq. (11.27), behaves 
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properly at infinity, and depends only on ^ can be adjusted to represent the potential 
correctly at any point outside the ellipsoid £ = 0 . 

Thus, it is assumed that (j> = ^(|) . Then, the Laplacian reduces to 

R^^ + ct 2 )(t + b^ + c 2 ) (1132) 

5 which on integration leads to 

(n.33) 

f Kg 

where C\ is an arbitrary constant. The upper limit is selected to ensure the proper behavior at 
infinity. When £ becomes very large, approaches and 
2C 

<*~^ (11.34) 

1 0 Furthermore, the equation of an ellipsoid can be written in the form 

x 2 y 2 z 1 

T +-^—r+— = % (11.35) 



1 + — 14-— 14- — 

£ . # $ 

If r 2 =x 2 +y 2 +z 2 is the distance from the origin to any point on the ellipsoid it 



is 



apparent that as £ becomes very large £ ~» r 2 . Thus, at great distances from the origin, the 
potential becomes that of a point charge at the origin: 

15 ^-^y 1 (1136) 

The solution Eq. (11.33) is, therefore, regular at infinity, and the constant C x is then 
determined. It has been shown by Stratton [2] that whatever the distribution, the dominant 
term of the expansion at remote points is the potential of a point charge at the origin equal to 

the total charge of the distribution — in this case g . Hence C x = g - , and the potential at 



20 any point is 



f (n - 37) 

The equipotential surfaces are the ellipsoids £ = constant . Eq. (1 1.37) is an elliptic integral 
and its values have been tabulated [3]- 
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Since the distance along a curvilinear coordinate u x is measured not by du x but by 
h^du 1 , the normal derivative in ellipsoidal coordinates is given by 

dfl _l dfl _ -q 1 (1138) 



where 



i J($-tMM-o (1139) 



2 R 4 



(11.40) 



The density of charge, a , over the surface £, = 0 is 
a = £ (df\ q 

Defining x, y, z in terms of rj, £ we put £ = 0 , it may be easily verified that 

a & c a i c 



10 Consequently, the charge density in rectangular coordinates is 

q i 



a = 



Z + 6 4+ c 4 



(11.42) 



(The mass-density function of an MO is equivalent to its charge-density function where m 
replaces q of Eq. (1L42)), The equation of the plane tangent to the ellipsoid at the point 

15 X \+Y^- + Z^- =1 (11-43) 

a 2 b 2 c 2 

where X, Y, Z are running coordinates in the plane. After dividing through by the square 
root of the sum of the squares of the coefficients of X, Y, and Z , the right member is the 
distance D from the origin to the tangent plane. That is, 

£>= , 1 (11-44) 

x 2 y 2 z 2 

20 so that for an electron MO 



or — - 



~ e -D (11.45) 



A?tabc 

In other words, the surface density at any point on a charged ellipsoidal conductor is 
proportional to the perpendicular distance from the center of the ellipsoid to the plane tangent 
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to the ellipsoid at the point. The charge is thus greater on the more sharply rounded ends 
farther away from the origin. 

In the case of hydrogen-type molecules and molecular ions, rotational symmetry about 
the internuclear axis requires that two of the axes be equal. Thus, the MO is a spheroid, and 
5 Eq. (1 1.37) can be integrated in terms of elementary functions. If a > b = c , the spheroid is 
prolate, and the potential is given by 



+ , ~ e ln ^g + fEg (11.46) 

*ns„Ja 2 -b 2 ^ + a 2 -Ja 2 -b 2 



SPHEROIDAL FORCE EQUATIONS 

10 

Electric Force 

The spheroidal MO is a two-dimensional surface of constant potential given by Eq. (11.46) 
for £ = 0 • For an isolated electron MO the electric field inside is zero as given by Gauss' Law 

jEdA=j£-dV (11.47) 

S V £ 0 

15 where the charge density, p , inside the MO is zero. Gauss' Law at a two-dimensional surface 
with continuity of the potential across the surface according to Faraday's law in the 
electrostatic limit [4-6] is 

n.^-E^— (11.48) 

£ o 

E 2 is the electric field inside which is zero. The electric field of an ellipsoidal MO with 

20 semimajor and semiminor axes a and b = c , respectively, is given by substituting a given by 

Eq. (11.38-11.42) into Eq. (11.48). 

E== £Li _ ~ e 1 i = ~ e Di = " g \ i 

s o * Aks q 4(£-riM-0 4 ^ 0 abc 4 47te Q abc / f * 

Va A b 4 c* 

(11.49) 

wherein the ellipsoidal-coordinate parameter g = 0 at the surface of the MO and D is the 
25 distance from the origin to the tangent plane given by Eq. (1 1 .44). The electric field and thus 
the force and potential energy between the protons and the electron MO can be solved based 
on three principles; (1) Maxwell's equations require that the electron MO is a equipotential 
energy surface that is a function of 4 alone; thus, it is a prolate spheroid, (2) stability to 
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radiation, and conservation first principles require that the angular velocity is constant and 
given in polar coordinates with respect to the origin by Eq. (11,24), and (3) the equations of 
motion due to the central force of each proton (Eqs. (11.5-11.19) and Eqs. (1 1 .68-1 1 .70)) also 
determine that the current is ellipsoidal, and based on symmetry, the current is a prolate 
5 spheroid. Thus, based on Maxwell's equations, conservation principles, and Newton's Laws 
for the equations of motion, the electron MO constraints and the motion under the force of the 
protons both give rise to a prolate spheroid. Since the energy of motion is determined from 
the Coulombic central field (Eqs. (11.5-11.19), the protons give rise to a prolate spheroidal 
energy surface (a surface of constant energy) that is matched to the equipotential, prolate 

10 spheroidal electron MO. 

The force balance equation between the protons and the electron MO is solved to give 
the position of the foci, then the total energy is determined including the repulsive energy 
between the two protons at the foci to determine whether the original assumption of an 
elliptic orbit was valid. If the condition that E < 0 is met, then the problem of the stable 

15 elliptic orbit is solved. In any case that this condition is not found to be met, then a stable 
orbit can not be formed. 

The force and energy equations of a point charge(mass) (Eqs. (11.5-11.24)) are 
reformulated in term of densities for charge, current, mass, momentum, and potential, kinetic, 
and total energies. Consider an elliptical orbit shown in Figure 1 that applies to a point 

20 charge(mass) as well as a point on a continuous elliptical current loop that comprises a basis 
element of the continuous current density of the ellipsoidal MO. The tangent plane at any 
point on the ellipsoid makes equal angles with the foci radii at that point and the sum of the 
distance to the foci is a constant, 2a . Thus, the normal is the bisector of the angle between 
the foci radii at that point as shown in Figure 1 . 

25 The unit vector normal to the ellipsoidal MO at a point (x,>>, z) is 



and F 2 . The components of the central forces that are normal to the ellipsoidal MO in the 




(11.50) 



i^(r(^)) and F 2 (r(t)} are defined as the components of the central forces centered on F x 



direction of d , the unit vector in the i « -direction are defined as 



F lL (r{t)) and F 2± (r(t)). 
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The normalized projections or projection factor of the sum of these central forces in the d- 
direction at the point (x, y, z) is 

F lx (r(t)) + F 21 (r(t)) (r 1+ r 2 )d 
|^(r(0) + F 2 (r(0)| 2a 

^ ((x-c,y,z) + (x-c,y,z))^+jL + l^ 



a 



2 b 2 b 2 



2\ r ji 



x + cx y z 



2\ 



(11.51) 



\x 2 y 2 z 2 
~ 4 b 4 c 4 



a 



1 



x 2 y 2 z 2 



\ a 0' c 

where r t and r 2 are the radial vectors of the central forces from the corresponding focus to 

5 the point (x,y,z) on the ellipsoidal MO. 

The polar-coordinate elliptical orbit of a point charge due to its motion in a central 
inverse-squared-radius field is given by Eqs. (11.10-11.12) as the solution of the polar- 
coordinate-force equations, Eqs. (1 1 .5- 1 1 . 1 9) and (1 1 .68- 1 1 .70). The orbit is also completely 
specified in Cartesian coordinates by the solution of Eqs. (11.5-11.19) and (11.68-11.70) for 

10 the semimajor and semiminor axes. Then, the corresponding polar-coordinate elliptical orbit 
is given as a plane cross section through the foci of the Cartesian-coordinate-system ellipsoid 
having the same axes given by Eq. (11.26) where c = Z>. Thus, the Columbic central force 
can be determined in terms of the general Cartesian coordinates from the polar-coordinate 
central force equations (Eqs. (1 1.5-1 1.19)). Consider separately the elliptical solution at each 

1 5 focus given in polar coordinates by Eq. (11.10): 



^ -«(!-«) l + e =°<'" e ') 

l-fecos# l + eeosO 

... «(i-* 2 ) 



l + ecos(^ + ^r) 1 — ecos# 



where 



r n = a - c = a 



v a) 



= a{\-e) 



(11.52) 
(11.53) 

(11.54) 
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The magnitude of the sum of the central forces centered on F x and F 2 that are normal to the 
ellipsoidal MO are 

k k 



\^)\ + \F 2 (r 2 )\^± + ^ 2 

_ /c (l + ecosfl) 2 +(l-ecos6>) 2 
a 2 (l-e 2 f 



_ ^ 1-f 2<?cos6> + g 2 cos 2 0 + 1 - 2e cos 0 + e 2 cos 2 0 



a 2 ) 



, l + e 2 cos 2 <9 + l + e 2 cos 2 6> 

— K 



= k 



a 2 {\-e 2 ) 2 
2 + 2e 2 cos 2 0 



a 2 (l-e 2 f 

The vector central forces centered on F 1 and F 2 that are normal to the ellipsoidal MO are 

5 then given by the product of the corresponding magnitude and vector projection given by Eqs. 
(1 1.55) and (11.51), respectively: 

Fix in ) + Fax ) = * —7T -r 2 1 , , ? ^ (11.56) 



Va 4 6 4 c 4 



Eq. (11.56) is based on a single point charge e. For a charge-density distribution that is 
given as an ellipsoidal equipotential, the 0 -dependence must vanish. In addition to the 

10 elliptical orbit being completely specified in Cartesian coordinates by the solution of Eqs. 
(1 1 .5-1 1 . 1 9) and Eqs. (1 1 .68-1 1 .70) for the semimajor and semiminor axes in Eq. (1 1 .26), the 
polar-coordinate elliptical orbit is also completely specified by the total constant total energy 
E and the angular momentum which for the electron is the constant h . Considering Eq. 
(11.56), the corresponding total energy of the electron is conserved and is determined by the 

1 5 integration over the MO to give the average: 



F u (O + F, (r 3 ) = k z ; + g \ i c (11.57) 

a ll-e*) fx y z 

Eq. (11.57) is transformed from a two-centered-central force to a one-centered-central force 
to match the form of the potential of the ellipsoidal MO, In this case, 

ii,r 2 ->r(f)i tf (1L58) 
20 In the case that 
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1=r a =a (11.59) 

then, 

r(t) = b (11.60) 

and the one-centered-central force is in the -direction. Thus, Eq. (1 1 .57) transforms as 

1 



2 + e 2 , 1 



V« 4 * 4 - 4 (H.61) 



1, 

2 ,.2 ^2 ^ 



V a b c 

Eq. (1 1.61) has the same form as that of the electric field of the ellipsoidal MO given by Eq. 
(11 .49), except for the scaling factor of two-centered coordinates : 

2 + e 2 

As shown in the case of the derivation of the Laplacian charge-density and electric field, if 
10 r 2 == x 2 + y 2 + z 2 is the distance from the origin to any point on the ellipsoid £ , it is apparent 
that as £ becomes very large £ -h> r 2 . Thus, at great distances from the origin, the potential 
becomes that of a point charge at the origin as given by Eq. (11.36). The same boundary 
condition applies to the potential and field of the protons. The limiting case is also given as 
e — > 0 . Then, to transform the scale factor to that of one-centered coordinates for an 
15 ellipsoidal MO, the reciprocal of the scaling factor multiplies the Laplacian-MO-electric-field 
term. The reciprocal of Eq. (1 1 .62) is 

Kcc ~2^~ (1L63) 

such that as e 0 , K^ cc -> ^ . This transform scale factor corresponds to the interchange of 

the points of highest and lowest velocity on the surface and the distribution of the charge- 
20 density in the opposite manner as shown infra. The charge-density distribution corrects the 
angular variation in central force over the surface such that a solution of the central force 
equation of motion and the Laplacian MO are solved simultaneously. It can also be 
considered as a multipole normalization factor such those of the spherical harmonics and the 
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spherical geometric factor of atomic electrons that gives the central force as a function of £ 
only. 

The reciprocal of the /z^ form-factor with the dependence of the charge density on 
the distance parameter r {t) gives 

V a cb c 

From Eq. (11.31), the magnitude of the ellipsoidal field corresponding to a below 
"ground state" hydrogen-type molecular ion is an integer p . The integer is one in the case of 
the hydrogen molecular ion and an integer greater than one in the case of each dihydrino 
molecular ion. The central-electric-force constant, k , from the two protons that includes the 
10 central-field contribution due photons of lower-energy states is 

k = Ze^ = p2S_ (n 65) 

Substitution of Eq. (11.65) for k in Eq. (11.64) gives the one-center-coordinate electric force 
¥ eIe between the protons and the ellipsoidal MO: 



F efe =FuH0WK0)=^r V7,xn i, !, ^ . (1L66) 



1- 0 

a 



4 ™' ab> 



15 where e is the charge and with the distance from the origin to a nucleus at a focus defined as 
c 1 , the eccentricity, e , is 



e = 
a 



— (11.67) 



From the orbital equations in polar coordinates, Eqs. (11.10-11.12), the following 
relationship can be derived [1]: 



L 2 
tn — 

20 a = ^ (11-68) 

k(l-e ) 

For any ellipse, 

b = a«K^? (11.69) 

Thus, 
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b = a' 



L 2 
— 
m 



- (point charge (mass) in polar coordinates) (1 1 .70) 



ka 

From, the equal energy condition, it can be shown that b for the motion of a point charge 
(mass) in polar coordinates due to a proton at one focus corresponds to 



5 of the MO in ellipsoidal coordinates, and k x of one attracting focus is replaced by * = 2^ of 
ellipsoidal coordinates with two attracting foci. In ellipsoidal coordinates, k is given by Eq. 
(1 1.65) and L for the electron equals ft . 

Consider the force balance equation for the point on the ellipse at the intersection of 
the semiminor axis * with the ellipse. At this point called (0,6) s the distances from each 
10 focus, r x and r 2 ? to the ellipse are equal. The relationship for the sum of the distances from 
the foci to any point on the ellipse is 

r 1 + r 2 -2a (11.72) 

Thus, at point (0, b) , 

r^r^a • (H-73) 
15 Using Eq, (11.5), the magnitude of the force balance in the radial (r (f)) direction, from the 
origin, is given by 

mr ^ = _^_ sin ^ = _2££Li (11.74) 
4as 0 a An;s Q a a 

wherein the mr term is zero and 0 is the angle from the focus to point (0,fe) . Using Eqs. 
(1 1 .24), (1 1 .94), and (1 1 .95), Eq. (1 1 .74) becomes 

20 mr ^ =m6 _^ = _2£fL* (il.75) 

m a b 4tvs 0 ci a 

In order for the prolate spheroidal MO to be an equipotential surface, the mass and charge 
density must be according to Eq. (11.45). In this case, the mass and charge density along the 
ellipse is such that the magnitudes of the radial and transverse forces components at point 
(0,6) are equivalent. Furthermore, according to Eq. (11.5), the central force of each proton 
25 at a focus is separable and symmetrical to that at the other focus. Based on symmetry, the 
transverse forces of the two protons are in opposite directions and the radial components are 
in the same direction. But, the relationship between the magnitudes must still hold wherein at 
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point (0 ? Z?) the transverse force is equivalent to that due to the sum of the charges at one 
focus. The sum of the magnitudes of the transverse forces which is equivalent to a force of 
2e at each focus in turn is 

\ f{r)e \ = 2P^ C0 ,e=2P^^ (n.76) 

c x 

5 Thus, using the mass and charge-density scaling factor, = — , to match the equipotential 

b_ h 

a 

condition in Eq. (75) gives 

ft 2 2 T pe2 b 

h ? = h t (11.77) 

m p — q b 
b 

c '2 = fi 2 47T£ 0 a (11.78) 

m e 2pe 2 

Using Eq. (1.235) 



\ me 2 2 pa \f 2p 

Then, the length of the semiminor axis of the prolate spheroidal MO, b = c , is 



6 = Va 2 -c' 2 (11.80) 
Correspondingly, c' is given by Eq. (11.71). 
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Substitution of Eq. (11.79) into Eq. (11.66) gives the electric force: 



2pe 2 



1- 




\ a J 



1 



ab 2 
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aa 0 ^ 


2\ 


2+ 


i 


2p 






a J 


) 



' ~ 4 b 4 c 4 



a 
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1 a o 
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4 ™°ab>2 + ^- 



] a A b A c 4 



_ 2pe 2 



l <h_ 



Zap , 



4 ^ab^2^\ 



-jDL 



lap J 



(11.81) 



Centrifugal Force 

5 The centrifugal force along the radial vector from each proton at each focus of the ellipsoid is 
given by the mrO 2 term of Eq. (11.5). The tangent plane at any point on the ellipsoid makes 
equal angles with the foci radii at that point and the sum of the distance to the foci is a 
constant, 2a . Thus, the normal is the bisector of the angle between the foci radii at that point 
as shown in Figure 1. In order to satisfy the equation of motion for an equal energy surface 

10 for both foci, the transverse component of the central force of one foci at any point on the 
elliptic orbit due to the central force of the other (Eq. (11.5)) must cancel on average and vice 
versa. Thus, the centrifugal force due to the superposition of the central forces in the 
direction of each foci must be normal to an ellipsoidal surface in the direction perpendicular 
to the direction of motion. Thus, it is in the £ -direction. This can be only be achieved by a 

15 time rate of change of the momentum density that compensates for the variation of the 
distances from each focus to each point on an elliptical cross section. Since the angular 
momentum must be conserved, there can be no net force in the direction transverse to the 
elliptical path over each orbital path. The total energy must also be conserved; thus, as shown 
infra, the distribution of the mass must also be a solution of Laplace's equation in the 

20 parameter £ only. Thus, the mass-density constraint is the same as the charge-density 
constraint. As further shown infra. , the distribution and concomitantly the centrifugal force is 
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a function of D , the time-dependent distance from the center of the ellipsoid to a tangent 
plane given by Eq. (11.44) where D and the Cartesian coordinates are the time-dependent 
parameters. 

Each point or coordinate position on the continuous two-dimensional electron MO 
5 defines an infinitesimal mass-density element which moves along an orbit comprising an 
elliptical plane cross section of the spheroidal MO through the foci. The kinetic energy of the 
electron is conserved. Then, the corresponding radial conservative force balance equation is 

w(r + C 1 r) = 0 (11.82) 
The motion is such that eccentric angle, 6 , changes at a constant rate at each point. That is 
10 9 = cot at time t where the angular velocity co is a constant. The solution of the 
homogeneous equation with Q = or is 

r(0 = fc*costf>f + jfesin^ (11.83) 
where a is the semimajor axis, b is semiminor axis, and the boundary conditions of r{t)-a 

for cot = 0 and r (t) = b for ^ = ~ were applied. Eq. (11.83) is the parametric equation of 

15 the ellipse of the orbit. The velocity is given by the time derivative of the parametric position 
vector: 

v (t) = f{f) = -\aco sin cot + \bco cos cot (1 1 .84) 

The velocity is ^ out of phase with the charge density at r(t) = a (<2tf = 0) and r(f) = 6 

-£L) such that the lowest charge density has the highest velocity and the highest charge 

20 density has the lowest velocity. In this case, it can be shown that the current is constant along 
each elliptical path of the MO. Recall that nonradiation results when co = constant given by 
Eq. (11.24) that corresponds to a constant current, which further maintains the current 
continuity condition. 

Consider Eq. (1 1 .32) for the prolate spheroidal MO. From this equation, the mass and 
25 current-densities, the angular momentum, and the potential and kinetic energies are a function 
of 4 alone, and any dependence on the orthogonal coordinate parameters averages to unity. 
From Eq. (11.32), 



Substitution of Eq. (11.40) into Eq. (11.85) gives 
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where C, is from Eq. (11.36). Substitution of Eq. (11.39) into Eq. (11.86) gives 

"f r £ * UG-lMzSls (fl d^J- (11 .87) 

I Unfit 2 R, VW 8* 

Comparison of Eq. (1 1.86) with Eq. (1 1.87) demonstrates that the 

g/fp ^J—lMEME£Ls^)d^e (11-88) 

The current density J is given by the product of the constant frequency (Eq. (1 1 .24)) and the 
charge density (Eq. (1 1 .40)): 

j _ n e (11.89) 

27tm e ab 47r-J?iC 



The total constant current is dependent on £ alone according to Eq. (11.32). Then, applying 
1 0 the result of Eq. (1 1 .88) to Eq. (1 1 .89) gives 

i = 8 /f jR « ilESj(|)^ eve, =-^— e, (11.90) 

the constant current that is nonradiative. 

If a(0 denotes the acceleration vector, then 

a(f) = -<» 2 r(f)i, (11:91) 
15 In other words, the acceleration is centrifugal as in the case of circular motion with 

constant angular speed co . The dot product of r(^) with d, the unit vector normal to the 
ellipsoidal MO at a point (x,y,z) given by Eq. (11.50), is 



V / 2 2 _2 



y a 2 + b 2+ b 2 j 



(11.92) 



Using Eq. (1 1.26), the normal component projection is 



ia 4 b 4 c 4 

where £> , the distance from the origin to the tangent plane, is given by Eq. (1 1 .44). 
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The centrifugal force, F c/ , on mass element m i [7] given by the second term of Eq, 
(11.82) is 



Substitution of the angular velocity given by Eq. (1 1.24) and m e for m into Eq. (1 1.94) gives 
5 the centrifugal force F c on the electron that is normal to the MO surface according to Eq. 



F c has an equivalent dependence on D as the electric force based on the charge distribution 

(Eq. (11.45)). This is expected based on the invariance of — which results in the same 

m e 

10 distribution of the mass and charge. 

The equipotential charge-density distribution gives rise to the constant current 
condition. It also gives rise to a constant total kinetic energy condition wherein the angular 
velocity given by Eq. (11.24) is a constant. Recall from Eq. (11.32), that on the surface 
£ - 0 ; <j) must be independent of £ and rj and depend only on £ at any point outside the 

15 ellipsoid £ = 0. Since the current and total kinetic energy are also constant on the surface 
£ = 0 , the total kinetic energy depends only on £ . Thus, the centrifugal force on the mass of 
the electron, m e , must be in the same direction as the electric field corresponding to $ 9 
normal to the electron surface wherein any tangential component in Eq. (11.94) averages to 
zero over the electron MO by the mass distribution given by Eqs. (1 1 .40) and (1 1 .45) with m e 

20 replacing e . 

The cancellation of tangential acceleration over each elliptical path maintains the 
charge density distribution given by Eq. (11.40) with constant current at each point on each 
elliptical path of the MO. Since the centrifugal force is given by Eq. (11.94), the 
multiplication of the mass density by the scaling factor 1\ and integration with respect to £ 
25 gives a constant net centrifugal force. Thus, the result matches those of the determination of 
the constant current (Eq. (11.90)) and angular momentum shown infra. (Eq. (11.101)) 
wherein the charge and mass densities given in Eqs. (11.90-11.91) and (11.100), respectively, 
were integrated over. 



F c/ = m f a = -m i co 1 r{i s ) 



(11.94) 



(11.93): 




(11.95) 



Specifically, consider the normal-directed centrifugal force, F c/ , on mass element m i : 
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F C( . =-m,6> 2 £>i # (11.96) 

The mass density is given by Eq. (1 1 .40) with m e replacing e . Then, the substitution of the 
mass density for m, in Eq. (11.96) and using Eq. (11.24) for co gives the centrifugal force 
density F cfl : 

g - = a m r? m * (11,97) 

Eq. (1 1.32) determines that the centrifugal force is a function of 4 alone, and any dependence 
on the transverse coordinate parameters averages to zero. Using the result of Eq. (11.88) 
gives the net centrifugal force F c : 



F =s/ f * % \ 2 R ,1^Z ? X ^ & D8tt)d&, =-^jDi 4 (11.98) 

10 In the limit as the ellipsoidal coordinates go over into spherical coordinates, Eq. 

(11.95) reduces to the centrifugal force of the spherical orbitsphere given by Eq. (1.232) with 
Eq. (1.47). This condition must be and is met as a further boundary condition that parallels 
that of Eqs. (1 1 .32-1 1 .37). Using the same dependence of the total mass(charge) on the scale 
factor \ according to Eqs. (11.32-11.40), the further boundary conditions on the angular 

15 momentum and kinetic energy are met 

Specifically, the constant potential and current conditions and the use of Eq. (11.32) in 
the derivation of Eq. (11.95) also satisfy another condition, the conservation of ft of angular 
momentum of the electron. The angular momentum p, at each point i of mass m. is 

p,(f) = m f r(0xv(f) 

= m (ia cos cot + \b sin cot) x (-iaco sin cot + jbco cos cot) 

' V J (11.99) 

= mflbm (cos 2 cot 4- sin 2 cot ) i x j 
= m^bcok 

20 The mass density is given by Eq. (11.40) with m e replacing e . Then, substitution of m. in 
Eq. (11.99) by the mass density and using Eq. (11.24) for co gives the angular momentum 
density p (Y) : 

p(A = a bco m e k = ab h (11.100) 
Using the result of Eq. (1 1 .88) gives the total constant angular momentum L : 
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L = s * \^f^s(t)i& - » (ii,oi) 

Eq. (11.101) demonstrates conservation of angular momentum that is a function of £ alone 
that parallels the case of atomic electrons where L conservation is a function of the radius r 
alone as given by Eq. (1 .57). 

Similarly, the kinetic energy T(t) at each point / of mass m, is 
T{t)-\m t v{tf 

1 2 

= — m. {~\aco sin cot + \bco cos cot) (1 1 . 1 02) 



= — m.co 2 [a 2 sin 2 cot 4- b 2 cos 2 cot) 



2 

In Eqs. (11.96-11.98), m t was replaced by the mass density and the £ integral was 
determined to give the centrifugal force in terms of the mass of the electron. The kinetic 
energy can also be determined from the £ integral of the centrifugal force: 

10 r = «f|jf (H-103) 

The result is given in Eq. (11.119). From Eq. (11.102), the kinetic energy is time (position) 
dependent, but the total kinetic energy corresponding to the centrifugal force given by Eq. 
(1 1.95) satisfies the condition that the time-averaged kinetic energy is 1/2 the time-averaged 
potential energy for elliptic motion in an inverse-squared central force [1]. (Here, the 
15 potential and total kinetic energies are constant and correspond to the time-averaged energies 
of the general case.) Thus, as shown by Eqs. (11.122) (11.124), (11.262), and (11.264) 
energy is conserved. 

Force Balance of Hydrogen-type Molecular Ions 

20 Consider the case of spheroidal coordinates based on the rotational symmetry about the 
semimajor axis [2]. In the limit, as the focal distance 2c and the eccentricity of the series of 
confocal ellipses approaches zero, spheroidal coordinates go over into spherical coordinates 
with £ -> r and tj -+cos0 . The field of an equipotential two-dimensional charge surface of 
constant radius r = R is equivalent to that of a point charge of the total charge of the 

25 spherical shell at the origin. The force balance between the centrifugal force and the central 
Coulomb force for spherical symmetry is given by Eq. (1.232). 
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Similarly, the centrifugal force is the direction of £ and balances the central 
Coulombic force between the protons at the foci and the electron MO. In the case of the 
prolate spheroidal MO, the inhomogeneous equation given by Eq. (11.5) must hold for each 
fixed position of r(t) since the MO is static in time due to the constant current condition. 
5 With r (t) fixed, the mr term of Eq. (11.5) is zero, and the force balanced equation is the 
balance between the centrifugal force and the Coulombic force which are both normal to the 
surface of the elliptic orbit: 



(11.104) 



Substitution of Eq. (1 1.81) and Eq. (1 1.95) into Eq. (1 1.104) gives the force balance between 
10 the centrifugal and electric central forces: 
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15 



a = 2— 



(11.105) 

(11.106) 

(11.107) 

(11.108) 
(11.109) 



Substitution of a given by Eq. (1 1 . 109) into Eq. (1 1 .79) gives 



(11.110) 



The internuclear distance from Eq. (1 1 . 1 1 0) is 

2c' = ^ 



(11.111) 



20 Substitution of a = and c' = — into Eq. (1 1 .80) gives the length of the semiminor axis 

P P 

of the prolate spheroidal MO, b = c : 
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, 73 

b = ~ a o (11.112) 

Substitution of a = and c' = ^- into Eq. (1 1 .67) gives the eccentricity, e : 
P P 

1 

e =2 (11.113) 

From Eqs. (1 1.63-1 1.65), the result of Eq. (11.1 13) can be used to the obtain the electric force 
5 F ele between the protons and the ellipsoidal MO as 

F -= aEi -^4^ M -^ <»•»«> 

where the electric field E of the MO is given by Eq. (1 1.49). Then, the force balance of the 
hydrogen-type molecular ion is given by 

£ 2 „_pe> 



D = f—D (11.115) 



m e a b S7rs Q 

10 which has the parametric solution given by Eq. (1 1 .83) when 

2a Q 

= — (11.116) 
p 

The solutions for the prolate spheroidal axes and eccentricity are given by Eqs. (11.109- 
11.113). 



15 ENERGIES OF HYDROGEN-TYPE MOLECULAR IONS 

From Eq. (11.31), the magnitude of the ellipsoidal field corresponding to a below "ground 
state" hydrogen-type molecule is an integer, p . The force balance equation (Eq. (11.115)) 
applies for each point of the electron MO having non-constant charge (mass)-density and 
velocity over the equipotential and equal energy surface. The electron potential and kinetic 

20 energies are thus determined from an ellipsoidal integral. 

The potential energy is doubled due to the transverse electric force. The force normal 
to the MO is given by the dot product of the sum of the force vectors from each focus with d 

where the angle J3 is (5 = — -a, and the transverse forces are given by the cross product 

with d . As shown in Figure 1, equivalently, the transverse projection is given with the angle 
25 a replacing where the range of a is the same as p . The two contributions to the 
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potential energy doubles it. The potential energy, V e , of the electron MO in the field of 
magnitude p times that of the two protons at the foci is 



Atvs 0 2D j 

-2 * 



^ -4pe 2 " r d% 

a 2 rr-U (1L117) 

-Ape 2 ln a + Va 2 -6 2 
~ ' %7ts 0 4a l ~b l a-4a 2 ~b 2 



-Ape 2 . a + c % 
-ln- 



%7vs Q c ' a - c 1 
where 

5 Va 2 -6 2 =c' (11.118) 

2c ' is the distance between the foci which is the internuclear distance. The kinetic energy, 
T 9 of the electron MO follows from the same type of integral as V e using Eqs, (7-14) of 
Stratton [8], Eqs. (11.37-11.46), and integral #147 of Lide [9]. T is given by the 
corresponding integral of the centrifugal force (LHS of Eq. (11.115)) with the constraint that 
10 the current motion allows the equipotential and equal energy condition with a central field 
due to the protons; thus, it is corrected by the scale factor /z^ given by Eq. (11.62). The 
correction can be considered the scaling factor of the moment of inertial such that the kinetic 
energy is equivalent to the rotational energy for constant angular frequency co . The kinetic 
energy, T , of the electron MO is given by 

cc m e a 2 b 2 2D } R 4 2m e a j (£ + b) m e a4^~^ * a - 

(11.119) 

The potential energy, V P , due to proton-proton repulsion in the field of magnitude p times 
that of the protons at the foci = 0 ) is 



pe 2 



^ / 2 ,2 (11.120) 

SK£ 0 yJa 2 -b 2 

20 The total energy, E T , is given by the sum of the energy terms 

E T =V e +V p +T (11.121) 
Substitution of a and b given by Eqs. (11.109) and (11.112), respectively, into Eqs. 
(11.117), (11.119), (11.120), and (11.121) gives 
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V^I^-iaS (11.122) 
S?ze 0 a 0 

V =_£J?L (11.123) 

r= V£l ln3 (11.124) 

E T ^-13.6 eV(4p 2 \n3- p 2 -2p 2 \n3) = -p 2 \62% eV (1L125) 
5 The total energy, which includes the proton-proton-repulsion term is negative which justifies 
the original treatment of the force balance using the analytical-mechanics equations of an 
ellipse that considered only the binding force between the protons and the electron and the 
electron centrifugal force. T is one-half the magnitude of V e as required for an inverse- 
squared force [1] wherein V e is the source of T . 

10 

VIBRATION OF HYDROGEN-TYPE MOLECULAR IONS 

A charge, g , oscillating according to r 0 (t) = d sin co Q t has a Fourier spectrum 

J(k 9 a>)=-2^J W (^^ (11.126) 

where J m 's are Bessel functions of order m . These Fourier components can, and do, acquire 
15 phase velocities that are equal to the velocity of light [10]. The protons of hydrogen-type 
molecular ions and molecules oscillate as simple harmonic oscillators; thus, vibrating protons 
will radiate. Moreover, ndn-oscillating protons may be excited by one or more photons that 
are resonant with the oscillatory resonance frequency of the molecule or molecular ion, and 
oscillating protons may be further excited to higher energy vibrational states by resonant 
20 photons. The energy of a photon is quantized according to Planck's equation 

E = ha> (11.127) 
The energy of a vibrational transition corresponds to the energy difference between the initial 
and final vibrational states. Each state has an electromechanical resonance frequency, and the 
emitted or absorbed photon is resonant with the difference in frequencies. Thus, as a general 
25 principle, quantization of the vibrational spectrum is due to the quantized energies of photons 
and the electromechanical resonance of the vibrationally excited ion or molecule. 
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It is shown by Fowles [11] that a perturbation of the orbit determined by an inverse- 
squared force results in simple harmonic oscillatory motion of the orbit. In a circular orbit in 
spherical coordinates, the transverse equation of motion gives 
LI m 



5 where L is the angular momentum. The radial equation of motion is 
m(r-r0 2 ) = f(r) 
Substitution of Eq. (1 1.128) into Eq. (11.129) gives 

.. m(L/mf . . 
mr 3 =f( r ) 



(11.128) 



(11.129) 



(11.130) 



For a circular orbit, r is a constant and r = 0 . Thus, the radial equation of motion is given by 



10 



m 



a 



(11.131) 



where a is the radius of the circular orbit for central force f(a) at r = a . A perturbation of 

the radial motion may be expressed in terms of a variable x defined by 
x ~ r - a 

The differential equation can then be written as 
15 mx-m(L/m) 2 (x + a)~ 3 = f(x + a) 

Expanding the two terms involving x + a as a power series in x 9 gives 



(11.132) 
(11.133) 



mx — m\Llmf a 



r 



1-3- + .. 
V a j 



= /(a) + /'(a)x + .. 



(11-134) 



Substitution of Eq. (11.131) into Eq. (11.134) and neglecting terms involving x 2 and higher 
powers of x gives 



20 



mx + 



7/(«)-/'(«) 



x = 0 



(11.135) 



For an inverse-squared central field, the coefficient of x in Eq. (1 1.135) is positive, and the 
equation is the same as that of the simple harmonic oscillator. In this case, the particle, if 
perturbed, oscillates harmonically about the circle r = a, and an approximation of the angular 
frequency of this oscillation is 



25 



-3 



a 



/(«)-/*(«) 



m 



(11.136) 
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An apsis is a point in an orbit at which the radius vector assumes an extreme value 
(maximum or minimum). The angle swept out by the radius vector between two consecutive 
apsides is called the apsidal angle. Thus, the apsidal angle is n for elliptical orbits under the 
inverse-squared law of force. In the case of a nearly circular orbit, Eq. (1 1.135) shows that r 
5 oscillates about the circle r = a , and the period of oscillation is given by 



m 



a 



/(«)+/■(«) 



(11.137) 



The apsidal angle in this case is just the amount by which the polar angle 9 increases during 
the time that r oscillates from a minimum value to the succeeding maximum value which is 



L/m 



T r . From Eq. (1 1.128), 0 = — ; therefore, 9 remains constant, and Eq. (11.131) gives 



10 



9. 



L/m 



a 



/(«) 



ma 



r 

-il/2 



(11.138) 



Thus, the apsidal angle is given by 



2 r 



3 + a 



/■(«)' 



1-1/2 



(11.139) 



/(«)J 

Thus, the power force of / (r) = —cr n gives 

y/ = 7v{3 + n) (11.140) 
15 The apsidal angle is independent of the size of the orbit in this case. The orbit is re-entrant, 
or repetitive, in the case of the inverse-squared law (n = ~2) for which y/ = tt . 

A prolate spheroid MO and the definition of axes are shown in Figures 5A and 5B, 
respectively. Consider the two nuclei A and B, each at focus of the prolate spheroid MO. 
From Eqs. (1 1 . 1 1 5), (1 1 . 1 1 7), and (1 L 1 1 9), the attractive force between the electron and each 
20 nucleus at a focus is 



and 



2pe 2 
Ansa 1 ' 



(11.141) 



(11.142) 



In addition to the attractive force between the electron and the nuclei, there is a 
25 repulsive force between the two nuclei that is the source of a corresponding reactive force on 
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the reentrant electron orbit. Consider an elliptical orbital plane cross section of the MO in the 
xy-plane with a nucleus A at (-c', 0) and a nucleus B at (c' 5 0). For B acting as the attractive 
focus, the reactive repulsive force at the point (a, 0), the positive semimajor axis, depends on 
the distance from (a, 0) to nucleus A at (-c', 0) (i.e. the distance from the position of the 
5 electron MO at the semimajor axis to the opposite nuclear repelling center at the opposite 
focus). The distance is given by the sum of the semimajor axis, a, and c', 1/2 the 
internuclear distance. The contribution from the repulsive force between the two protons is 



/(« + c') = 



pe 



8^ 0 (« + c') 



(11.143) 



and 



10 



f'(a + c') = 



Thus, from Eqs. (11.136) and (1 1.141-11.144), the angular frequency of this oscillation is 



(11.144) 



co = 



pe 



pe 



47T£ 0 a Sn£ 0 (a + c') 



A 3 



pe 





r 2a H " 


4ns 0 


, P j 



pe 



(11.145) 



3a 



H 



= 4.44865 X 10 14 rod Is 



*2*& a 
where the semimajor axis, a, is a = — ^ according to Eq. (11.116) and c' is c } = - IL 

P p 

according to Eq. (11.110). 

15 In the case of a hydrogen molecule or molecular ion ? the electrons which have a mass 

of 1/1836 that of the protons move essentially instantaneously, and the charge density is that 
of a continuous membrane. Thus, a stable electron orbit is maintained with oscillatory 
motion of the protons. Hydrogen molecules and molecular ions are symmetrical along the 
semimajor axis; thus, the oscillatory motion of protons is along this axis. Let x be the 

20 increase in the semimajor due to the reentrant orbit with a corresponding displacement of the 
protons along the semimajor axis from the position of the initial foci of the stationary state. 
The equation of proton motion due to the perturbation of an orbit having a central inverse- 
squared central force [1] and neglecting terms involving x 2 and higher is given by 
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//x + fcc = 0 (11.146) 
which has the solution in terms of the maximum amplitude of oscillation, A , the reduced 
nuclear mass, ju , the restoring constant or spring constant, k 9 the resonance angular 

frequency, co Q , and the vibrational energy, E vib 9 [12] 
5 Acosa>J (11.147) 

where 

'* (11.148) 
M 

For a symmetrical displacement x , the potential energy corresponding to the oscillation E Pvib 
is given by 



10 E Pvib =2 



-fee 2 
V2 y 



= to 2 (11.149) 



The total energy of the oscillating molecular ion, E Totalvjb , is given as the sum of the kinetic 
and potential energies 

E TotaMb =\^ 2 +*x 2 01.150) 

The velocity is zero when x is the maximum amplitude, A . The total energy of the 
1 5 oscillating molecular ion, E Totalvib , is then given as the potential energy with x = A 



E =kA 2 (11.151) 

^Totalvib ^ v J 



A ^ \ E Totalvib (11.152) 



Thus, 



k 

It is shown in the Excited States of the One-Electron Atom (Quantization) section that 
20 the change in angular frequency of the electron orbitsphere (Eq. (2.21)) is identical to the 
angular frequency of the photon necessary for the excitation, (o phQton (Eq. (2.19)). The energy 
of the photon necessary to excite the equivalent transition in an electron orbitsphere is one- 
half of the excitation energy of the stationary cavity because the change in kinetic energy of 
the electron orbitsphere supplies oile-half of the necessary energy. The change in the angular 
25 frequency of the orbitsphere during a transition and the angular frequency of the photon 
corresponding to the superposition of the free space photon and the photon corresponding to 
the kinetic energy change of the orbitsphere during a transition are equivalent. The 
correspondence principle holds. It can be demonstrated that the resonance condition between 
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these frequencies is to be satisfied in order to have a net change of the energy field [13], The 
bound electrons are excited with the oscillating protons. Thus, the mechanical resonance 
frequency, a> Q , is only one-half that of the electromechanical frequency which is equal to the 
frequency of the free space photon, co , which excites the vibrational mode of the hydrogen 
5 molecule or hydrogen molecular ion. The vibrational energy, E vib9 corresponding to the 
photon is given by 

E vib = Ticq = hco 0 = = 2kA 2 (1 1 .1 53) 

where Planck f s equation (Eq. (11.127)) was used. The reduced mass is given by 

(11.154) 

10 Thus, 



m 1 + m 2 



A = i~^ (11-155) 

Since the protons and electron are not fixed, but vibrate about the center of mass, the 
maximum amplitude is given by the reduced amplitude, A reduced , given by 

A reduced ~ ~ A 7~ (11.156) 

15 where A n is the amplitude n if the origin is fixed. Thus, Eq. (11.155) becomes 



_ 1 j hco 0 

A reduced (1L157) 



and from Eq. (11.148), A reduced is 

i [h<% l Yn( k} m yfn 



reduced 



2 V 2k 2\2k 




\l/4 



(11.158) 



2 3,2 (k M y 

Then, from Eq. (11.67), A c ., the displacement of c' is the eccentricity e given by Eq. 
20 (11.113)times A reduced (Eq. (11.158)): 

A —pA ~ Aeduced _ - -, cm 

^reduced- ^ ~ ^ (11.159) 

Thus, during bond formation, the perturbation of the orbit determined by an inverse- 
squared force results in simple harmonic oscillatory motion of the orbit, and the 
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corresponding frequency, <»(0) , for a hydrogen-type molecular ion H\ (1/ p) given by Eqs. 
(11.136) and (11.145) is 



^°) =p2 f^T = p2 { 65 5l M Nm ~ l = pHM9X 10 ' 4 radiansls ( n - 16 °) 

where the reduced nuclear mass of hydrogen given by Eq. (1 1 . 1 54) is 
5 M = 0.5m p (11.161) 

and the spring constant, k(0), given by Eqs. (11.136) and (11.145) is 

k(Q) = p 4 l65.51Nrn l (11.162) 

The transition-state vibrational energy, E vjb (0) , is given by Planck's equation (Eq. (1 1.127)): 
Km (0) = ho = 7*p 2 4.44865 X 10 14 radis = p 2 0.292S eV (11.163) 
10 The amplitude of the oscillation, A reduced (0) , given by Eq. (1 1.158) and Eqs. (1 1.161-1 1.162) 

is 

a m\ >/* 5.952X 10~ ,2 w A110C « 0 
4^(0) = —— T^T = = 0.1125-*- (11.164) 

2 3/2 (p 4 165.51iVm-V) P P 

Then, from Eq. (11.67), A c . (0), the displacement of c' is the eccentricity e given by Eq. 
(11.113) times A reduced (0) (Eq. (11.164)): 

15 ^(o).^^)-^^-^^^-^^^ (11.165) 

The spring constant and vibrational frequency for the formed molecular ion are then obtained 
from Eqs. (11.136) and (1L141-1 1.145) using the increases in the semimajor axis and 
internuclear distances due to vibration in the transition state. The vibrational energy, E vib (l) , 

for the H^l/p) u = l->u = 0 transition given by adding 4^(0) (Eq. (11.159)) to the 
20 distances a and a + c' inEqs. (11.145) and (11.163) is 

£ vib (l) = p 2 0*270 eV (11.166) 

where v is the vibrational quantum number. 

A harmonic oscillator is a linear system as given by Eq. (11.146). In this case, the 
predicted resonant vibrational frequencies and energies, spring constants, and amplitudes for 
25 Hi (1/ p) for vibrational transitions to higher energy u f -> o f are given by {o f times 
the corresponding parameters given by Eq. (11.160) and Eqs. (11.162-11.164). However, 
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excitation of vibration of the molecular ion by external radiation causes the semimajor axis 
and, consequently, the internuclear distance to increase as a function of the vibrational 
quantum number v . Consequently, the vibrational energies of hydrogen-type molecular ions 
are nonlinear as a function of the vibrational quantum number u . The lines become more 
5 closely spaced and the change in amplitude, £U reduced , between successive states becomes 
larger as higher states are excited due to the distortion of the molecular ion in these states. 
The energy difference of each successive transition of the vibrational spectrum can be 
obtained by considering nonlinear terms corresponding to anharmonicity. 

The harmonic oscillator potential energy function can be expanded about the 
10 internuclear distance and expressed as a Maclaurin series corresponding to a Morse potential 
after Karplus and Porter (K&P) [14] and after Eq. (11.134). Treating the Maclaurin series 
terms as anharmonic perturbation terms of the harmonic states, the energy corrections can be 
found by perturbation methods. The energy v v of state v is 

v v =ucd 0 -u(o-1)cd 0 x q , t> = 0,1,2,3... (11.167) 

15 where 

hccol 



co n x n = ■ 



2L (11.168) 



°° 4D 0 

co 0 is the frequency of the t> = 1 -» t> = 0 transition corresponding to Eq. (1 1.166), and D 0 is 
the bond dissociation energy given by Eq. (11.198). From Eqs. (11.166), (11.168), and 
(11.198), 

lOOhc 8.06573X1 0 3 ^—p 1 0.270 eV 

20 co 0 x 0 = Y- ^ 7^~ cm ~ X < 1L169 ) 

0 0 4e(/7 a 2.535 eF + j p 3 0.118755 eF) 

The vibrational energies of successive states are given by Eqs. (11.1 66-1 1 . 1 67) and (1 1 . 1 69). 

Using Eqs. (11.145), (11.158-11.160), (11.162-11.169), and (11.199) the 
corresponding parameters for deuterium-type molecular ions with 

fu = m p 

25 are 



(11.170) 



O) (0) = p 2 ^^ = p 2 ^ 65 - 65 ^ Nm ~ 1 =p 2 3.U7X 10 14 radians/s (11.171) 

k{0) = p 4 l65.65Nm~ l (11.172) 
E vib (0) = p 2 0.207UeV (11.173) 
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a (c\\ — J* 5.004X 10~ 12 w a 

Aeauced (0) = , —i74- = = 0.09457-*- (1 1 . 174) 



^(l) = P 2 0.193 e F ( 1 U75) 
100/?c 



^ -1 \2 

8.06573X1 0 3 ^-/7 2 0.193 eF 
4,(^2.5770 eV+'JvMZnieV) ^ (1U?6) 
The vibrational energies of successive states are given by Eqs. (1 1.167) and (11.175-11.176). 

5 

THE DOPPLER ENERGY TERM OF HYDROGEN-TYPE MOLECULAR 
IONS 

As shown in the Vibration of Hydrogen-type Molecular Ions section, the electron orbiting the 
nuclei at the foci of an ellipse may be perturbed such that a stable reentrant orbit is 

10 established that gives rise to a vibrational state corresponding to time harmonic oscillation of 
the nuclei and electron. The perturbation is caused by a photon that is resonant with the 
frequency of oscillation of the nuclei wherein the radiation is electric dipole with the 
corresponding selection rules. 

Oscillation may also occur in the transition state. The perturbation arises from the 

15 decrease in internuclear distance as the molecular bond forms. Relative to the unperturbed 
case given in the Force Balance of Hydrogen-type Molecular Ions section, the reentrant orbit 
may give rise to a decrease in the total energy while providing a transient kinetic energy to the 
vibrating nuclei. However, as an additional condition for stability, radiation must be 
considered. Regarding the potential for radiation, the nuclei may be considered point charges. 

20 A point charge undergoing periodic motion accelerates and as a consequence radiates 
according to the Larmor formula (cgs units) [15]: 



P = fjM 2 (11.177) 



where e is the charge, v is its acceleration, and c is the speed of light. The radiation has a 
corresponding force that can be determined based on conservation of energy with radiation. 
25 The radiation reaction force, F rad , given by Jackson [16] is 

F rad = 3^F V (11.178) 

Then, the Abraham-Lorentz equation of motion is given by [1 6] 
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m 



r . 2 e 2 
v — 



^ 3 mc 3 



v = F t (11.179) 



where F cxt is the external force and m is the mass. The external force for the vibrating 

system is given by Eq. (1 1 .146). 

F cxt =Ax (11.180) 
5 where x is the displacement of the protons along the semimajor axis from the position of the 
initial foci of the stationary state in the absence of vibration with a reentrant orbit of the 
electron. A nonradiative state must be achieved after the emission due to transient vibration 
wherein the nonradiative condition given by Eq. (11 .24) must be satisfied. 

As shown in the Resonant Line Shape and Lamb Shift section, the spectroscopic 
10 linewidth arises from the classical rise-time band-width relationship, and the Lamb Shift is 
due to conservation of energy and linear momentum and arises from the radiation reaction 
force between the electron and the photon. The radiation reaction force in the case of the 
vibration of the molecular ion in the transition state corresponds to a Doppler energy, E D , 
that is dependent on the motion of the electron and the nuclei. The Doppler energy of the 
1 5 electron is given by Eq. (2. 1 46) 



\2E r 



E D *2jEA=E»^ (11.181) 

where E R is the recoil energy which arises from the photon's linear momentum given by Eq. 
(2.141), E K is the vibrational kinetic energy of the reentrant orbit in the transition state, and 
M is the mass of the electron m e . 

20 As given in the Vibration of Hydrogen-Type Molecular Ions section, for inverse- 

squared central field, the coefficient of x in Eq. (1 1.135) is positive, and the equation is the 
same as that of the simple harmonic oscillator. Since the electron of the hydrogen molecular 
ion is perturbed as the internuclear separation decreases with bond formation, it oscillates 
harmonically about the semimajor axis given by Eq. (11.116), and an approximation of the 

25 angular frequency of this oscillation is 



co = 




(11.182) 



From Eqs. (1 1 . 1 1 5), (1 1 . 1 1 7), and (11.119), the central force terms between the electron MO 
and the two protons are 
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w v 2pe 2 

f{a)= ~^7 (1L183) 

and 

f(a)= ^7 (1L184) 

Thus, the angular frequency of this oscillation is 



2pe 2 

/? 2 2.06538 X 10 16 rod Is (11.185) 









, P j 



where the semimajor axis, a, is a = -^- according to Eq. (11.116) including the reduced 

IP 

electron mass. The kinetic energy, E K , is given by Planck's equation (Eq. (1 1 .127)): 

E K = ha> = hp 2 2.0653^ X 10 16 rod Is = i? 2 13.594697 eV (11.186) 
In Eq. (11.181), substitution of the total energy of the hydrogen molecular ion, E T , (Eq. 
10 (1 1.125)) for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 
(1 1 .1 86) for E K gives the Doppler energy of the electron for the reentrant orbit. 



- ^ \2E r , 2e (p 2 13. 594697 eV) 
° ~ hv i~MS = ~ P 16 - 28034 gF V mc * =V0.1 18755 eV 

(11.187) 

The total energy of the molecular ion is decreased by E D . 

15 In addition to the electron, the nuclei also undergo simple harmonic oscillation in the 

transition state at their corresponding frequency given in the Vibration of Hydrogen-Type 
Molecular Ions section. On average, the total energy of vibration is equally distributed 
between kinetic energy and potential energy [17]. Thus, the average kinetic energy of 
vibration corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 of the vibrational 

20 energy of the molecular ion given by Eq. (11.166). The decrease in the energy of the 
hydrogen molecular ion due to the reentrant orbit in the transition state corresponding to 
simple harmonic oscillation of the electron and nuclei, E osc , is given by the sum of the 
corresponding energies, E D and E Kvlb . Using Eq. (11.187) and E vlb from Eq. (11.166) gives 
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E osc ~ E D+ E Kvib 



E D +\hp\\*- 
2 

1 



(11.188) 



Ea« = -P 3 0- 1 1 8755 eV + ^p 2 (0.29282 eV) 



(11.189) 

To the extent that the MO dimensions are the same, the electron reentrant orbital 
energies E K are the same independent of the isotope of hydrogen, but the vibrational energies 
5 are related by Eq. (11.148). Thus, the differences in bond energies are essentially given by 
1/2 the differences in vibrational energies. Using Eq. (11.187) with the deuterium reduced 
electron mass for E T and E D , and E vib for £> 2 + (1/ p) given by Eq. (1 1.173), that corresponds 
to the deuterium reduced nuclear mass (Eq. (1 1.170)), the corresponding E is 



E osc = -P 3 01 1881 leV + ^p 2 (0.20714 eV) 



(11.190) 



10 



TOTAL, IONIZATION, AND BOND ENERGIES OF HYDROGEN AND 
DEUTERIUM MOLECULAR IONS 

The total energy of the hydrogen molecular ion which is equivalent to the negative of the 
ionization energy is given by the sum of E T (Eqs. (1 1.121) and (11.125)) and E osc given by 
15 Eqs. (1 1.185-1 1.188). Thus, the total energy of the hydrogen molecular ion having a central 
field of +pe at each focus of the prolate spheroid molecular orbital including the Doppler 
term is 



E r =V e +V p +T + .E 0 . 



(11.191) 



20 



E T = -p 2 



%7ce 0 a H 



(41n3-l-21n3) 



1 + P ] 





2e 2 


2h]^ 


4xe 0 {2a H f 




mc 2 



= -p 2 1 6.2803 . e V - p 3 0. 1 1 8 8 1 1 e V + - p 2 h — 

2 \}ju 



2 V/" 



(11.192) 



From Eqs. ( 1 1 . 1 89) and ( 1 1 . 1 9 1 - 1 1 . 1 92), the total energy for hydrogen-type molecular ions is 
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E T =-^16.28033 eV + E 0SC 

= -^16.28033 eV-p 3 0AW55 eV + ^p 2 (0.29282 eV) (11.193) 
= -p 2 16.13392eF-,p 3 0.118755 eV 
The total energy of the deuterium molecular ion is given by the sum of E T (Eq. (11.125)) 
corrected for the reduced elec^on mass of D and E oso given by Eq. (1 1.190): 
E T =-p 2 16.284eV + E osc 

= -p 2 \6.284eV-p 3 0A\88l\eV + ^p 2 (0.20114 eV) (11.194) 
= -^16.180 eF-yO.118811 eV 
5 The bond dissociation energy, E D , is the difference between Hie total energy of the 
corresponding hydrogen atom or H(\l p) atom [18-19], called hydrino atom having a 
principal quantum number Up where p is an integer, and E T . 

E D =E{H{\lp))-E T (11.195) 
where [18] 

10 E{H (l fp)) = -p 2 \3. 59844 eV (11.196) 

and [19] 

E(D(l/p)) = -p 2 13.603 eV (11.197) 
The hydrogen molecular ion bond energy, E D , is given by Eq. (11.193) with the reduced 
electronmass andEqs. (11.195-11.196): 

E D = -p 2 \3. 59844 -E T 

15 =-/7 2 13.59844-(-i? 2 16.13392eF-/7 3 0.118755 eV) (11.198) 

= /? 2 2.535 eV + p 3 0.1 18755 eV 
The deuterium molecular ion bond energy, E D , is given by Eq. (11.194) with the reduced 
electronmass of D andEqs. (11.195) and (11.197): 

E D =-p 2 l 3.603 -E T 

= - j p 2 13.603-(-p 2 16.180 eV-p 3 0A18SUeV) (11.199) 
= /? 2 2.5770 eV + p 3 0.118811 eV 



20 HYDROGEN-TYPE MOLECULES 
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FORCE BALANCE OF HYDROGEN-TYPE MOLECULES 
Hydrogen-type molecules comprise two indistinguishable electrons bound by an elliptic field. 
Each electron experiences a centrifugal force, and the balancing centripetal force (on each 
electron) is produced by the electric force between the electron and the elliptic electric field 

5 and the magnetic force between the two electrons causing the electrons to pair. In addition to 
nonradiation, the angular frequency given by Eq. (11.24) corresponds to a Lorentzian 
invariant magnetic moment of a Bohr magneton, ju s 9 as given in the Magnetic Moment of an 
Ellipsoidal MO section. The internal field is uniform along the major axis, and the far field is 
that of a dipole as shown in the Magnetic Field of an Ellipsoidal MO section. The magnetic 

10 force is derived by first determining the interaction of the two electrons due to the field of the 
outer electron 2 acting on the magnetic moments of electron 1 and vice versa. Insight to the 
behavior is given by considering the physics of a single bound electron in an externally 
applied uniform magnetic field as discussed in the Two-Electron Atoms section. The 
orbitsphere-cvf and the uniform current- (charge-) density function 7 0 ° {0,4) was given in the 

15 Orbitsphere Equation of Motion for 0 section and Appendix III. The resultant angular 
momentum projections of the spherically-symmetric orbitsphere current density, Y®(9,(j>), 

are L = — and L = — . As shown in the Resonant Precession of the Spin- 1/2 -Current- 

1^4 2 2 

Density Function Gives Rise to the Bohr Magneton section, the electron spin angular 
momentum gives rise to a trapped photon with ft of angular momentum along an S -axis. 
20 Then, the spin state of an orbitsphere comprises a photon standing wave that is phase- 
matched to a spherical harmonic source current, a spherical harmonic dipole Y £ m {0,4) = sin<9 
with respect to the S -axis. The dipole spins about the S -axis at the angular velocity given by 
Eq.(1.55) with h of angular momentum. S rotates about the z-axis at the Larmor frequency 

at # = — such that it has a static projection of the angular momentum of 
3 

25 S u = ±»cos — = ±— i Zr as given by Eq. (L85), and from Eq. (1.84), the projection of S onto 
3 2 

71 (3 

the transverse plane (xy-plane) is S x = #sin — = ±J-/z i Yr . Then, the vector projection of the 
radiation-reaction-type magnetic force of the Two Electron Atom section given by Eqs. (7.24) 



WO 2007/051078 PCT/US2006/042692 

54 

and (7.31) contain the factor ^h. This represents the maximum projection of the time- 
dependent magnetic moment onto an axis of the spherical-central-force system. 

The orbitsphere can serve as a basis element to form a molecular orbital (MO). The 
total magnitude of the angular momentum of h is conserved for each member of the linear 
5 combinations of Y Q ° (9,<f>) 's in the transition from the Y 0 ° (9,(f>) 's to the MO. Since the charge 
and current densities are equivalent by the ratio of the frequency, the solution of Laplace's 
equation for the charge density that is an equipotential energy surface also determines the 
current density. The frequency and the velocity are given by Newton's laws. Specifically, the 
further constraint from Newton's laws that the orbital surface is a constant total energy surface 

10 and the condition of nonradiation provide that the angular velocity of each point on the 
surface is constant, the current is continuous and constant, and determines the corresponding 
velocity function. In non-spherical coordinates, the nonuniform charge distribution given by 
Laplace's equation is compensated by a nonuniform velocity distribution such that the 
constant current condition is met. Then, the conservation of the angular momentum is 

15 provided by symmetrically stretching the current density along an axis perpendicular to the 
plane defined by the orthogonal components of angular momentum. The angular momentum 
projection may be determined by first considering the case of the hydrogen molecular ion. 
Specifically, the angular momentum must give the results of the Stern-Gerlach experiment as 
shown for atomic electrons and free electrons in the Resonant Precession of the Spin- 1/2- 

20 Current-Density Function Gives Rise to the Bohr Magneton section and Stern-Gerlach 
Experiment section, respectively. 

The hydrogen-molecular-ion MO, and all MOs in general, have cylindrical symmetry 
along the bond axis. Thus, for the hydrogen molecular ion, the two orthogonal semiminor 
axes are equivalent and interchangeable. Then, in general, 7 O °(0,^) can serve as a basis 

25 element for an MO having equal angular momentum projections along each of the semiminor 
axes. This defines the plane and the orthogonal axis for stretching the 7 O °(6>,0) basis 
element to form the MO. Thus, to conserve angular momentum, F 0 ° (<9,0) is stretched along 
the semimajor axis as shown in Figure 2. This gives rise to an ellipsoidal surface comprised 
of the equivalent of elliptical-orbit, plane cross sections in the direction parallel to the 

30 semimajor axis with equal angular momentum projections along the orthogonal semiminor 
axes when the basis element has equal orthogonal angular momentum components. 
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As shown in the Exact Generation of Y° (9,4) from the Orbitsphere-cvf section, the 
orbitsphere is comprised of the uniform function Y o °(0,<f>) corresponding to STEP ONE 



having the angular momentum components L w =0 and h z = -| and the uniform function 

h 



Y° (9,^) corresponding to STEP TWO having the angular momentum components L = 



h 

5 and L z = -. These components are separable. Then, the basis element Y o °(9,0) for the 

construction of an MO that conserves the total magnitude of the angular momentum of h 
(Eq. (1.57)) that matches the MO conditions of equal orthogonal components of angular 
momentum along each semiminor axis is a single Y*(d,(f) that is generated according to 
STEP TWO but with twice the angular momentum in each great-circle basis element to give 



10 L =- and L = — , 

xy 2 z 2 



Now consider the behavior of the hydrogen molecular ion in a magnetic field. As 
shown in the Resonant Precession of the Spin-l/2-Current-Density Function Gives Rise to the 
Bohr Magneton section, the photon angular momentum corresponding to the resonant 
excitation of the Larmor excited state is h , and the angular momentum change corresponding 

15 to the spin-flip transition is also h. Furthermore, torque balance for the orbitsphere was 
determined by considering the energy minimum due to the interaction of the magnetic 
moments corresponding to the components of angular momentum. In the case of the 
hydrogen molecular ion, the Larmor-excitation photon carries % of angular momentum that 
gives rise to a prolate spheroidal dipole current about an S -axis in the same manner as in the 

20 case of the spherical dipole of the Larmor excited orbitsphere shown in Figures 1.15 and 1.16 
in Chapter 1. The former are given by the prolate angular function, which comprises an 
associated Legendre function if (rj) [20], and the latter comprises the spherical harmonic 
dipole Y t m (9,<f>) = sin9 . Both are with respect to the S -axis. For hydrogen molecular ion, 

— of intrinsic spin is along each of the semiminor axes of the prolate spheroidal MO. Torque 

25 balance is achieved with S along the semimajor axis as shown in Figure 3. Thus, the Larmor 
excitation is along the semimajor axis. In general, all bonds are cylindrically symmetrical 
about the internuclear or semimajor axis; thus, the Larmor precession occurs about the bond 
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axis of an MO wherein the intrinsic angular momentum components rotate about S at the 
Larmor frequency. 

In the coordinate system rotating at the Larmor frequency (denoted by the axes labeled 
X R , Y R9 and Z R in Figure 2), the angular momentum of S of magnitude ft is stationary. The 

5 Y R -component of magnitude — and the Z R -component of magnitude — rotate about S at the 

2 2 

Larmor frequency. The rotation occurs due to a resonant excitation that results in a balance 
between the magnetic moment of S of ju B corresponding to its angular momentum of fi (Eq. 

h 

(28) of Box 13 and Eq. (2.65)) and those of the orthogonal — angular momentum 

components along Z R and Y R > °f "^f"- 

1 0 Then, the S -axis is the direction of the magnetic moment of each unpaired electron of 

a molecule or molecular ion. The magnetic moment of S of ju B corresponding to its Ti of 
angular momentum is consistent with the Stern-Gerlach experiment wherein the Larmor 
excitation can only be parallel or antiparallel to the magnetic field in order to conserve the 
angular momentum of the electron, the photon corresponding to the Larmor excitation, and 

15 the h of angular momentum of the photon that causes a 180° flip of the direction of S . The 
result is the same as that for the atomic electron and the free electron given in the Resonant 
Precession of the Spin- 1 /2-Current-Density Function Gives Rise to the Bohr Magneton 
section and Stern-Gerlach Experiment section, respectively. The magnetic field is given in 
the Magnetic Field of an Ellipsoidal Molecular Orbital section. 

20 

Next, consider the magnetic-pairing force of the hydrogen molecule due to the spin- 
angular-momentum components. The magnetic moments of electrons 1 and 2 of the 
hydrogen molecule cancel as they are spin paired to form an energy minimum at the radius 
(i.e. i\ = r 2 ). The magnetic force follows the derivation for that between the electrons of two- 

25 electron atoms as given in the Two-Electron Atoms section. The latter force was derived by 
first determining the interaction of the two electrons due to the field of the outer electron 2 
acting on the magnetic moments of electron 1 and vice versa. It was also given by the 
relationship between the angular momentum, energy, and frequency for the transition of 
electron 2 from the continuum to the ground state. The magnitude of the magnetic force 

30 given by Eqs. (7.24) and (7.31) is equivalent to that of the centrifugal force given by Eqs. 
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(7.1-7.2) multiplied by — times the magnitude of the photon angular momentum vector that 

Zh 

precesses at the Larmor frequency given by Eq. (7.4). In the present case of hydrogen-type 
molecules, the radiation-reaction-type magnetic force arises between the electrons, each 
having the components shown in Figure 3. With the photon angular momentum projection of 
5 h and the total nuclear (non-photon-field) of 2, the magnitude of the magnetic force between 
the two electrons is 1/2 that of the centrifugal force given by Eq. (1 1.95). 

The hydrogen-type molecule is formed by the binding of an electron 2 to the 
hydrogen-type molecular ion comprising two protons at the foci of the prolate spheroidal MO 
of electron 1. The ellipsoids of electron 1 and electron 2 are confocal; thus, the electric fields 

10 and the corresponding forces are normal to the each MO of electron 1 and electron 2. The 
two electrons are bound by the central field of the two protons as in the case of the molecular 
ion. Since the field of the protons is only ellipsoidal on average, the field of the hydrogen- 
type molecular ion is not equivalent to an ellipsoid of charge +1 outside of the electron MO, 
In addition there is a spin pairing force between the two electrons. Due to the force between 

15 electron 2 and electron 1 as well as the central force of the protons, the balance between the 
centrifugal force and the central field of electron 2 of the hydrogen-type molecule formed by 
electron 2 binding to a hydrogen-type molecular ion also given by Eq. (11.115). The force 
balance between the centrifugal force and the sum of the Coulombic and magnetic spin- 
pairing forces to solve for the semimajor axis is 

20 

%2 D= pe2 n+ n (11.200) 



m e a 2 b 2 %7rs 0 ab 2 2m e a 2 b 2 
2a a 



pa pa 
P 



= 1 (11.201) 

(11.202) 



Substitution of Eq. (1 1 .202) into Eq. (1 1 .79) is 
25 c' = -±j=a 0 (11.203) 

The internuclear distance given by multiplying Eq. (1 1 .203) by two is 

2 C ^ = ^H (11.204) 
P 

Substitution of Eqs. (1 1 .202-1 1 .203) into Eq. (1 1 .80) is 
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b = c= ^ a " c 11 - 205 ) 

Substitution of Eqs. (1 1.202-1 1.203) into Eq. (11.67) is 

12 (1L206) 



e = - 



For hydrogen, r{t) = D for 9 = , n = 0,1,2,3,4 . Thus, there is no dipole moment and the 

5 molecule is not predicted to be infrared active. However, it is predicted to be Raman active 
due to the quadrupole moment. The liquefaction temperature of H 2 is also predicted to be 
significantly higher than isoelectronic helium. 

ENERGIES OF HYDROGEN-TYPE MOLECULES 

10 The energy components defined previously for the molecular ion, Eqs. (11.117), (11.119), 
(11.120), and (11.121), apply in the case of the corresponding molecule except that all of the 
field lines of the protons must end on the MO comprising two-paired electrons. With spin 
pairing of the mirror-image-current electrons, the scaling factors due to the non-ellipsoidal 
variation of the electric field of the protons is unity as in the case of the sum of squares of 

15 spherical harmonics. Thus, the hydrogen-type molecular energies are given by the integral of 
the forces without correction. Then, each molecular-energy component is given by the 
integral of corresponding force in Eq. (1 1.200) where each energy component is the total for 
the two equivalent electrons with the central-force action at the position of the electron MO 
where the parameters a and h are given by Eqs. (1 1.202) and (1 1.205), respectively. 

20 The potential energy, V e , of the two-electron MO comprising equivalent electrons in 

the field of magnitude p times that of the two protons at the foci is 



4x£ 2D J It* 



2 «> 



_ -2pe 2 t di 



*^"/(« + »)VT^ (n - 207) 

-2pe 2 , a + ja 2 -b 2 
rln- 



%nsja 2 -b 2 a-4a 1 -b 1 
which is equivalent to Ze = 1pe times the potential of the MO given by Eq. (1 1.46) after Eq. 
(11.114). The potential energy, V P , due to proton-proton repulsion in the field of magnitude 
25 p times that of the protons at the foci ( £ = 0 ) is 
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v p , e 

p 8xe oy /a 2 -b r 



(11.208) 



The kinetic energy, T , of the two-electron MO of total mass 2m e is 



T = 2- 



-h 2 



2ma 2 b 2 



D 



-ft 



2 «> 

_f 



2D I R, 



(11.209) 



h 2 



An 



a + yla 2 -b 2 



2m e a4a 2 -b 2 a-yja 2 -b 2 

The magnetic energy, V m , of the two-electron MO of total mass 2m e corresponding to the 

5 magnetic force of Eq. (1 1 .200) is 

-h 2 D ab 2c °rd4 
'2(2m e )a 2 b 2 2D j i? f 



V m =2- 



<*2 « 



!_r 

4m e a l(4 + b)4^ 



(11.210) 



-h 2 



4n 



a + y/a 2 -b 2 



4m e a-Ja 2 -b 2 a-yja 2 -b 2 
The total energy, E T , is given by the sum of the energy terms (Eqs. (1 1 .207-1 1 .210)): 



E r =V e +T + V m +V p 



E T =-\3.60eV 



2 P 2 ^-p 2 ^ + ^)ki^-p 2 j2 

2 y/2-1 



(11.211) 
= -p 2 3l.63 (11.212) 



10 where a and b are given by Eqs. (11.202) and (11.205), respectively. The total energy, 
which includes the proton-proton-repulsion term is negative which justifies the original 
treatment of the force balance using the analytical mechanics equation of an ellipse that 
considered only the binding force between the protons and the electrons and the electron 
centrifugal force. As shown by Eqs. (11.290) and (11.292), T is one-half the magnitude of 

15 V e as required for an inverse-squared force [1] wherein V e is the source of T . 



VIBRATION OF HYDROGEN-TYPE MOLECULES 

The vibrational energy levels of hydrogen-type molecules may be solved in the same manner 
as hydrogen-type molecular ions given in the Vibration of Hydrogen-type Molecular Ions 
20 section. The corresponding central force terms of Eq. (11.136) are 
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/to — 



pe. 



%7te n a 



(11.213) 



and 



(11.214) 



The distance for the reactive nuclear-repulsive terms is given by the sum of the semimajor 
5 axis, a, and c\ 1/2 the internuclear distance. The contribution from the repulsive force 
between the two protons is 

/(a + c') = - 



8n£ 0 (a + c') 



(11.215) 



and 



f<(a + c<) = - 



pe 



(11.216) 



10 Thus, from Eqs. (1 1.136) and (11.213-1 1.216), the angular frequency of the oscillation is 



CO 



i 



pe 



pe 



8ns a a 87cs 0 (a + c') 



pe 



pe 



r ^ 



8ns„ 



= p 2 S.62385X 10 14 radls 



(11.217) 



where the semimajor axis, a, is a = — according to Eq. (11.202) and c' is c' = 

according to Eq. (11.203). Thus, during bond formation, the perturbation of the orbit 
15 determined by an inverse-squared force results in simple harmonic oscillatory motion of the 
orbit, and the corresponding frequency, o(0) , for a hydrogen-type molecule H 2 (1/ p) given 
by Eqs. (11.136) and (11.145) is 



«,(0) = J ,* ^ 621.98^ = ^ 8 62385 x 10 h radians/s 



(11.218) 



where the reduced nuclear mass of hydrogen is given by Eq. (11.161) and the spring constant, 
20 k(0), given by Eqs. (11.136) and (11.217) is 

k(0) = p 4 621. 98 Nm~ l (11.219) 
The transition-state vibrational energy, E vlb (0) , is given by Planck's equation (Eq. (1 1 .127)): 
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E vib (0) = ha = ftp 2 8.62385 X 10 u rod Is = p 2 0.56764 eV (11.220) 
The amplitude of oscillation, A reduced (0) , given by Eqs. (1 1.158), (1 1.161), and (1 1.219) is 

A d d (0) = ^ 4.275* 10- a n» =0 . 08079 fk (1L221) 

' 2 3/2 (^621.98 iVm-V) * * 

Then, from Eq. (11.67), A c ,{0), the displacement of c' is the eccentricity e given by Eq. 
5 (11.206) times A reduced (0) (Eq. (11.221)): 

A (0) - eA (0) = A — (0) = ^ = °- 05713 ^ (1 1 .222) 

The spring constant and vibrational frequency for the formed molecule are then obtained from 
Eqs. (11.136) and (11.213-11.222) using the increases in the semimajor axis and internuclear 
distances due to vibration in the transition state. The vibrational energy, E vib (l) , for the 
10 H 2 {\l p) u = 1 -» u = 0 transition given by adding A c , (0) (Eq. (1 1 .222)) to the distances a 
ando + c' in Eqs. (11.213-11.220) is 

E vlb {l) = p 1 Q.5ll eV (11.223) 
where o is the vibrational quantum number. Using Eq. (11.176) with Eqs. (11.223) and 
(1 1.252), the anharmonic perturbation term, a> 0 x 0 , of H 2 (1/ p) is 

100/zc 8.06573X1 0 3 ^—p 2 0.5X1 eV 

15 a> Q x 0 = Y- ^ ^-crn' (11.224) 

0 0 Ae(p 2 A.\5\ eV + j? 3 0.326469 eV) 

where co Q is the frequency of the o = l-^v-0 transition corresponding to Eq. (1 1 .223) and 
D 0 is the bond dissociation energy given by Eq. (11.252). The vibrational energies of 

successive states are given by Eqs. (11.1 67) and (11 .223-1 1 .224). 

Using the reduced nuclear mass given by Eq. (11.170), the corresponding parameters 
20 for deuterium-type molecules D 2 (l / p) (Eqs. (1 1 .21 3-11 .224) and (1 1 .253)) are 



<p(0) ^ p 2 ^& = p 2^ 62i - 9 ^ Nm ~ l = p * 6.09798 X 10 14 radiamls (11.225) 

k (0) = p 4 621 .98 Mb" 1 (11 -226) 

E vib (0) = p 2 0.4014 eV (1 1.227) 
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4~(0)- ml 4 ^ , ,^ 3 - 595X '°" 2 " = 0.06794^ (11.228) 

E vib (l) = p 2 037leV (11.229) 

100/zcf8.06573Jn0 3 ^^0.371 e^] 

a> 0 x 0 = >- e ~~ r^-cm' 1 (1 1 .230) 

0 0 4e(/? 2 4.229 eV + /? 3 0.326469 eV) 

The vibrational energies of successive states are given by Eqs. (1 1.167) and (1 1.229-1 1.230). 

5 

THE DOPPLER ENERGY TERM OF HYDROGEN-TYPE MOLECULES 
The radiation reaction force in the case of the vibration of the molecule in the transition state 
also corresponds to the Doppler energy, E D , given by Eq, (11.181) that is dependent on the 
motion of the electrons and the nuclei. Here, a nonradiative state must also be achieved after 

10 the emission due to transient vibration wherein the nonradiative condition given by Eq. 
(11.24) must be satisfied. Typically, a third body is required to form hydrogen-type 
molecules. For example, the exothermic chemical reaction of H -f H to form H 2 does not 
occur with the emission of a photon. Rather, the reaction requires a collision with a third 
body, M , to remove the bond energy — H + H + M -^H 2 +M* [21]. The third body 

15 distributes the energy from the exothermic reaction, and the end result is the H 2 molecule 
and an increase in the temperature of the system. Thus, a third body removes the energy 
corresponding to the additional force term given by Eq. (11.180). From Eqs. (11.200), 
(1 1.207) and (1 1.209), the central force terms between the electron MO and the two protons 
are 

20 f { a } = -J?i— (11.231) 

and 

/.( a ) = -2£fL (11.232) 
v ' An;s 0 a 

Thus, the angular frequency of this oscillation is 



CO 



pe 2 






3 


Aks 0 


a a 




[P\ 





= p 2 4.13414X 10 16 rod Is (11.233) 
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where the semimajor axis, a, is a = — according to Eq. (11.202). The kinetic energy, E K9 

is given by Planck's equation (Eq. (1 1.127)): 

E K = hco = hp 2 4.13414 X 10 16 radis = p 2 21.2\16 eV (11.234) 
In Eq. (11.181), substitution of the total energy of the hydrogen molecule, E T , (Eq. (1 1.212)) 
5 for E hv , the mass of the electron, m e 5 for M , and the kinetic energy given by Eq. (1 1 .234) for 
E K gives the Doppler energy of the electrons for the reentrant orbit. 



\lEr , \2e{p 2 212l6eV) 

E D =E h — f = -31.635/7 2 eVA—X- - 2 J - = V 0.326469 eV (11.235) 

V Mc y m e c 

The total energy of the molecule is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
10 transition state at their corresponding frequency given in the Vibration of Hydrogen-Type 
Molecules section. On average, the total energy of vibration is equally distributed between 
kinetic energy and potential energy [17]. Thus, the average kinetic energy of vibration 
corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 of the vibrational energy of 
the molecule given by Eq. (1 1 .148). The decrease in the energy of the hydrogen molecule due 
15 to the reentrant orbit in the transition state corresponding to simple harmonic oscillation of 
the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D and 
E Kvih . Using Eq. (1 1 .235) and E vib from Eq. (1 1 .220) gives 

E 0SC =E D +E Kvib =E D +~hp 2 ^ (11.236) 

Ksc =~P 3 0326469 eV + ^p 2 (0.56764 eV) (11.237) 

20 To the extent that the MO dimensions are the same, the electron reentrant orbital 

energies, E K , are the same independent of the isotope of hydrogen, but the vibrational 
energies are related by Eq. (11.148). Thus, the differences in bond energies are essentially 
given by 1/2 the differences in vibrational energies. Using Eq. (11.235) and E vib for 

A (1/ P) g iyen b y Eq- (1 1.227), that corresponds to the deuterium reduced nuclear mass (Eq. 
25 (11.170)), the corresponding E osc is 

K S c =~P 3 0.326469 eV + ]-p 2 (0.401380 eV) (11.238) 
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TOTAL, IONIZATION, AND BOND ENERGIES OF HYDROGEN AND 
DEUTERIUM MOLECULES 

The total energy of the hydrogen molecule is given by the sum of E T (Eqs. (1 1.21 1-11.212)) 
5 and E osc given Eqs. (1 1 .233-1 1 .236). Thus 5 the total energy of the hydrogen molecule having 
a central field of + pe at each focus of the prolate spheroid molecular orbital including the 
Doppler term is 

E T =V e + T + V m +V p +E 0SC (11.239) 



E T =-p 2 



10 



■42 



In 



a/2+1 
V2-1 



-V2 







e 2 












1+^ 


m e 


2 ^ ju 


m e c 2 



1 

= -p 2 31.635 eV-p 3 0.326469 eV + -h 



2 \n 

(11.240) 

From Eqs. (11.237) and (11.239-11.240), the total energy for hydrogen-type molecules is 
E T =-p 2 3\.635eV + E osc 

= -p 2 31. 635 eV-p 3 0.326469 eV + ^p 2 (0.56764 eV) (11.241) 
= -p 2 31. 35 1 eV-p 3 0.326469 eV 
The total energy of the deuterium molecule is given by the sum of E T (Eq. (1 1 .212)) and E osc 
15 given by Eq. (11.238): 



E T =~p 2 31. 6354 eV + E o: 



1 



= -p 2 31.6354 eV-p 3 0.326469 eV + -p 2 (0.401380 eV) 
= -p 2 3 1.4345 eV-p 3 0.326469 eV 



(11.242) 



The total energy, which includes the proton-proton-repulsion term is negative which justifies 
the original treatment of the force balance using the analytical mechanics equation of an 
ellipse that considered only the binding force between the protons and the electrons, the spin- 
20 pairing force, and the electron centrifugal force. 

The first ionization energy of the hydrogen molecule, IP X , 
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(11.243) 



is given by the difference of Eqs. (1 1 .193) and (1 1 .241): 
IP, = E T {H 2 + (l/p))-E T (H 2 (l/p)) 

= -p 2 l 6. 1 3392 eV - p 3 0. 1 1 8755 e V - [-p 2 31.351 eV-p 3 0.326469 e V) (1 1 .244) 
= ;? 2 15.2171 eV + p 3 Q.2Q>H\4eV 
The second ionization energy, IP 2 , is given by the negative of Eq. (1 1 .193). 
5 IP 2 = p 2 16.13392 eV + p 3 0.U$755eV (11.245) 

The first ionization energy of the deuterium molecule, IP r , 

D 2 (l/p)->DZ(Up) + e- (11.246) 
is given by the difference of Eqs. (11.194) and (11.242): 



The bond dissociation energy, E D , is the difference between the total energy of the 
corresponding hydrogen atoms and E T 




E D =E(2H(Vp)-)-E r 



(11.249) 



15 where [18] 



E(2H(\/ p)) = -p 2 27.20 eV 



(11.250) 



and [19] 



E(2D(\I p)) = -p 2 27.206 eV 
The hydrogen bond energy, E D , is given by Eqs. (1 1 .249-1 1 .250) and (1 1 .241): 



(11.251) 



E D =-p 2 27.20 eV-E T 



20 



= -p 2 27.20 eF-(-p 2 31.351 6^-^0.326469 eV) 



(11.252) 



= p 2 4.\51 eV + p 3 0.326469 eV 
The deuterium bond energy, E D , is given by Eqs. (1 1 .249), (1 1 .25 1), and (1 1 .242): 



WO 2007/051078 PCTYUS2006/042692 

66 

E D =-p 2 27.206 eV-E T 

= -p 2 27.206 <?F-(-p 2 3 1.4345 eV-p 3 0.326469 eV) (11.253) 

= p 2 A. 219 eV + p 3 0.326469 eV 

THE HYDROGEN MOLECULAR ION H 2 [2c = 2a 0 f 

5 FORCE BALANCE OF HYDROGEN MOLECULAR ION 

Force balance between the electric and centrifugal forces is given by Eq. (11.115) where 
p = l 

%2 . D= el D (11.254) 



m e a 2 b 2 %7ts a ab 2 
which has the parametric solution given by Eq. (1 1 .83) when 
10 a = 2a a (11.255) 

The semimajor axis, a , is also given by Eq. (1 1 . 1 1 6) where p = l. The internuclear distance, 
2c ' , which is the distance between the foci is given by Eq. (11.111) where p = \. 

2c' = 2a 0 (11.256) 
The experimental internuclear distance is 2a 0 . The semiminor axis is given by Eq. (1 1.1 12) 
15 where p = l. 

6 = V3a e (11.257) 
The eccentricity, e , is given by Eq. (11.113). 

e = I (11.258) 
2 

20 ENERGIES OF THE HYDROGEN MOLECULAR ION 

The potential energy, V e , of the electron MO in the field of the protons at the foci (£ = 0) is 
given by Eq. (1 1.117) where p = l 

V e = ~4e 2 ln a + 7a 2 -6 2 (n 259) 

$x£ 0 ja 2 -b 2 a~4a 2 -b 2 

The potential energy, V p , due to proton-proton repulsion is given by Eq. (11.120) where 
25 p = l 
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V. = 



P ~ %neja 2 -b 2 

The kinetic energy, T , of the electron MO is given by Eq. (1 1 . 1 1 9) where p = 1 
2h 2 



PCTYUS2006/042692 

(11.260) 



T = 



— . In . 

m e ayja 2 -b 2 a- sja 2 - b 2 

Substitution of a and b given by Eqs. (1 1 .255) and (1 1 .257), respectively, into Eqs. (1 1 .259- 
5 11.261) is 



a+-Ja 2 -b 2 



(11.261) 



-4e 2 
V = — - 



-In 3 = -59.7575 eV 



V„ = 



•o"H 
2 



,_ 2e 2 
%7ts 0 a k 



= 13.5984 eV 



ln3 = 29.8787 eV 



(11.262) 
(11.263) 
(11.264) 



The Doppler term, E osc , for hydrogen and deuterium are given by Eqs. (1 1.189) and (1 1.190), 
10 respectively, where p = l 

E OS c (#2 ) = E D + E Kvib = -0.1 18755 eV + ^-(0.29282 eV) = 0.027655 (1 1 .265) 



Ease ( A + ) = -0. 1 1 88 1 1 e V + ^ (0.207 1 4 e V) = -0.0 1 524 e V 



(11.266) 



The total energy, E T , for the hydrogen molecular ion given by Eqs. (1 1.191-1 1.193) is 



E T =- 



(41n3-l-21n3) 



2e 2 



2h\ 

i+V— 1 



m„c 



2 



m 



1 



= -16.2803 eV- 0.1 18811 eF + |(0.29282 eV) 



(11.267) 



= -16.2527 eV 

15 where in Eqs. (11 .262-1 1 .267), the radius of the hydrogen atom a H (Eq. (1.287)) was used in 
place of a Q to account for the corresponding electrodynamic force between the electron and 
the nuclei as given in the case of the hydrogen atom by Eq. (1.231). The negative of Eq. 
(1 1.267) is the ionization energy of H\ and the second ionization energy, IP 2 , of H. . From 



WO 2007/051078 PCT/US2006/042692 

68 

Eqs; (11.191-11.192) and (11.194), the total energy, E T9 for the deuterium molecular ion (the 
ionization energy of D* and the second ionization energy, IP 2 , of D 2 ) is 

E T =-16.284 eF-0.118811 eF + -(0.20714 eF) = -16.299 (11.268) 

2 

The bond dissociation energy, E D9 is the difference between the total energy of the 
5 corresponding hydrogen atom and E T . The hydrogen molecular ion bond energy, E D , 
including the reduced electron mass given by Eq. (11.198) where p = 1 is 

E D = 2.535 eV + 0.1 18755 eV = 2.654 eV (11 .269) 

The experimental bond energy of the hydrogen molecular ion [22] is 

£^=2.65107 (11.270) 
10 From Eq. (1 1 .199) where p = 1 , the deuterium molecular ion bond energy, E D , including the 

reduced electron mass of D is 

E D = 2.5770 eV + 0.1 1881 1 eV = 2.6958 eV (11.271) 
The experimental bond energy of the deuterium molecular ion [23] is 

E D = 2.691 eV (11.272) 

15 

VIBRATION OF THE HYDROGEN MOLECULAR ION 

It can be shown that a perturbation of the orbit determined by an inverse-squared force results 
in simple harmonic oscillatory motion of the orbit [11]. The resonant vibrational frequency 
for H\ given by Eq. (1 1.160) is 



20 co(0) = ^^ = j 165 - 51 J Vm ~ 1 = 4.449 X 10 14 radians I s (11.273) 

wherein p = l. The spring constant, k{0) , for H\ given by Eq. (1 1.162) is 

Jfc(0) = 165.51 Nrn 1 (11.274) 

The vibrational energy, E vib (0) , of H* during bond formation given by Eq. (1 1 . 1 63) is 

3*(0) = 0.29282 eV (11.275) 
25 The amplitude of oscillation given by Eq. (11.1 64) is 

.4(0) = — ^ = 5.952^ 10" 12 w = 0.1125a o (11.276) 

' 1 2 3/2 (165.51 Nm-^f 
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The vibrational energy for the H$ v = 1 -> o = 0 transition given by Eq. (11.1 66) is 

E vlb (l) = 0.270 eV (11.277) 
The experimental vibrational energy of [14, 19] is 

E vlb = 0.271 eV (11.278) 
5 The anharmonicity term of H\ given by Eq. (1 1 .169) is 

a> Q x Q = 55.39 cm -1 (11.279) 
The experimental anharmonicity term of Hi from NIST [19] is 

G) e x e = 66.2 cm' 1 (11.280) 
The vibrational energy for the t> = l-» v = 0 transition given by Eq. (1 1 . 175) is 
10 E vlb =0.193 eV (11.281) 

The vibrational energy of the D\ [19] based on calculations from experimental data is 

E vib =0.196 eV • (11.282) 
The anharmonicity term of D\ given by Eq. (1 1 . 1 76) is 

co 0 x 0 = 27.86 cm' 1 (11.283) 
15 The experimental anharmonicity term of D* for the state X 2 ]T g + W is not given, but the 

term for state B 2 £ g +3 dcr from NIST [19] is 

0^=2.62 cm" 1 (H-284) 

THE HYDROGEN MOLECULE H 2 [2c' = >/2a 0 ] 

20 

FORCE BALANCE OF THE HYDROGEN MOLECULE 

The force balance equation for the hydrogen molecule is given by Eq. (1 1 .200) where p = 1 

** .£> = — e * D + -JL-p (11.285) 



m e a 2 b 2 ~ 8ne 0 ab 2 ~ ' 2m e a 2 b 2 
which has the parametric solution given by Eq. (1 1 .83) when 
25 a = a Q (11.286) 

The semimajor axis, a , is also given by Eq. (1 1 .202) where p = l. The internuclear distance, 
2c 1 , which is the distance between the foci is given by Eq. (1 1 .204) where p = l. 



e — - 
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2c' = V2a G (11.287) 
The experimental internuclear distance is ^2a Q . The semiminor axis is given by Eq. (1 1.205) 
where p = l. 
* 1 

b = ^j2 a ° (11.288) 
5 The eccentricity, e , is given by Eq. (1 1 .206). 

72 < 1L289 > 

The finite dimensions of the hydrogen molecule are evident in the plateau of the resistivity 
versus pressure curve of metallic hydrogen [24]. 

10 ENERGIES OF THE HYDROGEN MOLECULE 

The energies of the hydrogen molecule are given by Eqs. (1 1.207-1 1.210) where p = 1 
jr -2e 2 , a + ja 2 -b 2 

V °=~ TT^TT I 2 u2 =-67.8358 eV (11.290) 

v e = z — rr=Tr =19 - 2415 eV (11.291) 

Sas 0 >Ja -b 
rr tl2 1 a + y/a 2 -b 2 „„ 

T = o TT^TT ln / 2 2 = 33 - 9179 eV (1 1.292) 

2m e ay/a 2 -b 2 a-sja 2 -b 2 

1 5 The energy, V m , of the magnetic force is 

Tr -h 2 . a + 4a 2 -b 2 

V >» = ~ n=TT * TT=TT = -!6-9589 eV (11 .293) 

4m e ay/a 2 -b 2 a-sja 2 -b 2 

The Doppler terms, E osc , for hydrogen and deuterium molecules are given by Eqs. (11.237) 
and (1 1 .238), respectively, where p = \ 

Eosc{H 2 ) = E D +E Kvlb =-0.326469 eF + |(0.56764 eV) = -0.042649 eV (11.294) 

20 Ksc (A) = -0.326469 + |(0.401380 eV) = -0.125779 (11.295) 

The total energy, £ r , for the hydrogen molecule given by Eqs. (1 1.239-1 1.241) is 



WO 2007/051078 



Ey. = — 



PCTYUS2006/042692 



71 



Sne o a 0 



V2\ V2 + 1 
V2-1 



In 



■V2 







e 2 






2^ 


4vs o a 3 0 






m e 


2 


m e c 2 



= -31.635 eF-0.326469 eF+^-(0.56764 eK) 



(11.29 



= -31.6776 



6) 



From Eqs. (1 1.239-1 1.240) and (1 1.242), the total energy, E T , for the deuterium molecule 

E T = -31.635 eV - 0.326469 eV + -(0.401 380 eV) = -31. 7608 eV 

2 



IS 



(11.297) 

5 The first ionization energies of the hydrogen and deuterium molecules, IP,, (Eqs. (11.243) 
and (11.246)) are given by the differences in the total energy of corresponding molecular ions 
and molecules which are given by Eqs. (1 1 .244) and (1 1 .247), respectively, where p = 1 : 

IP, (H 2 ) = 15.2171 eV + 0.207714 eV = 15.4248 eV (11.298) 
IP, (A ) = 15.255 eV + 0.2077 eV = 15.4627 eV (11 .299) 

10 The bond dissociation energy, E D , is the difference between the total energy of two of the 
corresponding hydrogen atoms and E T . The hydrogen molecular bond energy, E D , given by 
Eq. (1 1 .252) where p = 1 is 

E D =4.151 eV + 0.326469 eV = 4.478 eV 
the experimental bond energy of the hydrogen molecule [22] is 



15 



E D =4.478 eV 



The deuterium molecular bond energy, E D , given by Eq. (1 1 .253) where p = 1 is 

E D = 4.229 eV + 0.326469 eV = 4.556 eV 
The experimental bond energy of the deuterium molecule [22] is 



E D =4.556 eV 



(11.300) 
(11.301) 

(11.302) 
(11.303) 



20 



VIBRATION OF THE HYDROGEN MOLECULE 

It can be shown that a perturbation of the orbit determined by an inverse-squared force results 
in simple harmonic oscillatory motion of the orbit [11]. The resonant vibrational frequency 
for H 2 given by Eq. (1 1 .21 8) is 
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CO 



^ = = ^ 621 ' 9 *J* m - = 8.62385 X 10 14 radians Is (11.304) 

The spring constant, k(0) , for H 2 given by Eq. (1 1.219) is 

*(0) = 621.98 Nm- 1 (11.305) 

wherein p = 1 . The vibrational energy, £ v/6 (0) , of H 2 during bond formation given by Eq. 
5 (11.220) is 

E vib (0) = 0.56764 eV (11.306) 
The amplitude of oscillation given by Eq. (1 1.221) is 

A (°) = —^— — — IT? = 4.275 X lO" 12 m = 0.08079« o (11.307) 

2 3/2 ( i? 4 621.98iVm- 1 //) 

The vibrational energy for the H 2 o = 1 v = 0 transition given by Eq. (1 1 .223) is 
10 £ w4 (l) = 0.517 eV (11.308) 

The experimental vibrational energy of H 2 [25-26] is 

E vib {\) = 0.5159 eV (11.309) 
The anharmonicity term of H 2 given by Eq. (1 1 .224) is 

o) Q x Q =120.4 cm' 1 (11.310) 
15 The experimental anharmonicity term of H 2 from Huber and Herzberg [23] is 

a e x e =121.33 cm -1 (11.311) 
The vibrational energy for the D 2 v = 1 v = 0 transition given by Eq. (1 1 .229) is 

E vib = 0.371 eV (11.312) 
The experimental vibrational energy of D 2 [14, 19] is 
20 E vib = 0.371 eV (l\3U) 

The anharmonicity term of D 2 given by Eq. (1 1 .230) is 

w o x 0 = 60.93 cm' 1 (11.314) 
The experimental anharmonicity term of D 2 from NIST [19] is 

co e x e =61.82 crn x (11.315) 
25 The results of the determination of the bond, vibrational, total, and ionization 

energies, and internuclear distances for hydrogen and deuterium molecules and molecular 
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ions are given in Table 11.1. The calculated results are based on first principles and given in 
closed form equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 

Despite the predictions of standard quantum mechanics that preclude the imaging of a 
5 molecule orbital, the full three-dimensional structure of the outer molecular orbital of N 2 has 
been recently tomographically reconstructed [27]. The charge-density surface observed is 
similar to that shown in Figure 5 for H 2 which is direct evidence that electrons are not point- 
particle probability waves that have no form until they are "collapsed to a point" by 
measurement. Rather they are physical, two-dimensional equipotential charge density 
10 surfaces. 
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Table ILL The calculated and experimental parameters of H 2 , D 2 , H 2 and D 2 . 



Parameter 


Calculated 


Experimental 


Eqs. 


Ref. for Exp. 


H 2 Bond Energy 


4.478 eV 


4.478 eV 


11.300 


22 


D 2 Bond Energy 


4.556 eV 


4.556 eV 


11.302 


22 


H 2 Bond Energy 


2.654 eV 


2.651 eV 


11.269 


22 


D 2 Bond Energy 


2.696 eV 


2.691 eV 


11.271 


23 


H 2 Total Energy 


31.677 eV 


31.675 eV 


11.296 


22, 28, 18 a 


D 2 Total Energy 


3 1.760 eV 


31.760 eV 


11.297 


19, 23 b 


H 2 Ionization Energy 


15.425 eV 


15.426 eV 


11.298 


28 


D 2 Ionization Energy 


15.463 eV 


15.466 eV 


11.299 


23 


H 2 Ionization Energy 


16.253 eV 


16.250 eV 


11.267 


22, 18° 


j-J 2 lonizdtiun Xjiioigy 


16.299 eV 


16.294 eV 


11.268 


19,23 d 


H 2 Magnetic Moment 


9.274 X \0' 24 JT~ 
Mb 


9.274 X10" 24 JT" 1 
Mb 


13.1-13.7 


29 


Absolute H 2 Gas- 


-2o,0 ppm 


-Zo.u ppm 


11411 

JL 1 .'x 1 J- 


30-31 


Phase 










NMR Shift 










H 2 Internuclear 


0.748 A 


0.741 A 


11.287 


32 


e 

Distance 










D 2 Internuclear 


0.748 A 


0.741 A 


11.287 


32 


e 

Distance 










H 2 Internuclear 


1.058 A 


1.06 A 


11.256 


22 


f 


2a Q 








Distance 








D 2 Internuclear 


1.058 A 


1.0559 A 


11.256 


23 


e 


2a o 








Distance 








H 2 Vibrational Energy 


0.517 eV 


0.516 eV 


11.308 


25, 26 


D 2 Vibrational Energy 


0.371 eV 


0.371 eV 


11.313 


14, 19 


H 2 OJ e X e 


120.4 cm" 1 


121.33 cm" 1 


11.310 


23 


A <Ve*e 


60.93 cm' 1 


61.82 cm" 1 


11.314 


19 


H 2 Vibrational Energy 


0.270 eV 


0.271 eV 


11.277 


14, 19 
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D* Vibrational Energy 



H 2 J=l to J=0 



Rotational Energy 
D 2 J=l to J=0 

e 

Rotational Energy 



Hi J-l to J=0 



Rotational Energy 



75 



J=l to J=0 



0.193 eV 
0.0148 eV 

0.00741 eV 

0.00740 eV 

0.00370 eV 



0.196 eV 
0.01509 eV 

0.00755 eV 

0.00739 eV 

0.003723 eV 



PCT/US2006/042692 

11.281 19 
13.45 22 



13,37-13.45 



13.49 



22 



22 



13.37-13.43, 23 
13.49 



Rotational Energy 



a The experimental total energy of the hydrogen molecule is given by adding the first (15.42593 eV) [28] and 
second (16.2494 eV) ionization energies where the second ionization energy is given by the addition of the 

ionization energy of the hydrogen atom (12.59844 eV) [18] and the bond energy of H\ (2.651 eV) [22]. 

The experimental total energy of the deuterium molecule is given by adding the first (15.466 eV) [23] and 
5 second (16.294 eV) ionization energies where the second ionization energy is given by the addition of the 

ionization energy of the deuterium atom (12.603 eV) [19] and the bond energy of D\ (2.692 eV) [23]. 
° The experimental second ionization energy of the hydrogen molecule, IP 2 , is given by the sum of the 
ionization energy of the hydrogen atom (12.59844 eV) [18] and the bond energy of Hi (2.651 eV) [22]. 
^ The experimental second ionization energy of the deuterium molecule, IP 2 , is given, by the sum of the 
10 ionization energy of the deuterium atom (12.603 eV) [19] and the bond energy of D\ (2.692 eV) [23]. 



5 The internuclear distances are not corrected for the reduction due to E Q 
The internuclear distances are not corrected for the increase due to E 



15 



THE DIHYDRINO MOLECULAR ION H 2 [2c' - a 0 ] + 

FORCE BALANCE OF THE DIHYDRINO MOLECULAR ION 

Force balance between the electric and centrifugal forces of Hi (1/2) is given by Eq. 

(11.115) where p = 2 

> ™ 2 

(11.316) 



* 2 .fl^B 



m e a 2 b 2 %7vs Q ab 2 
20 which has the parametric solution given by Eq. (1 1 .83) when 
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a = a o- (11.317) 
The semimajor axis, a, is also given by Eq. (11.116) where p = 2. The internuclear 
distance, 2c ' , which is the distance between the foci is given by Eq. (1 1 . 1 1 1) where p = 2. 



2c< = a 0 

5 The semiminor axis is given by Eq. (1 1 . 1 12) where p = 2. 



(11.318) 



b = ~ a ° (11.319) 

The eccentricity, e , is given by Eq. (11.113). 
1 

e = 2 (11.320) 



10 ENERGIES OF THE DIHYDRINO MOLECULAR ION 

The potential energy, V e , of the electron MO in the field of magnitude twice that of the 
protons at the foci ( £ = 0 ) is given by Eq. (1 1 . 1 1 7) where p = 2 

T , -8e 2 a + ^Ja 2 -b 2 

V e=~ / 2 , 2 ln / 2 (11.321) 

%7ie 0 ^a 2 -b 2 a-yja 2 -b 2 
The potential energy, V p , due to proton-proton repulsion in the field of magnitude twice that 
15 oftheprotonsatthefoci(^ = 0)isgivenbyEq.(11.120)where p = 2 

The kinetic energy, 7", of the electron MO is given by Eq. (1 1 . 1 1 9) where p = 2 

rr 2h 2 . a + s]a 2 -b 2 

T = / 2 L2 ^ / 2 T2 ' (11.323) 

m e ayja 2 -b 2 a-yja 2 -b 2 

Substitution of a and b given by Eqs. (1 1.317) and (1 1.319), respectively, into Eqs. (1 1.321- 
20 1 1.323) and using Eqs. (1 1.191-1 1.193) with p = 2 gives 

-16e 2 

K = 8^~ ln3 = - 239A6eV ( 1L324 ) 



o o 



4e 2 



o o 



8e 2 



o o 
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E T =V e +V p +T + E 0l 



(11.327) 



E T = -2 2 < 



87V£ 0 a H 



(41n3-l-21n3) 



1 + 2^ 



2h 



2e 2 



A7ts 0 {2a H ) 



mc 



2 



= -2 2 (l6.13392 eP r )-2 3 (0.118755 er) 
= -65.49 eV 



(11.328) 



where Eqs. (11.324-11.326) are equivalent to Eqs. (11.122-11.124) with p = 2. The bond 
dissociation energy, E D , given by Eq. (1 1.198) with p = 2 is the difference between the total 
5 energy of the corresponding hydrino atom and E T given by Eq. (1 1 .328): 
E D =E T (H(l/p))-E T (HZ(l/p)) 

= 2 2 (2.535 eF) + 2 3 (0.118755 eV) ' (11.329) 

= 11.09 eV 



VIBRATION OF THE DIHYDRINO MOLECULAR ION 

It can be shown that a perturbation of the orbit determined by an inverse-squared force results 
10 in simple harmonic oscillatory motion of the orbit [11]. The resonant vibrational frequency 
for H; (1 / 2) from Eq. (1 1 . 1 60) is 



^(O) ^ 165 - 5 ^" 1 = 1.78 X 10" radians Is 

wherein p = 2 . The spring constant, k (0) , for tf 2 + (l / 2) from Eq. (1 1 . 162) is 
&(0) = 2 4 165.51 jVwT 1 =2648 Nm' 1 
1 5 The amplitude of oscillation from Eq. (1 1 . 1 64) is 

# 5.952 X 10" 12 m 0.1125« 



A(0): 



(11.330) 



(11.331) 



(11.332) 



2 3/2 (2 4 (165.51) Nm-'pf 4 2 2 

The vibrational energy, E vib (l) , for the o = 1 -» o = 0 transition given by Eq. (1 1 . 1 66) is 

E vib (1) = 2 2 (0.270 e V) = 1 .08 eV (1 1 .333) 
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THE DIHYDRINO MOLECULE H 2 
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, FORCE BALANCE OF THE DIHYDRINO MOLECULE 
The force balance equation for the dihydrino molecule H 2 (\/2) is given by Eq. (11.200) 
5 where p = 2 

h 2 2e 2 h 2 

h ■£>= , 2 2> + (11.334) 



m e a 2 b 2 %7ts 0 ab 2 2m e a 2 b 2 
which has the parametric solution given by Eq. (1 1.83) when 

a = ^ (11.335) 

The semimajor axis, a, is also given by Eq. (11.202) where p~2 . The internuclear 
1 0 distance, 2c ' , which is the distance between the foci is given by Eq. (1 1 ,204) where p = 2 . 

2C, = 72 a ° (11.336) 
The semiminor axis is given by Eq. (11 .205) where p-2. 

b = (; = %j2 a ° (1L33?) 
The eccentricity, e 5 is given by Eq. (1 1.206). 

15 e=-L (11.338) 

V2 



ENERGIES OF THE DIHYDRINO MOLECULE 

The energies of the dihydrino molecule H 2 (l/2) are given by Eqs. (11.207-11.210) and Eqs. 
(11.239-1 1.241) with p = 2 



20 V e = 4 e 2 In a + ^ 2 62 g -271.34 eK (11.339) 

8K£ n \Ja 2 -b 2 a-yja 2 -b 2 



V p = / J~, = 76.97 eV (1 1.340) 

8xe a ^ja 2 -tf 



T= ^_]n^^i = 135.67 eV (11.341) 

2m e a4 a 2 —b 2 a — \ja 2 —b 2 

The energy, V m , of the magnetic force is 
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V„ = 



-h 2 



, a + y/a 2 -b 2 
In v -67.84 



4m.ay/a 2 -b 2 a-yja 2 -b 2 



E r =V+T + V m +V„+E„, 



(11.342) 
(11.343) 



E T — — 2 2 



8ns o a 0 



2 V2-V2+^± 
2 



V2"\ V2+1 



In 



V2-1 

= -2 2 (31.351 eF)-2 3 (0.326469 eF) 



-V2 



1 + 21 









e 2 


2h\ 





mc 



l_ 
2 



(11.344) 
= -128.02 eV 

where Eqs. (11.339-11.342) are equivalent to Eqs. (11.207-11.210) with p = 2. The bond 
5 dissociation energy, E D , given by Eq. (1 1.252) with p = 2 is the difference between the total 
energy of the corresponding hydrino atoms and E T given by Eq. (1 1 .344). 
E D =E T (2H(l/p))-E T (H 2 (l/p)) 

= 2 2 (4.151 eV) + 2 3 (0.326469 eV) (11.345) 
= 19.22 eV 



VIBRATION OF THE DIHYDRINO MOLECULE 
10 It can be shown that a perturbation of the orbit determined by an inverse-squared force results 
in simple harmonic oscillatory motion of the orbit [11]. The resonant vibrational frequency 
for the H 2 (l / 2) from Eq. (1 1 .2 1 7) is 



m \°) = 2 \l~ = 2 \ 3 A5 x 1 0 radians I s 

wherein p = 2. The spring constant, k(0) , for H 2 (1/2) from Eq. (1 1.219) is 
15 k(0) = 2 A 62\.9%Nrn l =9952Nm~ l 

The amplitude of oscillation from Eq. (1 1.221) is 

Vft 4.275 X 10 -12 m 0.08079a 



A(0) = - 



2 3/2 (2 4 (621.98) Nm-'juf 4 2 2 

The vibrational energy, E vib (l) , of H 2 (l / 2) from Eq. (1 1 .223) is 
E vlb (l) = 2 2 (0.517) er = 2.07eK 



(11.346) 



(11.347) 



(11.348) 



(11.349) 



20 



WO 2007/051078 PCT/US2006/042692 

80 

GEOMETRY 

The internuclear distance can also be determined geometrically. The spheroidal MO of the 
hydrogen molecule is an equipotential energy surface, which is an energy minimum surface. 
For the hydrogen molecule, the electric field is zero for £ > 0 . Consider two hydrogen atoms 
5 A and B approaching each other. Consider that the two electrons form a spheroidal MO as 
the two atoms overlap, and the charge is distributed such that an equipotential two- 
dimensional surface is formed. The electric fields of atoms A and B add vectorially as the 
atoms overlap. The energy at the point of intersection of the overlapping orbitspheres 
decreases to a minimum as they superimpose and then rises with further overlap. When this 
10 energy is a minimum the internuclear distance is determined. It can be demonstrated [33] that 
when two hydrogen orbitspheres superimpose such that the radial electric field vector from 
nucleus A and B makes a 45° angle with the point of intersection of the two original 
orbitspheres, the electric energy of interaction between orbitspheres given by 

iW*. »=2x\e 0 \*tfdv ' (11.350) 

15 is a minimum (Figure 7.1 of [33]). The MO is a minimum potential energy surface; therefore, 
a minimum of energy of one point on the surface is a minimum for the entire surface of the 
MO. Thus, 

R Hi =j2a 0 =Q.14%A (11.351) 
The experimental internuclear bond distance is 0.746 A . 

20 

DIHYDRINO IONIZATION ENERGIES 

The first ionization energy, n\ , of the dihydrino molecule 

H 2 (l/p)-> H + 2 (1/ p) + e- (11.352) 
is given by Eq. (11 .244) with p = 2 . 
25 U{ = E T [H+ (1 / p)) - E T (H 2 (l/p)) (11.353) 

IP, = 2 2 (15.2171 eV) + 2 3 (0.2077 eV) = 62.53 eV (11.354) 
The second ionization energy, IP 2 , is given by Eq. (1 1 .245) with p — 2. 

7P 2 =2 2 (1 6.13392 eV) + 2 3 (OA 18755 eV) = 65.49 eV (11.355) 

A hydrino atom can react with a hydrogen, deuterium, or tritium nucleus to form a 
30 dihydrino molecular ion that further reacts with an electron to form a dihydrino molecule. 
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H(\lp) + ir+e—±H 2 (Vp) (11356) 
The energy released is 

E = E(H{Vp))-E T (11.357) 

where E T is given by Eq. (1 1 .241). 

5 A hydrino atom can react with a hydrogen, deuterium, or tritium atom to form a 

dihydrino molecule. 

H(Vp) + H-±H 2 (llp) (11.358) 
The energy released is 

E = E(H(l/p)) + E(H)-E T (11.359) 
10 where E T is given by Eq. (11.241). 

SIZES OF REPRESENTATIVE ATOMS AND MOLECULES 

ATOMS 

15 

Helium Atom (He) 

Helium comprises the nucleus at the origin and two electrons as a spherical shell at 
r = 0.567a 0 . 

20 Hydrogen Atom (H[a H ]) 

Hydrogen comprises the nucleus at the origin and the electron as a spherical shell at r = a H . 



Hydrino Atom (H 



) 



Hydrino atom (1/2) comprises the nucleus at the origin and the electron as a spherical shell at 



25 r = 5t. 
2 



MOLECULES 

Hydrogen Molecular Ion (H 2 [2c* = 2a 0 ] + ) 



a = 2a 0 
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c = 



2c' = 2a n 



5 Hydrogen Molecule ( H 2 [2c ' = ->/2a 0 ] ) 



2c' = V2a n 



10 



Dihydrino Molecular Ion (H 2 [2c* = a 0 ] + ) 



a = a n 



b - c — a. 



15 2c' = a n 



Dihydrino Molecule (H 2 



2c * = ;T"j 



) 
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ORTHO-PARA TRANSITION OF HYDROGEN-TYPE MOLECULES 

Each proton of hydrogen-type molecules possesses a magnetic moment, which is derived in 
the Proton and Neutron section and is given by 

(0- 

— (11.360) 

2— 
In 

5 The magnetic moment, m , of the proton is given by Eq. (1 1.360), and the magnetic field of 
the proton follows from the relationship between the magnetic dipole field and the magnetic 
moment, m , as given by Jackson [34] where m = ju p i z . 

H = -^-(1,2008^ -i^ sin^) _ (11.361) 

Multiplication of Eq. (11.361) by the permeability of free space, ju 0 , gives the magnetic flux, 
10 B , due to proton one at proton two. 

B = &ts. (K 2 cos 6 - i 9 sin ff) (11362) 
^ortho/para ^ ^ energy to flip the orientation of proton two's magnetic moments, ju p , from 
ortho (parallel magnetic moments) to para (antiparallel magnetic moments) with respect to 
the direction of the magnetic moment of proton one with corresponding magnetic flux B is 
15 ^o/ para= _ 2 ^ B = -2y/ (n 363) 



where r is the internuclear distance 2c' where c' is given by Eq. (1 1.204). Substitution of the 
internuclear distance into Eq, (1 1.363) for r gives 

AZC° /para = -2^B = ~ 2 ^f\f (1 1 .364) 

The frequency, / , can be determined from the energy using the Planck relationship, Eq. 
20 (2.18). 

-2ju oJ u P 2 p 3 

^gortho/para (V^flf 

f = —J— = 1 (11-365) 

From Eq. (11.365) with p = 2 , the ortho-para transition energy of the dihydrino molecule is 
14.4 MHz . 
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NUCLEAR MAGNETIC RESONANCE SHIFT 

The proton gyromagnetic ratio, y p /27r , is 

rp I 2tv = 42.57602 MHz T~ l (11 366) 

The NMR frequency, /, is the product of the proton gyromagnetic ratio given by Eq. 
5 (11 .366) and the magnetic flux, B . 

f = y P I 2tvB = 42.57602 MHz T l B (1 1 .367) 

A typical flux for a superconducting NMR magnet is 1.5 T . According to Eq. (11,367) this 
corresponds to a radio frequency (RF) of 63.86403 MHz . With a constant magnetic field, the 
frequency is scanned to yield the spectrum where the frequency scan is typically achieved 
10 using a Fourier transform on the free induction decay signal following a radio frequency 
pulse. Or, in a less common type of NMR spectrometer, the radiofrequency is held constant 

B 

(e.g. 60 MHz), the applied magnetic field, H Q (H 0 = — ), is varied over a small range, and 

Mo 

the frequency of energy absorption is recorded at the various values for H 0 . The spectrum is 
typically scanned and displayed as a function of increasing H 0 . The protons that absorb 
15 energy at a lower H Q give rise to a downfield absorption peak; whereas, the protons that 
absorb energy at a higher H Q give rise to an upfield absorption peak. The electrons of the 
compound of a sample influence the field at the nucleus such that it deviates slightly from the 
applied value. For the case that the chemical environment has no NMR effect, the value of 
H 0 at resonance with the radiofrequency held constant at 60 MHz is 

20 *SL- (2»)(WJfflt) 

ju 0 y p /j 0 42.57602 MHz T 0 

In the case that the chemical environment has a NMR effect, a different value of H 0 is 
required for resonance. This chemical shift is proportional to the electronic magnetic flux 
charge at the nucleus due to the applied field, which in the case of each dihydrino molecule is 
a function of its semimajor and semiminor axes as shown infra. 
25 Consider the application of a z-axis-directed uniform external magnetic flux, B z , to a 

dihydrino molecule comprising prolate spheroidal electron MOs with two spin-paired 
electrons. The diamagnetic reaction current increases or decreases the MO current to 
counteract any applied flux according to Lenz's law as shown in the Hydrino Hydride Ion 
Nuclear Magnetic Resonance Shift section. The current of hydrogen-type molecules is along 
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elliptical orbits parallel to the semimajor axis. Thus, the electronic interaction with the nuclei 
requires that each nuclear magnetic moment is in the direction of the semiminor axis. Thus, 
the nuclei are NMR active towards B s when the orientation of the semimajor axis, a, is 
along the x-axis, and the semiminor axes, b = c , are along the y-axis and z-axis, respectively. 
5 The flux is applied over the time interval At = tj -t f such that the field increases at a rate 
dB/dt . The electric field, E , along a perpendicular elliptic path of the dihydrino MO at the 
plane z = 0 is given by 

^E-ds^l~dA (11.369) 

The induced electric field must be constant along the path; otherwise, compensating currents 
10 would flow until the electric field is constant. Thus, Eq. (11.369) becomes 

cdB JA rdB u dB 

dA dA nab — 

£^jL<* = Ut = dL (11.370) 

\jds 4aE{k) 4aE(k) 

where E{k) is the elliptic integral given by 

2 



E (k) = J\/l - k sin 2 4>d</> = 1 .2375 (11.371) 

o 

k = e^ a *~ h% - = — (11.372) 
a 2 

1 5 the area of an ellipse, A , is 

A^nab (11.373) 
the perimeter of an ellipse, s , is 

s = 4aE(k) (11.374) 

a is the semimajor axis given by Eq. (11.202), b is the semiminor axis given by Eq. 

20 (11.205), and e is the eccentricity given by Eq. (11.206). The acceleration along the path, 

dv/dt , during the application of the flux is determined by the electric force on the charge 

density of the electrons: 

dv _ ercdb dB /n - 

m e — = eE = (1 1 .375) 

e dt 4aE(k) dt 

Thus, the relationship between the change in velocity, v , and the change in B is 

25 dv= e7l r a X dB (11.376) 

4aE{k)m e 
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Let Av represent the net change in v over the time interval At = t t ~t f of the application of 
the flux. Then, 

I 4aE(k)m e 0 J 4aE(k)m e 
The average current, / , of a charge moving time harmonically along an ellipse is 

5 / = e/== _£^ (11.378) 

4aE(k) 

where / is the frequency. The corresponding magnetic moment is given by 

m = AI = xabI = -Z^ (11379) 
4aE(k) 

Thus, from Eqs. (11.377) and -(11.379), the change in the magnetic moment, Am, due to an 
applied magnetic flux, B , is [35] 

10 Am = * } — 2 (11.380) 

(4aE(k)) m e 

Next, the contribution from all plane cross sections of the prolate spheroid MO must 
be integrated along the z-axis. The spheroidal surface is given by 

4 + ^ + ^- = l (11.381) 

a 2 b 2 b z 

The intersection of the plane z = z' (~b<z* <b) with the spheroid determines the curve 

15 ^ + = (H.382) 

a 2 b 2 b 2 



or 

.-2 ,.2 

~,»2 



2 

a 



y ,, =1 (11.383) 

b 2 



b 2 



Eq. (1 1 .383) is an ellipse with semimajor axis, a ' , and semiminor axis, b ' , given by 



a' = ajl~ (11.384) 



20 b' = b^l~ (11.385) 

The eccentricity, e' , is given by 
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a 2 1-- 



Va 2 -& 2 



4'^ 



= e 



a 



(11.386) 



where e is given by Eq. (11.372). The area, A y , is given by 
and the perimeter, s ' , is given by 



(11.387) 



s^4a>E(k) = 4aE(k)^l-^ = s^l-^ 



5 s % = 4a x E(k) = 4aElk)Jl-^r = sJl-^r (11.388) 

where s is given by Eq. (1 1.374). The differential magnetic moment change along the z-axis 



is 



2& (4a m e 



(11.389) 



Using Eq. (11.385) for the parameter b % , the change in magnetic moment for the dihydrino 
1 0 molecule is given by the integral over -b <b* <b : 



f 



1 b 

Am = -JL f 

9A J 



eTia^b* jl — 



B 



2hJ b (4a'E(k)) m e ™ 
Then, integral to correct for the z-dependence of b ' is 



Tie 



4£(*)_ 



(11.390) 



D 

\(b 2 -z 2 )dz 

-b 



2b 



3 3p 



where the semiminor axis, b = a °,- , given by Eq. (1 1.205) was used. 

pyj2 

15 The change in magnetic moment would be given by the substitution of Eq. (1 1.391) 

into Eq. (11.390), if the change density were constant along the path of Eqs. (11.370) and 
(1 1 .378), but it is not. The charge density of the MO in rectangular coordinates (Eq. (1 1 .42)) 
is 

e 1 



(11.391) 



cr = 



ATtabc f_ ^_ 



(11.392) 
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(The mass-density function of an MO is equivalent to its charge-density function where m 
replaces q of Eq. (11.42)). The equation of the plane tangent to the ellipsoid at the point 

j4 + ^4+ z "T =1 (11.393) 
a 1 b 2 c 2 

5 where X, Y, Z are running coordinates in the plane. After dividing through by the square 
root of the sum of the squares of the coefficients of X, Y, and Z , the right member is the 
distance D from the origin to the tangent plane. That is, 

D= , 1 (11.394) 
*1 

so that 

10 a = —l— D (11.395) 

ATvabc 

In other words, the surface density at any point on the ellipsoidal MO is proportional to the 
perpendicular distance from the center of the ellipsoid to the plane tangent to the ellipsoid at 
the point. The charge is thus greater on the more sharply rounded ends farther away from the 
origin. In order to maintain current continuity, the diamagnetic velocity of Eq. (1 1.377) must 
15 be a constant along any given path integral corresponding to a constant electric field. 
Consequently, the charge density must be the minimum value of that given by Eq. (11.392). 
The minimum corresponds to y = b and x = z = 0 such that the charge density is 
e 1 e 



Anab 2 [tf ~b 2 A%ab 



(11.396) 



The MO is an equipotential surface, and the current must be continuous over the two- 
20 dimensional surface. Continuity of the surface current density, K , due to the diamagnetic 
effect of the applied magnetic field on the MO and the equipotential boundary condition 
require that the current of each elliptical curve determined by the intersection of the plane 
z = z' {-b < z y <b) with the spheroid be the same. The charge density is spheroidally 
symmetrical about the semimajor axis. Thus, X , the charge density per unit length along 
25 each elliptical path cross section of Eq. (11.383) is given by distributing the surface charge 
density of Eq. (1 1 .396) uniformly along the z-axis for -b < z ' ^ b . So, A(z' = 0), the linear 
charge density X in the plane z ! = 0 , is 
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A(z' = 0) = 4- = — i-2b = — (11.397) 
v ; J_ ATtab 2na 

2b 

And, the linear charge density must be equally distributed over each elliptical path cross 
section corresponding to each plane z = z' . The current is independent of z' when the linear 
charge density, X{z ') , is normalized for the path length: 

< >JL _±^ e_ (1L398) 

where the equality of the eccentricities of each elliptical plane cross section given by Eq. 
(11.386) was used. Substitution of Eq. (11.388) for the corresponding charge density, 

e 



Aa x E{k) 



of Eq. (1 1.390) and using Eq. (1 1.391) gives 



A m = 2 lAJ* = e a ° B (1 1 .399) 

3 4m e \2p m e 

10 The two electrons are spin-paired and the velocities are mirror opposites. Thus, the 

change in velocity of each electron treated individually (Eq. (10.3)) due to the applied field 
would be equal and opposite. However, as shown in the Three Electron Atom section, the 
two paired electrons may be treated as one with twice the mass where m e is replaced by 2m e 
in Eq. (11.399). In this case, the paired electrons spin together about the applied field axis, 

1 5 the z-axis, to cause a reduction in the applied field according to Lenz's law. Thus, from Eq. 
(11 .399), the change in magnetic moment is given by 

Am= * 2fl ° B (11.400) 

24p 2 m e 

The opposing diamagnetic flux is uniform, parallel, and opposite the applied field as 
given by Stratton [36]. Specifically, the change in magnetic flux, AB , at the nucleus due to 
20 the change in magnetic moment, Am , is 

AB = J u 0 A 2 Am (11.401) 

where ju Q is the permeability of vacuum, 

is an elliptic integral of the second kind given by Whittaker and Watson [37], and 



25 R s = (s + b 2 )yl(s + a 2 ) (11.403) 
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Substitution of Eq. (1 1.403) into Eq. (1 1.402) gives 

ds 



i(s+b 2 f(s + a 2 ) 
From integral 154 of Lide [38] 

1 



,1/2 



(11.404) 



y/s + a 2 



1 1 °° f 

O n 2 — h 2 it 



ds 



(11.405) 



5 The evaluation at the limits of the first integral is 



s + a 



a 2 -b 2 s + b 2 j o b 2 (a 2 -b 2 ) 
From integral #147 of Lide [9], the second integral is: 



(11.406) 



1 1 % 

2a 2 -b 2 ] 



ds 



(s + b 2 )y/s + a 2 



In 



s + a + 



4a 2 -b 7 



■{a 2 -b 2 ^' 2 yjs + a 



-ja Y ^b 2 



(11.407) 



Evaluation at the limits of the second integral gives 



10 



-In 



a+y/a 2 -b 2 



2(a 2 -b 2 ) 3 ' 2 a-yfa 2 ^ 
Combining Eq. (1 1.406) and Eq. (1 1.408) gives 



(11.408) 



1 1 ^ a + yla 2 -b 2 p 3 4 yV2 Li V2+l 



a 1 1 . a + yla -b 

b 2 (a 2 -b 2 ) 2(a 2 -b 2 f 1 a-4^b 



V2-1 



(11.409) 



where the semimajor axis, a = -2- , given by Eq. (1 1 .202) and the semiminor axis, b = , 

P py/2 

given by Eq. (1 1 .205) were used. 
15 Substitution of Eq. (11.400) andEq. (11.409) into Eq. (11.401) gives 



AB = -Mo 



r p 3 4 p 3 V2, V2+l^ 

— -In — 



~3 

V a o 



V2-1 



a 2 e 2 B 



24 p 2 m e 



(11.410) 



Additionally, it is found both theoretically and experimentally that the dimensions, r 2 , of the 
molecule corresponding to the area in Eqs. (11.369) and (11.379) used to derived Eq. 
(11.410) must be replaced by an average, (r 2 ) , that takes into account averaging over the 
20 orbits isotropically oriented. The correction of 2/3 is given by Purcell [35]. In the case of 
hydrogen-type molecules, the electronic interaction with the nuclei require that each nuclear 
magnetic moment is in the direction of the semiminor axis. But free rotation about each of 



WO 2007/051078 



PCT/US2006/042692 



91 



three axes results in an isotropic averaging of 2/3 where the rotational frequencies of 
hydrogen-type molecules are much greater than the corresponding NMR frequency (e.g. 

AJ5 

10 12 Hz versus 10 8 Hz). Thus, Eq. (11.410) gives the absolute upfield chemical shift, — , 
of H 2 relative to a bare proton; 



= -£>28.01 ppm 
where p~ \ for H 2 . 

It follows from Eqs. (1 1 .202) and (1 1 .41 1) that the diamagnetic flux (flux opposite to 

a 

the applied field) at each nucleus is inversely proportional to the semimajor radius, a = -^-. 

For resonance to occur, AH 0 , the change in applied field from that given by Eq. (11.368), 
10 must compensate by an equal and opposite amount as the field due to the electrons of the 
dihydrino molecule. According to Eq. (11.202), the ratio of the semimajor axis of the 
dihydrino molecule H 2 (1/ p) to that of the hydrogen molecule H 2 is the reciprocal of an 
integer p. Similarly it is shown in the Hydrino Hydride Ion Nuclear Magnetic Resonance 
Shift section and previously [39], that according to Eq. (7.87) the ratio of the radius of the 
15 hydrino hydride ion H' (1/ p) to that of the hydride ion H~(ll\) is the reciprocal of an 
integer p . It follows from Eqs. (7.90-7.96) that compared to a proton with no chemical shift, 
the ratio of AH Q for resonance of the proton of the hydrino hydride ion H~ (1/ p) to that of 
the hydride ion H" (l/l) is a positive integer. That is, if only the radius is considered, the 
absorption peak of the hydrino hydride ion occurs at a value of AH 0 that is a multiple of p 
20 times the value that is resonant for the hydride ion compared to that of a proton with no shift. 
However, a hydrino hydride ion is equivalent to the ordinary hydride ion except that it is in a 
lower energy state. The source current of the state must be considered in addition to the 
reduced radius. 



25 "ground" (fractional quantum number) energy states of the hydrogen atom, <J photon , the two- 



5 




(11.411) 



As shown in the Stability of "Ground" and Hydrino States section, for the below 
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dimensional surface charge due to the "trapped photon" at the electron orbitsphere and phase- 
locked with the electron orbitsphere current, is given by Eqs. (5.08) and (2.1 1). 



photon . ( -.2 



S(r~r„) 



n = ± = l±\± ; (H.412) 

p 2 3 4 



5 And, a }e , the two-dimensional surface charge of the electron orbitsphere is 



electron 



An(r n 

The superposition of a pholon (Eq. (11.412)) and a electro „ , (Eq. (11.413)) where the spherical 
harmonic functions satisfy the conditions given in the Angular Function section is 



^photon ^electron 



$(r-r n ) 



10 ^- = ^7 (11 ' 414) 

p 2 3 4 

The ratio of the total charge distributed over the surface at the radius of the hydrino hydride 
ion H~ (1/ p) to that of the hydride ion H~ (l/l) is an integer p , and the corresponding total 
source current of the hydrino hydride ion is equivalent to an integer p times that of an 
electron. The "trapped photon" obeys the phase-matching condition given in Excited States 

15 of the One-Electron Atom (Quantization) section, but does not interact with the applied flux 
directly. Only each electron does; thus, Av of Eq. (11.377) must be corrected by a factor of 
1 / p corresponding to the normalization of the electron source current according to the 
invariance of charge under Gauss' Integral Law. As also shown by Eqs. (7.17-7.23) and 
(7.87), the "trapped photon" gives rise to a correction to the change in magnetic moment due 

20 to the interaction of each electron with the applied flux. The correction factor of II p 
consequently cancels the NMR effect of the reduced radius which is consistent with general 
observations on diamagnetism [40]. It follows that the same result applies in the case of Eq. 
(1 1 .41 1) for H 2 (l / p) wherein the coordinates are ellipsoidal rather than spherical. 

The cancellation of the chemical shift due to the reduced radius or the reduced 

25 semiminor and semimajor axes in the case of H~ (1/ p) and H 2 (l/p) 9 respectively, by the 
corresponding source current is exact except for an additional relativistic effect. The 
relativistic effect for H~ (1/ p) arises due to the interaction of the currents corresponding to 
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the angular momenta of the "trapped photon" and the electrons and is analogous to that of the 
fine structure of the hydrogen atom involving the 2 P 3/2 — 2 P V2 transition. The derivation 
follows that of the fine structure given in the Spin-Orbital Coupling section. 

e 



— of the electron, the electron angular momentum of ft , and the electron magnetic 



5 momentum of ju B are invariant for any electronic state. The same applies for the paired 
electrons of hydrino hydride ions. The condition that flux must be linked by the electron in 
units of the magnetic flux quantum in order to conserve the invariant electron angular 
momentum of h gives the additional chemical shift due to relativistic effects. Using Eqs. 
(2.159-2.160), Eq. (2.166) may be written as 

m Z7 a7rju Q e 2 h 2 [3 ■ eft ju Q eti [3 ^ ■ „ 

10 E slo = h— \/T = cclnl Hq 3 t = a2K2ju B B (1 1.415) 

m e r V 4 . , , 2m e 2m e a 0 3 V 4 v J 

From Eq. (1 1.415) and Eq. (1.205), the relativistic stored magnetic energy contributes a factor 
of aln In spherical coordinates, the relativistic change in flux AB SR may be calculated 
using Eq. (7.95) and the relativistic factor of y SR = Itzcc which is the same as that given by 
Eq. (1.229): 

15 AB SR =-r 5 /^^(i r cos#-Vsin^ (11.416) 

for r <r nt 

The stored magnetic energy term of the electron g factor of each electron of a 

dihydrino molecule is the same as that of a hydrogen atom since — is invariant and the 

m e 

invariant angular momentum and magnetic moment of the former are also ft and ju B , 
20 respectively, as given in the Magnetic Moment of an Ellipsoidal MO and Magnetic Field of 
an Ellipsoidal MO sections. Thus, the corresponding correction in ellipsoidal coordinates 
follows from Eq. (2.166) wherein the result of the length contraction for the circular path in 
spherical coordinates is replaced by that of the elliptical path. 

The only position on the elliptical path at which the current is perpendicular to the 
25 radial vector defined by the central force of the protons is at the semimajor axis. It was 
shown in the Special Relativistic Correction to the Ionization Energies section that when the 
condition that the electron's motion is tangential to the radius is met, the radius is Lorentzian 
invariant. That is, for the case that k is the lightlike k° , with k = oo n /c, a is invariant. In 



WO 2007/051078 



PCT/US2006/042692 



94 



the case of a spherically symmetrical MO such as the case of the hydrogen atom, it was also 
shown that this condition determines that the electron's angular momentum of % , — of Eq. 

(1.1 10), and the electron's magnetic moment of a Bohr magneton, ju B , are invariant. The 
effect of the relativistic length contraction and time dilation for constant spherical motion is a 
5 change in the angle of motion with a corresponding decrease in the electron wavelength. The 
angular motion becomes projected onto the radial axis which contracts, and the extent of the 
decrease in the electron wavelength and radius due to the electron motion in the laboratory 
inertial frame are given by 



X = 27zr\\\-\ ^ 



sin 



1- 



2\ 3/2 



+ r'cos 



cj J 



(11.417) 



10 and 



1- 







f 


V 








1- 




sin 






f) 




~2 









3/2 



+ — COS 
2tv 



(11.418) 



respectively. Then, the relativistic factor y* is 
* .2tf 



Y 



2jv a \\- 



— I sm 



1- 



V 



x3/2 



+ COS 



1- 



(11.419) 



where the velocity is given by Eq. (1 .56) with the radius given by Eq. (1 .233). 

15 Each point or coordinate position on the continuous two-dimensional electron MO of 

the dihydrino molecule defines an infinitesimal mass-density element which moves along an 
elliptical orbit of a spheroidal MO in such a way that its eccentric angle, 6 , changes at a 
constant rate. That is 6 = cot at time t where m is a constant, and 

r(f) = ia cos a>t + \b sin cot (1 1 .420) 

20 is the parametric equation of the ellipse. Next, special relativistic effects on distance and time 
are considered. The parametric radius, r(t), is a minimum at the position of the semiminor 
axis of length b , and the motion is transverse to the radial vector. Since the angular 
momentum of h is constant, the electron wavelength without relativistic correction is given 
by 

Inb = X = 

mv 

such that the angular momentum, L , is given by 



25 



(11.421) 



WO 2007/051078 PCT/US2006/042692 

95 

L = rxmv = bmv = h i (11.422) 

The nonradiation and the h 9 — , and ju B invariance conditions require that the angular 



frequencies, co s and co e , for spherical and ellipsoidal motion, respectively, are 
tvL 



5 and 



CO, 



mr 



TVfl 



(11.423) 



(11.424) 



m e A m e ab 

where A is the area of the closed orbit, the area of an ellipse given by Eq. (1 1.373). Since the 
angular frequency o) e has the form as co s , the time dilation corrections are equivalent, where 
the correction for co s is given in the Special Relativistic Correction to the Ionization Energies 
10 section. Since the semimajor axis, a, is invariant, but b undergoes length contraction, the 
relationship between the velocity and the electron wavelength at the semiminor axis from Eq. 
(11.417) andEq. (11.421) is 



X = 27rb A ll-\ — | sin 



1- 



-a cos 



1- 



x2V /2 



(11.425) 



where X -h> a as v -> c replaces the spherical coordinate result of A -> r ' as v -> c . Thus, in 
15 the electron frame at rest v = 0 , and, Eq. (1 1 .425) becomes 

Ji^lTTb 

In the laboratory inertial frame for the case that v = c in Eq. (1 1 .425), X is 
X = a 

Thus, using Eqs. (1 1 .426) and (1 1 .427), the relativistic factor, y* , is 

X 



(11.426) 
(11.427) 



20 



7 X*' 



a 
2^b 



(11.428) 

From Eqs. (11.417-11.419) and Eq. (11.428), the relativistic diamagnetic effect of the 
inverse integer radius of H 2 (1/ p) compared to H 2 , each with ellipsoidal MOs, is equivalent 
to the ratio of the semiminor and semimajor axes times the correction for the spherical orbital 
case given in Eq. (11.416). From the mass (Eq. (2.165)) and radius corrections (Eq. (2.163)) 
25 in Eq. (2.166), the relativistic stored magnetic energy contributes a factor y SR of 
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y SR =27ca[^ =7va (11.429) 

Thus, from Eqs. (11.401), (11.416), and (11.429), the relativistic change in flux, AB SR , for 
the dihydrino molecule H 2 (l / p) is 

AB OT = -y^^Am = -ra/i 0 ^Am (1 1 .430) 

AZ? 

5 Thus, using Eq. (11.411) and Eq. (11.430), the upfield chemical shift, —^ JL , due to the 

B 

relativistic effect of the molecule H 2 (l/ p) corresponding to the lower-energy state with 
principal quantum energy state p is given by 

^ = - ; u 0 ^f4-^ln4 ±i lr^- (H-431) 



B 



V2-1 



36a Q m e 



The total shift, , for H 2 (1/ p) is given by the sum of that of H 2 given by Eq. (1 1 .41 1) 
B 

10 with p = 1 plus that given by Eq. (1 1 .43 1): 

^ 4 -V21n^l-^-(l + ^) (11.432) 
V2-1 36a 0 m e x J 



B 
AB. 



= -(28.01 + 0,64p) ppm (11.433) 



B 

where p = integer > 1 . 

H 2 has been characterized by gas phase X H NMR. The experimental absolute 
15 resonance shift of gas-phase TMS relative to the proton's gyromagnetic frequency is -28.5 
ppm [30]. H 2 was observed at 0.48 ppm compared to gas phase TMS set at 0.00 ppm [31]. 
Thus, the corresponding absolute H 2 gas-phase resonance shift of -28.0 ppm (-28.5 + 0.48) 
ppm was in excellent agreement with the predicted absolute gas-phase shift of -28.01 ppm 
given by Eq. (11.411). 

20 
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Section II 

GENERAL DIATOMIC AND POLYATOMIC MOLECULAR IONS 

AND MOLECULES 

5 Non-hydrogen diatomic and polyatomic molecular ions and molecules can be solved using 
the same principles as those used to solve hydrogen molecular ions and molecules wherein 
the hydrogen molecular orbitals (MOs) and hydrogen atomic orbitals serve as basis functions 
for the MOs of the general diatomic and polyatomic molecular ions or molecules. The MO 
must (1) be a solution of Laplace's equation to give a equipotential energy surface, (2) 

10 correspond to an orbital solution of the Newtonian equation of motion in an inverse-radius- 
squared central field having a constant total energy, (3) be stable to radiation, and (4) 
conserve the electron angular momentum of ft . Energy of the MO must be matched to that 
of the outermost atomic orbital of a bonding heteroatom in the case where a minimum energy 
is achieved with a direct bond to the atomic orbital (AO). In the case that an independent 

15 MO is formed, the AO force balance causes the remaining electrons to be at lower energy and 
a smaller radius. The atomic orbital may hybridize in order to achieve a bond at an energy 
minimum. At least one molecule or molecular ion representative of each of these cases was 
solved. Specifically, the results of the determination of bond parameters of H 3 , D 3 , OH , 
OD, H 2 0, D 2 0, NH, ND 9 NH 2 , ND 2 , NH 3 , ND 3 , CH , CD, CH 2 , CH 3 , CH 4 , N 2 , 

20 F 29 Cl 29 CN, CO, and NO are given in Table 13.1. The calculated results for homo- 
and hetero-diatomic radicals and molecules, and polyatomic molecular ions and molecules 
are based on first principles and given in closed-form, exact equations containing 
fundamental constants only. The agreement between the experimental and calculated results 
is excellent. 

25 

TRIATOMIC MOLECULAR HYDROGEN-TYPE ION (# 3 ) 

The polyatomic molecular ion H^(l/p) is formed by the reaction of a proton with a 
hydrogen-type molecule 

H 2 (l/p) + H + ->H 3 + (l/p) (13.1) 
30 and by the exothermic reaction 
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HZ (l/p) + H 2 (1 //>)-» Ht (Vp)+H(l/p) (13.2) 
FORCE BALANCE OF H* -TYPE MOLECULAR IONS 

-^(^/O-type molecular ions comprise two indistinguishable spin-paired electrons bound 
5 by three protons. The ellipsoidal molecular orbital (MO) satisfies the boundary constraints as 
shown in the Nature of the Chemical Bond of Hydrogen-Type Molecules section. Since the 
protons are indistinguishable, ellipsoidal MOs about each pair of protons taken one at a time 
are indistinguishable. iJ 3 + (1/ p) is then given by a superposition or linear combinations of 
three equivalent ellipsoidal MOs that form a equilateral triangle where the points of contact 
10 between the prolate spheroids are equivalent in energy and charge density. The outer 
perimeter of the superposition of three prolate spheroids is the H*(\lp) MO with the 
protons at the foci that bind and maintain the electron MO. 

As in the case for H% {It p) and' H 2 (l/p) shown in the Nature of the Chemical 
Bond of Hydrogen-Type Molecules section, the stability of H*(\/p) is due to the 

15 dependence of the charge density of the distance D from the origin to the tangent plane. 
That is, 



V b 4 c 4 



so that 



20 In other words 5 the surface density at any point on a charged ellipsoidal conductor is 
proportional to the perpendicular distance from the center of the ellipsoid to the plane tangent 
to the ellipsoid at the point. The charge is thus greater on the more sharply rounded ends 
farther away from the origin. This distribution places the charge closest to the protons to give 
a minimum energy. 

25 The balanced forces also depend on D as shown in the Nature of the Chemical Bond 

of Hydrogen-Type Molecules section. The D -dependence of the charge density as well as 
the centrifugal and Coulombic central field of two nuclei at the foci of the ellipsoid applies to 

each ellipsoid which is given from any other by a rotation of j^| - y about an axis at a focus 
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that is perpendicular to the plane of the equilateral triangle defined by the three foci. Since 
the centrifugal, Coulombic, and magnetic forces relate mass and charge densities which are 
interchangeable by the ratio e/m e , the conditions at any point on any given ellipsoid is 
applicable to any other point on the ellipsoid. Furthermore, this condition can be generalized 

5 to any point of the other members of the set of three ellipsoids due to equivalence. As a 
further constraint to maintain the force balance between the three protons and the H 3 + (1/ p) 
MO comprising the superposition of the three H 2 (V p)-type ellipsoidal MOs, the total 
charge of the two electrons must be normalized over the three basis set H 2 (\/ p)-type 
ellipsoidal MOs. In this case, the parameters of each basis element H z (l / p) -type ellipsoidal 

10 MO is solved, and the energies are given by the electron charge where it appears multiplied 
by a factor of 3 / 2 (three MOs normalized by the total charge of two electrons). 

Consider each H 2 (lf i?)-type ellipsoidal MO. At each point on the H+(\I p) MO, 
the electron experiences a centrifugal force, and the balancing centripetal force (on each 
electron) is produced by the electric force between the electron and the ellipsoidal electric 

15 field and the radiation-reaction-type magnetic force between the two electrons causing the 
electrons to pair. The force balance equation derived in Force Balance of Hydrogen-Type 
Molecules section is given by Eq. (1 1.200): 

l* D+ -* rD (13.5) 

e Q ab 2 2m e a 2 b 2 

(13.6) 





i 




= 1 


pa pa 




a Q 

a- — 




P 





20 « = (13.7) 



Substitution of Eq. (13.7) into Eq. (1 1.79) is 
1 



ra 0 



(13.8) 



The internuclear distance given by multiplying Eq. (13.8) by two is 

2d =^ ( 13 -9) 
P 

25 Substitution of Eqs. (13.7-13.8) into Eq. (1 1.80) is 

b = c= 1 ao (13.10) 
ZW2 
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Substitution of Eqs. (13.7-13.8) into Eq. (1 1.67) is 



1 



(13.11) 




Using the parameters given by Eqs. (13.7-13.11), the resulting H% (1/ p) MO comprising the 
superposition of three # 2 (l/£>)-type ellipsoidal MOs is shown in Figure 6. The outer 
5 surface of the superposition comprises charge density of the MO. The equilateral triangular 
structure was confirmed experimentally [1]. The H*(l/p) MO having no distinguishable 

electrons is consistent with the absence of strong excited stated observed for [1]. It is 
also consistent with the absence of a permanent dipole moment [1], 

1 0 ENERGIES OF Ht -TYPE MOLECULAR IONS 

The due to the equivalence of the H 2 (l/p)-type ellipsoidal MOs and the linear 
superposition of their energies, the energy components defined previously for the molecule, 
Eqs. (11.207-11.212) apply in the case of the corresponding # 3 + (1/ p) molecular ion. And, 

each molecular energy component is given by the integral of corresponding force in Eq. 

15 (13.5). Each energy component is the total for the two equivalent electrons with the 
exception that the total charge of the two electrons is normalized over the three basis set 
fT 2 (l/j?)-type ellipsoidal MOs. Thus, the energies are those given for H 2 (l/p) in the 
Energies of Hydrogen-Type Molecules section with the electron charge, where it appears, 
multiplied by a factor of 3/2 . In addition, the three sets of equivalent proton-proton pairs 

20 give rise to a factor of three times the proton-proton repulsion energy given by Eq. (11.208). 
The parameters a and b are given by Eqs. (13.7) and (13.10), respectively. 



3 ~2pe 2 
2 $xs^a 2 ~b 2 



In 



a 



+ 4a 2 -h 2 
-4 a 2 -b 2 



(13.12) 




8^o 4a 2 ~~b 2 



(13.13) 



ft 2 , a + 4a 2 ~b 2 



(13.14) 



2m e a4a 2 -b 2 a-4a 2 -b 2 
25 The energy, V m , corresponding to the magnetic force of Eq. (13.5) is 



WO 2007/051078 



PCTYUS2006/042692 



104 




3 -h 2 , a + *Ja 2 -b 2 



(13.15) 



2 4m e aylct 2 -b 2 a - \ja 2 -h 2 



E r =V e +T+V m +V„ 

Lb m p 



(13.16) 



3p 2 V2-yV2 + 3^)ln# 




8?rs Q a 0 



-3p 2 ^2 --/? 2 35.54975 eF 



(13.17) 



5 where the charge e appears in the magnetic energy V m according to Eqs. (7.14-7.24) as 
discussed in the Force Balance of Hydrogen-Type Molecules section. 



The vibrational energy levels of H% -type molecular ions may be solved as three equivalent 

10 coupled harmonic oscillators by developing the Lagrangian, the differential equation of 
motion, and the eigenvalue solutions [2] wherein the spring constants are derived from the 
central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the 
Vibration of Hydrogen-Type Molecules section. 



15 THE DOPPLER ENERGY TERM OF HI -TYPE MOLECULAR IONS 



As shown in the Vibration of Hydrogen-type Molecular Ions section, the electron orbiting the 
nuclei at the foci of an ellipse may be perturbed such that a stable reentrant orbit is 
established that gives rise to a vibrational state corresponding to time harmonic oscillation of 
the nuclei and electron. The perturbation is caused by a photon that is resonant with the 

20 frequency of oscillation of the nuclei wherein the radiation is electric dipole with the 
corresponding selection rules. 

Oscillation may also occur in the transition state. The perturbation arises from the 
decrease in internuclear distance as the molecular bond forms. Relative to the unperturbed 
case given in the Force Balance of Hydrogen-type Molecular Ions section, the reentrant orbit 

25 may give rise to a decrease in the total energy while providing a transient kinetic energy to 
the vibrating nuclei. However, as an additional condition for stability, radiation must be 
considered. A nonradiative state must be achieved after the emission due to transient 
vibration wherein the nonradiative condition given by Eq. (11.24) must be satisfied. The 
radiation reaction force due to the vibration of H\ (1/ p) and H 2 (1/ p) in the transition state 



VIBRATION OF Ht -TYPE MOLECULAR IONS 
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was derived in the Doppler Energy Term of Hydrogen-type Molecular Ions section and the 
Doppler Energy Term of Hydrogen-type Molecules section, respectively, and corresponds to 
a Doppler energy, E D , that is dependent on the motion of the electron and the nuclei. The 
radiation reaction force in the case of the vibration of H* (Hp) in the transition state also 

5 corresponds to the Doppler energy, E D , given by Eq. (11.181) that is dependent on the 
motion of the electrons and the nuclei. Here, a nonradiative state must also be achieved after 
the emission due to transient vibration wherein the nonradiative condition given by Eq. 
(11.24) must be satisfied. Typically, a third body is required to form i^-type molecular 
ions. For example, the exothermic chemical reaction of H + H to form H 2 does not occur 

10 with the emission of a photon. Rather, the reaction requires a collision with a third body, M , 
to remove the bond energy- H + H + M^-H 2 +M* [3]. The third body distributes the 
energy from the exothermic reaction, and the end result is the H 2 molecule and an increase in 
the temperature of the system. Thus, a third body removes the energy corresponding to the 
additional force term given by Eq. (1 1.180). 

1 5 The kinetic energy of the transient vibration is derived from the corresponding central 

forces. From Eqs. (13.5) and (13.12), the central force terms between the electron MO and 
the protons of each of the three H 2 (1/ p) -type ellipsoidal MOs are 



/(a) = _3^££_ (13.18) 
J W 2 Ansa 2 



and 



20 r{a) = ^-^j (13-19) 

v ' 2 4ne 0 a 3 

Thus, using Eqs. (1 1.136) and (13.18-13.19), the angular frequency of this oscillation is 



[i 



CO 



-i 



2 (a * 



{P 



= p 2 5.06326X 10 16 rod Is (13.20) 



where the semimajor axis, a, is a = — according to Eq. (13.7). The kinetic energy, E K , is 

P 

given by Planck's equation (Eq. (11.1 27)) :. 
25 E K =ha> = hp 2 5.06326 X 10 16 rod Is = ^33.3273 eV (13.21) 
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In Eq. (11.181), substitution of the total energy of the H\ -type molecular ion, E T , (Eq. 
(13.17)) for E }w , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 
(13.21) for E K gives the Doppler energy of the electrons for the reentrant orbit. 



p „ \2E r , |2e( J p 2 33.3273 eF) 
flS Av Vil# = ^ eV \ mc 2 Z = - J P 3 0.406013 eF (13.22) 

5 The total energy of the -type molecular ion is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. On average, the total energy of vibration is 
equally distributed between kinetic energy and potential energy [4]. Thus, the average 
kinetic energy of vibration corresponding to the Doppler energy of the electrons, E Kvfb , is 1/2 
10 of the vibrational energy of the -type molecular ion given by Eq. (1 1.148). The decrease 
in the energy of the molecular ion due to the reentrant orbit in the transition state 
corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by the 
sum of the corresponding energies, E D and E Kvib . Using Eq. (13.22) and the experimental 
vibrational energy H* of E vib = 2521.31 cm' 1 = 0.312605 eV [1] gives 

15 E 0 K=E D +E Kvib =E D +±hp 2 ^ (13.23) 

E O sc=-p 3 0A060l3eV + ^p 2 (0.312605 eV) (13.24) 

The reentrant orbit for the binding of a proton to H 2 (1/ p) causes two bonds to oscillate by 
increasing and decreasing in length along opposite sides of the equilateral triangle at a 
relative phase angle of 180°. Since the vibration and reentrant oscillation is along two 
20 lengths of the equilateral triangular MO with E symmetry, E osc for H^(l/p), 



E osc (h;(1/ p )) = 2 



' '- 1 \k> 
V 2 Yi"y 



1 ^ (13 - 25) 

= 2f -p* 0.406013 eV + ^p 2 (0.312605 eV)\ 

To the extent that the MO dimensions are the same, the electron reentrant orbital 
energies, E K , are the same independent of the isotope of hydrogen, but the vibrational 
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energies are related by Eq. (11.148). Thus, the differences in bond energies are essentially 
given by 1/2 the differences in vibrational energies per bond. Using Eq. (13.22), Eq. (13.25), 
and the experimental vibrational energy £> 3 + of E vib =1834.67 cm -1 = 0.227472 eV [1], the 

corresponding E osc (^D^(l/ p)) is 

E 0SC (D;{\I p))*=2(-p* 0.406013 eV + -p 2 (0.227472 eV)\ (13.26) 



TOTAL AND BOND ENERGIES OF H*(l/p)~ AND D*(l/p)-TYPB 
MOLECULAR IONS 

The total energy of the (1/ j p)-type molecular ion is given by the sum of E T (Eqs. (13.16- 
10 13.17)) and E osc (if 3 + (\l p)) given Eqs. (13.20-13.25). Thus, the total energy of (Up) 
having a central field of +pe at each focus of the prolate spheroid molecular orbital 
including the Doppler term is 

E T =V e +T + V m +V p+ E osc (h;(V P )) (13.27) 



E T = -p 2 



15 



3V2-V2+- 



3V2Y 42+i 

In —j= — 
V2-1 



-3-V2 



\ + 2p 



2h^ 


3 e 2 


2 A7zs 0 a\ 




m e c 2 



-2 



2 V/" 



= 3 5 . 54975 - 2j3 3 0.4060 1 3 eV + 2p 2 ^- ^ 

(13.28) 

From Eqs. (13.24-13.25) and (13.27-13.28), the total energy of the H* -type molecular ion is 
E T =-^35.54975 eF + I^ (# 3 + (l/p)) 



(13.29) 



= -p 2 35.54975 - 2 p 3 0.40601 3 eF + 2f-/? 2 (0.312605 eV) 

= -p 2 35.23714 eV-p 3 0.812025 eF 
The total energy of the D* -type molecular ion is given by the sum of E T (Eq. (13.17)) and 

20 E osc (Dt(\/p)) given by Eq. (13.26): 
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E T = -p 2 35.54975 eV + E osc (D+ (1/ p)) 

= -p 2 35. 54975 -2^0.4060 13 eV + 2 (-p 2 (0.227472 eV)\ (13.30) 
= -/? 2 35.32227 eV - ^0.812025 
The bond dissociation energy, E D , is the difference between the total energy of the 
corresponding hydrogen molecule and E T 

E D =E(H 2 (l/p))-E T (13.31) 
5 where E(H 2 (1/ p)) is given by Eq. (1 1.241): 

E(H 2 (l/p)) = -p 2 3l.351 eF-p 3 0.326469 eV (13.32) 
and E (D 2 {lip)) is given by Eq. (1 1 .242): 

^( J D 2 (l/ j p)) = -/7 2 31.4345 eF- j p 3 0.326469 er (13.33) 
The H+ bond dissociation energy, E D , is given by Eqs. (13.31-13.32) and (13.29): 

e d =~P 2 31.351 eV-p 3 0.326469 eV-E T 
10 = -p 2 31.351 eV-p 3 0.326469 eF-(-/7 2 35.23714 eF-/> 3 0.812025 eF) (13.34) 

= p 2 3.88614 eV + ^0.485556 
The £> 3 + bond dissociation energy, , is given by Eqs. (13.31), (13.33), and (13.30): 

E D =-p 2 31A345 eV-p 3 0.326469 eV-E T 

= -/? 2 3 1.4345 eF-/? 3 0.326469 eF-(-^ 2 35.32227 6^-^0.812025 e^) 
= ^3.88777 + ^0.485556 



(13.35) 



15 THE h; MOLECULAR ION 



FORCE BALANCE OF THE # 3 + MOLECULAR ION 
The force balance equation for is given by Eq. (13.5) where p = l 

h 2 e 2 n h 2 „ 

^J D = Z 7T D + ^ TTJ D (13.36) 

m,a 2 b 2 %KE„ab 2 2m a 2 b 2 v ' 



20 which has the parametric solution given by Eq. (11.83) when 
a = a„ 



(13.37) 
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The semimajor axis, a , is also given by Eq. (13.7) where p = l. The internuclear distance, 

2c 1 , which is the distance between the foci is given by Eq. (13.9) where p = l. 

2c' = V2a 0 (13.38) 
The semiminor axis is given by Eq. (13.10) where p = 1 . 

b = ±a 0 (13.39) 



The eccentricity, e , is given by Eq. (13.11). 
1 

ENERGIES OF THE Hi MOLECULAR ION 
10 The energies of H* are given by Eqs. (13.12-13.15) where p -l 



(13.40) 



Ve= l ~Y m £±VgE£ = -iQi ,7538 eV (13.41) 

ft 

V p = 3 f = 57.7245 eV (13.42) 

T = f ln a + ^f~ bl = 33.9179 eV (13.43) 

2m e a-ja 2 -b 2 a--Ja 2 -b 2 

The energy, V m , of the magnetic force is 

15 V =— ~f ln a + > (g— — =-25.4384 eV (13.44) 

" 2 4m e aja 2 -b 2 a - 4a 2 -b 2 

The Doppler terms, E osc (Ht {U p)) and £ 0M (Z> 3 + (l/.p)) are given by Eqs. (13.25) and 

(13.26), respectively, where p = 1 

M# 2 + ) = 2(^ +J B & ,,) 

= 2^-0.406013 eF + i(0.312605 eV)j (13.45) 

= -0.499420 eV 

Eos* (A) = 2^-0.406013 er + |(0.227472 (13 46) 

= -0.584553 eV 
20 The total energy, E T , for H 3 + given by Eqs. (13.27-13.29) is 
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Erf = 



8ns 0 a Q 



^ 4 J V2-1 



1 + 2^ 





3 e 2 


2^ 


2 A7ts 0 al 


m„c 2 



-2 



v 2 V y 



= -35.54975-2(0.406013 eK)+2^(0.31260516 eV)^ 



= -36.049167 eV 



(13.47) 



From Eqs. (13.27-13.28) and (13.30), the total energy, E T , for Z) 3 + is 

E T =-35.54975-2(0.406013 e F) + 2 ^ (0.227472 (13.48) 
= -36.134300 

5 The bond dissociation energy, E D , is the difference between the total energy of H 2 or D 2 
and E T . The H+ molecular bond dissociation energy, E D , given by the difference between 
the experimental total energy of H 2 [5-7] 1 and the total energy of Hi (Eqs. (13.29) where 
p = \ and (13.47)) is 

E D =-31.675 eV -(-36.049167 eV) (13.49) 
= 4.374167 eV 

10 The Hi bond dissociation energy, E D , given by Eq. (13.34) where p = 1 is 



E D =3.88614 eV + 0.485556 eV 



(13.50) 



= 4.37170 eV 

The experimental bond dissociation energy of Hi [8] is 

E D =4.373 eV (13.51) 
The difference between the results of Eqs. (13.49) and (13.50) is within the experimental and 
15 propagated errors in the different calculations. The calculated results are based on first 
principles and given in closed-form equations containing fundamental constants only. The 
agreement between the experimental and calculated results for the Hi bond dissociation 
energy is excellent. 



1 The experimental total energy of the hydrogen molecule is given by adding the first (15.42593 eV) [5] and 
second (16.2494 eV) ionization energies where the second ionization energy is given by the addition of the 
ionization energy of the hydrogen atom (13.59844 eV) [6] and the bond energy of H* (2.651 eV) [7]. 
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The predicted molecular bond dissociation energy, E D , given by the difference 

between the total energy of D% (Eqs. (13.30) where p-l and (13.48)) and the experimental 

total energy of D 2 [9-10] 2 is 

E D = -31.76 ^r«(-36.134300 eV) (13 ^ 

-4.374300 eV 

5 The Dj bond dissociation energy, E D , given by Eq. (13.35) where p = 1 is 

E D =3.88777 eF + 0.485556 eF ^ ^ 

= 4.373331 

The results of the determination of bond parameters of H% are given in Table 13,1. 
The calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
10 calculated results is excellent. 



HYDROXYL RADICAL (OH) 

The water molecule can be solved by first considering the solution of the hydroxyl radical 
which is formed by the reaction of a hydrogen atom and an oxygen atom: 

15 H + O^OH (13.54) 

The hydroxyl radical OH can be solved using the same principles as those used to solve the 
hydrogen molecule wherein the diatomic molecular orbital (MO) developed in the Nature of 
the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section serves as basis 
function in linear combination with an oxygen atomic orbital (AO) to form the MO of OH . 

20 The MO must (1) be a solution of Laplace's equation to give a equipotential energy surface, 
(2) correspond to an orbital solution of the Newtonian equation of motion in an inverse- 
radius-squared central field having a constant total energy, (3) be stable to radiation, and (4) 
conserve the electron angular momentum of % . A further constraint with the substitution of a 
heteroatom (O) for one of the hydrogen atoms is that the constant energy of the MO must 

25 match the energy of the heteroatom. 



2 The experimental total energy of the deuterium molecule is given by adding the first (15.466 eV) [9] and 
second (16.294 eV) ionization energies where the second ionization energy is given by the addition of the 

ionization energy of the deuterium atom (13.603 eV) [10] and the bond energy of D\ (2.692 eV) [9]. 
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FORCE BALANCE OF OH 

OH comprises two spin-paired electrons in a chemical bond between the oxygen atom and 
the hydrogen atom such that one electron on O remains unpaired. The OH radical MO is 
determined by considering properties of the binding atoms and the boundary constraints. The 
5 prolate spheroidal H 2 MO developed in the Nature of the Chemical Bond of Hydrogen-Type 
Molecules section satisfies the boundary constraints; thus, the H -atom electron forms a H 2 - 
type ellipsoidal MO with one of the O -atom electrons. The O electron configuration given 
in the Eight-Electron Atoms section is Is 2 2s 2 2 p A , and the orbital arrangement is 

2p state 

f I _t jN (13.55) 

10-1 

10 corresponding to the ground state 3 P 2 . 

In determining the central forces for O in the Radius and Ionization Energy of the 
Outer Electron of the Oxygen Atom section, it was shown that the energy is minimized with 
conservation of angular momentum by the cancellation of the orbital angular momentum of a 
p x electron by that of the p y electron with the pairing of electron eight to fill the p x orbital. 

15 Then, the diamagnetic force is given by Eq. (10.156) is that of atomic nitrogen (Eq. (10.136) 
corresponding to the p z -orbital electron (Eq. (10.82) with m = 0) as the source of 
diamagnetism with an additional contribution from the uncanceled p x electron (Eq. (10.82) 
with m = 1). From Eqs. (10.83) and (10.89), the paramagnetic force, F mag 2 , is given by Eq. 
(10.157) corresponding to the spin-angular-momentum contribution alone of the p x electron 

20 and the orbital angular momentum of the p z electron, respectively. The diamagnetic and 
paramagnetic forces cancel such that the central force is purely the Coulombic force. This 
central force is maintained with bond formation such that the energy of the 02p shell is 
unchanged. Thus, the angular momentum of each electron of the 02p shell is conserved 
with bond formation. The central paramagnetic force due to spin is provided by the spin- 

25 pairing force of the OH MO that has the symmetry of an s orbital that superimposes with 
the 2p orbitals such that the corresponding angular momenta of the 02p orbitals are 
unchanged. 

The 02p y electron combines with the His electron to form a molecular orbital. The 
proton of the H atom is along the internuclear axis. Due to symmetry, the other O electrons 
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are equivalent to point charges at the origin. (See Eqs. (19-38) of Appendix IV.) Thus, the 
energies in the OH MO involve only the G2p y and His electrons and the change in the 
magnetic energy of the 02p y electron with the other O electrons (Eq. (13.152)) with the 
formation of the OH MO. The forces are determined by these energies. 
5 As in the case of H 2 , the MO is a prolate spheroid with the exception that the 

ellipsoidal MO surface cannot extend into O atom for distances shorter than the radius of the 
2p shell. Otherwise, the electric field of the other Olp electrons would be perturbed, and 
the 2p shell would not be stable. The corresponding increase in energy of O would not be 
offset by any energy decrease in the OH MO based on the distance from the O nucleus to 

10 the His electron compared to those of the 02p electrons. Thus, the MO surface comprises 
a prolate spheroid at the H proton that is continuous with the 2p shell at the O atom. The 
energy of the prolate spheroid is matched to that of the 02 p shell. 

The orbital energy E for each elliptical cross section of the prolate spheroidal MO is 
given by the sum of the kinetic T and potential V energies. E = T + V is constant, and the 

15 closed orbits are those for which T <\ V | , and the open orbits are those for which T>\V\.It 
can be shown that the time average of the kinetic energy, <T > , for elliptic motion in an 
inverse-squared field is 1/2 that of the time average of the magnitude of the potential energy, 
\<V>\. <r>=l/2|<F>| [11]. Inthe case of an atomic orbital (AO), E = T + F, and for all 
points on the AO, \e\=T = l/2\v\ . As shown in the Hydrogen-type Molecular Ions section, 

20 each point or coordinate position on the continuous two-dimensional electron MO defines an 
infinitesimal mass-density element which moves along an orbit comprising an elliptic plane 
cross section of the spheroidal MO through the foci. The motion is such that eccentric angle, 
6 , changes at a constant rate at each point. That is 6 = cot at time t where a> is a constant, 
and 

25 r(t) = ia cos cot + jb sin cot t (13.56) 

Consider the boundary condition that the MO of OH comprises a linear combination of an 
oxygen AO and a H 2 -type ellipsoidal MO. The charge density of H 2 -type ellipsoidal MO 
given by Eq. (13.4) maintains that the surface is an equipotential; however, the potential and 
kinetic energy of a point on the surface changes as it orbits the central field. The potential 

30 energy is a maximum and the kinetic energy is a minimum at the semimajor axis, and the 
reverse occurs at the semiminor axis. Since the time average of the kinetic energy, < T > , for 
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elliptic motion in an inverse-squared field is 1 / 2 that of the time average of the magnitude of 
the potential energy, by symmetry, the <T >=1/2<\V\> condition holds for 1/2 of the H 2 - 
type ellipsoidal MO having the H focus and ending at the plane defined by the semiminor 
axes. The O nucleus comprises the other focus of the OH MO. The 02p AO obeys the 
5 energy relationship for all points. Thus, the linear combination of the i^-type ellipsoidal 
MO with the 02p AO must involve a 25% contribution from the H 2 -type ellipsoidal MO to 
the Olp AO in order to match the energy relationships. Thus, the OH MO must comprise 
75% of a # 2 -type ellipsoidal MO (1/2 +25%) and an oxygen AO: 



10 1 02p y AO + 0.75 H 2 MO r> OH MO (13.57) 

The force balance of the OH MO is determined by the boundary conditions that arise 
from the linear combination of orbitals according to Eq. (13.57). The force constant k of a 
H 2 -type ellipsoidal MO due to the equivalent of two point charges of at the foci is given by 
15 Eq. (11.65): 

* = (13.58) 

4tuz 0 

Since the H 2 -type ellipsoidal MO comprises 75% of the OH MO, the electron charge 
density in Eq. (13.58) is given by -0.75e . Thus, k' of the H 2 -type-ellipsoidal-MO 
component of the OH MO is 



20 = 



. = (°- 75 ) 2 * 2 (13.59) 



L for the electron equals h ; thus, the distance from the origin of the OH MO to each focus 
c } is given by Eqs. (11.79) and (13.59): 



c } = a A 



h Ana ' n \2aa 



f m e e 2 \.5a "V 3 
The internuclear distance from Eq. (13.60) is 



l±^L (13.60) 



25 2c' = 2 A |^ (13.61) 

The length of the semiminor axis of the prolate spheroidal OH MO h-c given by Eq. 
(11.80) is 
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b = y/a 2 -c' 2 (13 62) 

The eccentricity, e , is 

e = C ~ (13.63) 

Then, the solution of the semimajor axis a allows for the solution of the other axes of the 
5 prolate spheroidal and eccentricity of the OH MO. 

The general equation of the ellipsoidal MO having semiprincipal axes a, b, c given 

by 

x 2 y 2 z 2 

is also completely determined by the total energy E given by Eq. (11.18): 

m — -k 

10 r = n T-^ < 13 - 65 > 

cosy 



1+ l + 2Em~k- 2 
V m 2 j 



The energy of the oxygen 2p shell is the negative of the ionization energy of the oxygen 
atom given by Eq. (10.163). Experimentally, the energy is [12] 

E(2p shell) = -E{ionization; O) = -13.6181 eV (13.66) 
Since the prolate spheroidal MO transitions to the O AO, the energy E in Eq. (13.66) adds 
15 to that of the H z -type ellipsoidal MO to give the total energy of the OH MO. From the 

energy equation and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the OH MO are solved. 

The energy components derived previously for the hydrogen molecule, Eqs. (11.207- 
11.212), apply in the case of the # 2 -type ellipsoidal MO. As in the case of the energies of 
20 H+(l/p) given by Eqs. (13.12-13.16), each energy component of the ^-type ellipsoidal 
MO is the total for the two equivalent electrons with the exception that the total charge and 
energies of the two electrons is normalized by the percentage composition given by Eq. 
(13.57): 

-2e 2 , a + 4a 2 -b 2 
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h 2 



a + yfa 2 



4j2m e aJa 2 -b 2 a-ja 2 -b 7 

-n 2 



a + yja 2 ~b 2 
, -in J ■ 

4ma^a 2 ~b 2 a-yja 2 -b 2 



In 



E r =V e +T + V m +V p 



E T = — 



3 _ 3 a 0 | 3 a r 



Sx£ 0 Ja 2 -b 2 [U 4« 8 a 



t a+*Ja 2 ~b 2 1 
In . ■„ -1 



'3 3 a 



---=2- In- 
V_2 8aJ a-C 



-1 



(13.69) 

(13.70) 
(13.71) 
(13.72) 

(13.73) 



Since the prolate spheroidal MO transitions to the O AO and the energy of the 02p shell 
must remain constant and equal to the negative of the ionization energy given by Eq. (13.66), 
the total energy E T (OH) of the OH MO is given by the sum of the energies of the orbitals 
corresponding to the composition of the linear combination of the O AO and the H 2 -type 
10 ellipsoidal MO that forms the OH MO as given by Eq. (13.57): 

E T (OH) = E T +E{2p shell) 

= E r - E(ionization; O) (13.74) 



8^ff 0 c' 



3 3 fl + C t 

2 8 a J a-c' 



■13.6181 eV 



To match the boundary condition that the total energy of the entire the #2 -type ellipsoidal 
MO is given by Eq. (1 1 .212): 



E T (H 2 ) = - 



%7rs Q a 0 



2V2-V2 + ^ 



V2-1 



In 



-V2 



= -31.63536831 eV (13.75) 



15 E T (OH) given by Eq. (13.74) is set equal to Eq. (13.75): 



E T (OH) = - 



A_3i?o.V^-l 
2 8 a ) a-c' 



-13.6181 eV = -31.63536831 eV 



(13.76) 

From the energy relationship given by Eq. (13.76) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the OH MO can be solved. 
20 Substitution of Eq. (1 3 .60) into Eq. (1 3 .76) gives 
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2cta n 



3_3_«o 
2 8a 



In- 



2aa n 



a — 



2aa n 



= el8.01726831 



(13.77) 



The most convenient way to solve Eq. (13.77) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 
a = 1.26430a 0 =6.69039 X l(T n m 
5 Substitution of Eq. (13.78) into Eq. (13.60) gives 
c' = 0.91808<z 0 = 4.85826 X 10~ n m 
The internuclear distance given by multiplying Eq. (13.79) by two is 



2c'=1.83616a n =9.71651 X 10~ u m 



(13.78) 
(13.79) 
(13.80) 

(13.81) 
(13.82) 
(13.83) 



The experimental bond distance is [13] 
10 2c' = 9.71 X 10 -11 m 

Substitution of Eqs. (13.78-13.79) into Eq. (13.62) gives 

b = c = 0.86925a 0 = 4.59985 X 10'" m 
Substitution of Eqs. (13.78-13.79) into Eq. (13.63) gives 

e = 0.72615 

15 The nucleus of the H atom and the nucleus of the O atom comprise the foci of the 

#2 -type ellipsoidal MO. The parameters of the point of intersection of the i^-type 
ellipsoidal MO and the 02p y AO can be determined from the polar equation of the ellipse 
(Eq. (11.10)): 

r = r 0 1 + 6 (13.84) 
°l + ecos0' 

20 The radius of the 02p y AO given by Eq. (10.162) is r s =a 0 , and the polar radial coordinate 
of the ellipse and the radius of the 02p y AO are equal at the point of intersection. Thus, Eq. 
(13.84) becomes 



a 0 =(a-c')- 



1 + - 



a 



1 + — cos<9' 
a 



(13.85) 



such that the polar angle 9 ' is given by 



WO 2007/051078 PCTYUS2006/042692 

118 



1 + — 



0' = COS 



-1 



a 

\ 



(a-c') ^-1 



a 0 



J) 



(13.86) 



Substitution of Eqs. (13.78-13.79) into Eq. (13.86) gives 

0' = 123.65° (13.87) 
Then, the angle 0 O2pyAO the radial vector of the 02p y AO makes with the internuclear axis is 

5 0 O 2 Py Ao =180°-123.65° = 56.35° (13.88) 

as shown in Figure 7. 

The distance from the point of intersection of the orbitals to the internuclear axis must 
be the same for both component orbitals. Thus, the angle cot = 6 H ^ MO between the 
10 internuclear axis and the point of intersection of the i^-type ellipsoidal MO with the O 
radial vector obeys the following relationship: 

«o sin0 O2/y4o = bsin0 H2MO (13.89) 
such that 

n . _, a n sin 56.35° 

0h*d = « m Y (1 3.90) 

15 with the use of Eq. (13.88). Substitution of Eq. (13.82) into Eq. (13.90) gives 

0^=73.27° (13.91) 
Then, the distance d HJv[0 along the internuclear axis from the origin of H 2 -type ellipsoidal 
MO to the point of intersection of the orbitals is given by 

d H 2 MO = a c °s 0 Hl MO (1 3 .92) 

20 Substitution of Eqs. (13.78) and (13.91) into Eq. (13.92) gives 

du&o = 0.36397or 0 = 1.92606 X 10"" m (13.93) 
The distance d Q2pAO along the internuclear axis from the origin of the O atom to the point of 
intersection of the orbitals is given by 

d 02 P AO=C-dH 2 MO (13.94) 

25 Substitution of Eqs. (13.79) and (13.93) into Eq. (13.94) gives 

doipAo = 0.5541 la 0 = 2.93220X 10" 11 m (13.95) 
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As shown in Eq. (13.57), in addition to the p -orbital charge-density modulation, the 
uniform charge-density in the p y orbital is increased by a factor of 0.25 and the H -atom 
density is decreased by a factor of 0.25. The internuclear axis of the O-H bond is 
perpendicular to the bonding p y orbital. Using the orbital composition of OH (Eq. (13.57)), 
5 the radii of Ols = 0.12739ar 0 (Eq. (10.51)), 02s = 0.59020a 0 (Eq. (10.62)), and O2p = a 0 
(Eq. (10.162)) shells, and the parameters of the OH MO given by Eqs. (13.3-13.4), (13.78- 
13.80), (13.82-13.83), and (13.87-13.95), the dimensional diagram and charge-density of the 
OH MO comprising the linear combination of the # 2 -type ellipsoidal MO and the O AO 
according to Eq. (13.57) are shown in Figures 7 and 8, respectively. 

10 

ENERGIES OF OH 

The energies of OH given by the substitution of the semiprincipal axes (Eqs. (13.78-13.80) 
and (13.82)) into the energy equations (Eqs. (13.67-13.73)) are 

F= f 3 "l ~2e 2 ^a + yfa 2 ^ 2 



o rf=7T ln 7— == = -40.92709 (13.96) 

W87T£ 0 Va 2 -6 2 a-yja 2 -b 2 

15 V » = ~c ^==7 = 14.81988^ (13.97) 

T = (1) ftl—hi' + f^ = 16.18567 eV (13.98) 



A)2m e aja 2 -b 2 a-Ja 2 -b 2 
'3^ -h 2 , a + yja 2 -b 2 



*)Am e a<4a 2 -b 2 a -^a 2 -b 2 



In . - -8.09284 eV (13.99) 



E T (OH) = - 



e 2 



87is 0 c ' 



3 3 a 0 \ a + c' , 
u In 1 



J 



a — c 



-13.6181 eV = -31.63247 eV (13.100) 



v 2 8 a 

where E T (OH) is given by Eq. (13.74) which is reiteratively matched to Eq. (13.75) within 
20 five-significant-figure round-off error. 



VIBRATION AND ROTATION OF OH 

The vibrational energy of OH may be solved in the same manner as that of hydrogen-type 
molecular ions and hydrogen molecules given in the Vibration of Hydrogen-type Molecular 
25 Ions section, and the Vibration of Hydrogen-type Molecules section, respectively, except that 
the orbital composition and the requirement that the 02p shell remain at the same energy and 
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radius in the OH MO as it is in the O atom must be considered. Each p-orbital comprises the 
sum of a constant function and a spherical harmonic function as given by Eq. (1.65). In 
addition to the ^-orbital charge-density modulation, the uniform charge-density in p y orbital 
is increased by a factor of 0.25, and the AT-atom electron density is decreased by a factor of 
5 0.25. The force between the electron density of the H 2 -type ellipsoidal MO and the nuclei 
determines the vibrational energy. With the radius of the orbit at the oxygen atom fixed at 

r 8 =a 0 (13.101) 
according to Eq. (10.162), the central-force terms for the reentrant orbit between the electron 
density and the nuclei of the # 2 -type ellipsoidal MO are given by Eqs. (11.213-11.214), 
10 except that the corresponding charge of -0.75e replaces the charge of -e of Eqs. (11.213- 
11.214). Furthermore, due to condition that the Olp shell remain at the same energy and 
radius in the OH MO as it is in the O atom, the oscillation of i/ 2 -type ellipsoidal is along 
the semiminor axis with the apsidal angle of Eq. (11.140) given by y/ = 7r . Thus, the 
semimajor axis a of Eqs. (11.213-11.214) is replaced by the semiminor axis b : 

'W-s^ (13 - 102) 

and 

(.3,03) 

Here, the force factor of 0.75 is equal to the equivalent term of Eq. (13.59). As the H 2 -type 
ellipsoidal oscillates along b , the internuclear distance changes 180° out of phase. Thus, the 
20 distance for the reactive nuclear-repulsive terms is given by internuclear distance 2c' (Eq. 
(13.80)). Similar to that of Eqs. (11.215-11.216), the contribution from the repulsive force 
between the two nuclei is 

/(2c') = ~r — o~ (13-104) 

Jy ' 8^ 0 (2c') 2 

and 

25 /'(2c') = - e ] n3 (13-105) 

Thus, from Eqs. (11.136), (11.213-11.217), and (13.102-13.105), the angular frequency of the 
oscillation is 
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0) = 



0.75e 2 e 



2 



S7TS 0 b 3 Zne 0 [2c x ) 



0J5e 2 e 2 



8xe 0 (0.86925a 0 ) 3 Sne 0 (1.83616g 0 ) 3 (13.106) 



16 

— m „ 
17 " 



= 6.96269 X 10 14 rod Is 
where 6 is given by Eq. (13.82), 2c' is given by Eq. (13.80), and the reduced mass of i6 OH 
is given by: 

m { m 2 (13.107) 
^ 16 °" ^+^2 1 + 16 p 

5 where m is the proton mass. Thus, during bond formation, the perturbation of the orbit 
determined by an inverse-squared force results in simple harmonic oscillatory motion of the 
orbit, and the corresponding frequency, »(0), for 16 OH given by Eqs. (11.136), (11.148), 
and (13.106) is 



= E°L fW3A*M>r X = 636269 X 10 14 radians /s (13.108) 



10 where the reduced nuclear mass of 16 OH is given by Eq.(13.107) and the spring constant, 
k(0), given by Eqs. (1 1 . 1 36) and (1 3 . 1 06) is 

Jfc(0) = 763.18 Nrn' 1 (13.109) 
The 16 OH transition-state vibrational energy, E vlb (0) , given by Planck's equation (Eq. 
(11.127)) is: 

15 E vih (0) = hco = h6.96269X 10 14 rad/s = QA5S3 eF = 3696.38 cm~ l (13.110) 

Zero-order or zero-point vibration is not physical and is not observed experimentally as 
discussed in the Diatomic Molecular Vibration section; yet, there is a term co e of the old 
point-particle-probability-wave-mechanics that can be compared to E vib (0) . From Herzberg 
[14], GJ e , from the experimental curve fit of the vibrational energies of u OH is 

20 » e =3735.21 cm" 1 (13.111) 

As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
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expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 
(K&P) [15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 
perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. The energy v v of state v is 
5 v u =vco Q -v(v-l)co 0 x 0:> u = 0,1,2,3... (13.112) 

where 



a> Q x 0 = 



hccol 
4D n 



(13.113) 



a> Q is the frequency of the o = 1 -» o = 0 transition, and £> 0 is the bond dissociation energy 
given by Eq. (13.162). FromEq. (13.112), co 0 is given by 
10 <v 0 =E vib (0)-2co 0 x 0 (13.114) 

Substitution of Eq. (13.113) into Eq. (13.114) gives 

(13.115) 



4D 0 

Eq. (13.115) can be expressed as 
1 5 which can be solved, by the quadratic formula: 



2D, 
he 



+ 



co 0 = 



y he j 



+ 4^(0) 



Only the positive root is real, physical; thus, 



(13.116) 



(13.117) 



CO, 



> 0 (cm l ) = - 



2D 0 
lOOhc 



- + . 



2D 0 
lOOhcJ 



\2 



+ 4 2D ° E.JO) 



2.(4.4104 eV) If 2e(4.4104 eF) Y | ^(4.4104^) ,^^^ 
lOOhc \^ lOOhc J lOOhc V J _ 



= 3522.02 cm' 1 



20 



(13.118) 
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where E vib (0) is given by Eq. (13.110) and D Q is given by Eq. (13.156). The corresponding 

16 OH v = 1 o = 0 vibrational energy, E vib (l) , in electron volts is: 

E vib {\) = 0.43666 eV (13.119) 

The experimental vibrational energy of 16 OH is [16-17] 

5 £ V/A (1) = 0.4424 eV (3568 cm' 1 ) (13.120) 

Using Eqs. (13.118-13.119) with Eq. (13.113), the anharmonic perturbation term, 
<z>qX q , of l6 OH is 



8.06573X1 0 3 ^—0.43666 eV 
eV 

a Q x 0 = ^ J — cm~ l =87.18 cmT 1 (13.121) 

0 ° 4e(4.4104eF) v J 

The experimental anharmonic perturbation term, o) 0 x 0 , of 16 OH [14] is 

10 & 0 x 0 = 82.81 cm" 1 (13.122) 

The vibrational energies of successive states are given by Eqs. (13.1 10), (13.112), and 
(13.121). 

Using the reduced nuclear mass of l6 OD given by 

"V n 2 = ( 2 )( 16 ) 
m x + m 2 2 + 16 

15 where m p is the proton mass, the corresponding parameters for deuterated hydroxyl radical 
l6 OD (Eqs. (13.102-13.121) and (13.162)) are 



^ = = v~A"J (13.123) 



(0) = J*M = 763.18 iVm- 1 =5 Q661QX lQM (13 . 124) 



£(0) = 763.18 iVm" 1 (13.125) 
£„»(<>) = = £5.06610 X 10 14 rad/s = 0.33346 <?F = 2689.51 cm -1 (13.126) 
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<y 0 (cw _1 ) = - 



2£>p 
\00hc 



_?A_Y + 4_?5a_ jff (0) 
\00hc) lOOhc v,bK ' 



2e (4.4687 eF) 
100/ic + ' 



26(4.4687 67)^1 „ 2e(4.4687 eK) / ^ „ _,v 
— V Z +4 — V if 2689.51 cm ') 

lOOhc ) lOOhc v ' 



-i 



= 2596.02 cm 



E vib (1) = 0.3219 eV 



lOOhc 



8.06573X1 0 3 ° m 



O) 0 X Q =■ 



-i \ 
0.3219 eV 



-cm 1 =46.75 cm 1 



(13.127) 
(13.128) 

(13.129) 



4e(4,4687eF) 

From Herzberg [14], a> e , from the experimental curve fit of the vibrational energies of 16 OD 
is 

co e = 2720.9 cm' 1 (13.130) 
The experimental vibrational energy of 16 OD is [16-17] 
10 E vlb (1) = 0.3263 eV (2632.1 cm' 1 ) (13.131) 

and the experimental anharmonic perturbation term, co Q x Q , of 16 OD [14] is 



a> 0 x 0 — 44.2 cm 



-l 



(13.132) 



which match the predictions given by Eqs. (13.126), (13.127-13.128), and (13.129), 
respectively. 

15 The B e rotational parameters for l6 OH and l6 OD are given by Eq. (12.65): 

B = (13.133) 
e 2/ e /*c 

where 

I = M r 2 (13.134) 
Using the internuclear distance, r = 2c\ and reduced mass of 16 OH given by Eqs. (13.80) 
20 and (13.107), respectively, the corresponding B e is 

B e =18.835 cm' 1 (13.135) 
The experimental B e rotational parameter of l6 OH is [14] 
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B e =18.871 ctn 1 (13.136) 
Using the internuclear distance, r = 2c\ and reduced mass of l6 OD given by Eqs. (13.80) 
and (13.123), respectively, the corresponding B e is 

B e =9.971 cm' 1 (13.137) 
5 The experimental B e rotational parameter of 16 OD is [14] 

5 e = 10.01 cm- 1 (13.138) 

THE DOPPLER ENERGY TERMS OF 16 OH AND l6 OD 

The radiation reaction force in the case of the vibration of 16 OH in the transition state 
10 corresponds to the Doppler energy, E D , given by Eq. (11.181) and Eq. (13.22) that is 
dependent on the motion of the electrons and the nuclei. The kinetic energy of the transient 
vibration is derived from the corresponding central forces. Following the same consideration 
as those used to derive Eqs. (13.102-13.103) and Eqs. (11.231-11.232), the central force 
terms between the electron density and the nuclei of 16 OH MO with the radius of the orbit at 
15 the oxygen atom fixed at 

(13-139) 

according to Eq. (10.1 62) are 

' f(b) = - 0J5e ] (13-140) 



and 



20 r{b) = (^f (13.141) 



wherein the oscillation of -ff 2 -type ellipsoidal MO is along the semiminor axis b with the 
apsidal angle of Eq. (1 1.140) given by ys = n due to condition that the Olp shell remain at 
the same energy and radius in the OH MO as it is in the O atom. Thus, using Eqs. (11.136) 
and (13.140-13.141), the angular frequency of this oscillation is 



25 co = 



0.75e 2 

{ 



i^^ = 4.41776X 10 16 rod Is (13.142) 



The kinetic energy, E K , is given by Planck's equation (Eq. (1 1 .127)): 
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E K = hco = tlAAl116X 10 16 radls = 29.07844 eV (13.143) 
In Eq. (11.181), substitution of the total energy of OH, E T (OH), (Eq. (13.76)) for E hv , the 
mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.143) for E K gives 
the Doppler energy of the electrons for the reentrant orbit. 

5 g D „ E ^ . - 31 ,63537 eV f^J^ ^ -0.33749 eV (13.140 

The total energy of OH is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. On average, the total energy of vibration is 
equally distributed between kinetic energy and potential energy [4]. Thus 5 the average 

10 kinetic energy of vibration corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 
of the vibrational energy of OH given by Eq. (13.120). The decrease in the energy of the 
OH due to the reentrant orbit in the transition state corresponding to simple harmonic 
oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D and E Kvib . Using Eq. (13.144) and the experimental 16 OH a> e of 

15 3735.21 cm" 1 (0.463111 eV) [16-17] gives 

E„("OH) = E D + E Kvib = E D + (13.145) 

E osc ( 16 OH) = -0.33749 eF + ^(0.463111 eV) = -0.10594 eV (13.146) 

To the extent that the MO dimensions are the same, the electron reentrant orbital 
energies, E K , are the same independent of the isotope of hydrogen, but the vibrational 
20 energies are related by Eq. (11.148). Thus, the differences in bond energies are essentially 
given by 1/2 the differences in vibrational energies per bond. Using Eq. (13.144), Eqs. 
(13.145-13.146), and the experimental l6 OD co e of 2720 .9 cm' 1 (0.33735 eV) [16-17], the 

corresponding E osc [ l6 OD^j is 

^ c ( 16 ^) = -0.33749 eV + -(033735 eF) = -0.16881 eV (13.147) 
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TOTAL AND BOND ENERGIES OF 16 OH AND }6 OD RADICALS 
£ r+oso ( 16 0/f), the total energy of the 16 OH radical including the Doppler term, is given by 
the sum of E T (OH) (Eq. (13.76)) and E osc ( 16 OH) given by Eqs. (13.142-13.146): 
E T+0SC ( l6 OH) = V e +T + V m +V p + E(2p shell) + E osc ( 16 OH) 

= e t (oh)+e osc ( 16 oh) 



(13.148) 



e t+osc ( 16 oh)=- 



3 _3_o L 
2 8 a 



In 



-1 



a — c 



■13.6181 eV\ 



1 + 



2%\ 



4 Ansjf 



mc 



= -31.63537 eF-0.33749 eK + -»J— 

2 V<" 



From Eqs. (13.145-13.146) and (13.148-13.149), the total energy of 16 OH is 
E T+osc ( 16 OH) = -3 1 .63537 eV + ( 16 Oif ) 

= -31.63537 eF-0.33749eF + |(0.463111 eV) 
= -31.74130 eV 



(13.149) 



(13.150) 



where the experimental a> e was used for the h^- term. E T+osc ( l6 OD) , the total energy of 

10 16 OD including the Doppler term, is given by the sum of E T (OD) = E T (OH) (Eq. (13.76)) 
and E osc ( 16 OD) given by Eq. (13.147): 

E T+OS0 ( 16 OD) = -3 1 .63537 eV+E osc ( 16 OD) 

= -31.63537 eF-0.33749eF + ^(0.33735 er) (13.151) 
= -31.80418 eV 

where the experimental co e was used for the h^- term. The dissociation of the bond of the 

hydroxyl radical forms a free hydrogen atom with one unpaired electron and an oxygen atom 
15 with two unpaired electrons as shown in Eq. (13.55) which interact to stabilize the atom as 
shown by Eq. (10.161-10.162). The lowering of the energy of the reactants decreases the 
bond energy. Thus, the total energy of oxygen is reduced by the energy in the field of the 
two magnetic dipoles given by Eq. (7.46) and Eq. (13.101): 
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Eimagnetic) = ^jf!$l = *fe^ = 0 . U44n eF (13.152) 

The corresponding bond dissociation energy, E D , is given by the sum of the total energies of 
the oxygen atom and the corresponding hydrogen atom minus the sum of E r+osc ( l6 OH^ and 
Eimagnetic) : 

5 E D =EC 6 0) + E(H)-E T+osc ( l6 OH)-E(magnetic) (13.153) 

E( l6 0) is given by Eq. (13.66), E D (H) [18] is 

E(H) = -13.59844 eV (13.154) 
and E D {D) [19] is 

E(D) = -13.603 eV' (13.155) 
10 The 16 OH bond dissociation energy, E D [ 16 OH), is given by Eqs. (13.150) and (13.152- 
13.155): 

E D ( 16 OH) = -(l3.6181eF + 1 3.59844 eV) -[e (magnetic) + E T+osc ( 16 OH )) 

= -27.21654 eV -(0.1 14411 eV -3\ .14\2>0 eV) (13.156) 
= 4.4104 

The experimental 16 0if bond dissociation energy is [20] 

E D ( 16 OH) = 4AU74eV (13.157) 

15 The 16 OD bond dissociation energy, E D ( l6 OD) , is given by Eqs. (13.151-13.153): 

E D [ l6 OD) = -(13.6181 eF + 13.603 eV) -^E (magnetic) + E T+osc ( ie O£>)) 

= -27.2211 eF-(0.114411 e^-31.804183 eF) (13.158) 
= 4.4687 

The experimental I6 0Z> bond dissociation energy is [21-22] 

£ 0 ( 16 OZ)) = 4.454 (13.159) 

The results of the determination of bond parameters of OH and OD are given in 
20 Table 13.1. The calculated results are based on first principles and given in closed-form, 
exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 
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WATER MOLECULE (H 2 0) 

The water molecule H 2 0 is formed by the reaction of a hydrogen atom with a hydroxyl 
radical: 

OH + H^H 2 0 (13.160) 
5 The water molecule can be solved using the same principles as those used to solve the 
hydrogen molecule, H* and OH wherein the diatomic molecular orbital (MO) developed in 

the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section 
serves as basis function in a linear combination with an oxygen atomic orbital (AO) to form 
the MO of H 2 0 . The solution is very similar to that of OH except that there are two OH 
10 bonds in water. 

FORCE BALANCE OF H 2 0 

H 2 0 comprises two chemical bonds between oxygen and hydrogen. Each O-H bond 
comprises two spin-paired electrons with one from an initially unpaired electron of the 

15 oxygen atom and the other from the hydrogen atom. The H 2 0 MO is determined by 
considering properties of the binding atoms and the boundary constraints. The H 2 prolate 
spheroidal MO satisfies the boundary constraints as shown in the Nature of the Chemical 
Bond of Hydrogen-Type Molecules section; thus 5 each //-atom electron forms a # 2 -type 
ellipsoidal MO with one of the initially unpaired O-atom electrons. The initial O electron 

20 configuration given in the Eight-Electron Atoms section is ls 2 2s 2 2p\ and the orbital 
arrangement is given by Eqs. (10.154) and Eq. (13.55). 

As shown in the case of OH in the Force Balance of OH section, the forces that 
determine the radius and the energy of the 02p shell are unchanged with bond formation. 
Thus, the angular momentum of each electron of the 02p is conserved with bond formation. 

25 The central paramagnetic force due to spin of each O-H bond is provided by the spin- 
paring force of the H 2 0 MO that has the symmetry of an s orbital that superimposes with 
the 02p orbitals such that the corresponding angular momenta are unchanged. 

Each of the 02p z and 02p x electron combines with a His electron to form a 
molecular orbital. The proton of the H atom is along the internuclear axis. Due to 

30 symmetry, the other O electrons are equivalent to point charges at the origin. (See Eqs. (19- 
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38) of Appendix IV.) Thus, the energies in the H 2 0 MO involve only each 02p and each 

His electron with the formation of each O-H bond. The forces are determined by these 
energies. 

As in the case of H 2 , each of two O-H -bond MOs is a prolate spheroid with the 
5 exception that the ellipsoidal MO surface cannot extend into the O atom for distances shorter 
than the radius of the 2p shell. Otherwise, the electric field of the other 02p electrons 
would be perturbed, and the 2p shell would not be stable. The corresponding increase in 
energy of O would not be offset by any energy decrease in the O-H -bond MO based on 
the distance from the O nucleus to the His electron compared to those of the 02p 
10 electrons. Thus, the MO surface comprises a prolate spheroid at each H proton that is 
continuous with the 2p shell at the O atom. The sum of the energies of the prolate 
spheroids is matched to that of the 2 p shell. 

The orbital energy E for each elliptical cross section of the prolate spheroidal MO is 
given by the sum of the kinetic T and potential V energies. E = T + V is constant, and the 
1 5 closed orbits are those for which T <\V\, and the open orbits are those for which T>\V\. It 
can be shown that the time average of the kinetic energy, <T >, for elliptic motion in an 
inverse-squared field is 1/2 that of the time average of the magnitude of the potential energy, 
|<T>|. <T>=l/2\<V>\ [11]. In the case of an atomic orbital (AO), E = T + V, and for all 
points on the AO, \E\ = T = l/2\v\ . As shown in the Hydrogen-type Molecular Ions section, 
20 each point or coordinate position on the continuous two-dimensional electron MO defines an 
infinitesimal mass-density element which moves along an orbit comprising an elliptic plane 
cross section of the spheroidal MO through the foci. The motion is such that eccentric angle, 
0, changes at a constant rate at each point. That is 6 = cot at time t where at is a constant, 
and 

25 r(t) = ia cos cot + jb sin cot (13.161) 

Consider the boundary condition that the MO of H 2 0 comprises a linear combination of an 
oxygen AO and two H 2 -type ellipsoidal MOs, one for each O-H -bond. The charge density 
of each i7 2 -type ellipsoidal MO given by Eqs. (11.44-11.45) and (13.3-13.4) maintains that 
the surface is an equipotential; however, the potential and kinetic energy of a point on the 

30 surface changes as it orbits the central field. The potential energy is a maximum and the 
kinetic energy is a minimum at the semimajor axis, and the reverse occurs at the semiminor 
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axis. Since the time average of the kinetic energy, <T > , for elliptic motion in an inverse- 
squared field is 1/2 that of the time average of the magnitude of the potential energy, by 
symmetry, the <7 7 >=1/2<|f|> condition holds for 1/2 of each # 2 -type ellipsoidal MO 
having the H focus and ending at the plane defined by the semiminor axes. The O nucleus 
5 comprises the other focus of each OH -MO component of the H 2 0 MO. The 02p AO 
obeys the energy relationship for all points. Thus, the linear combination of the H 2 -type 
ellipsoidal MO with the 02p AO must involve a 25% contribution from the # 2 -type 
ellipsoidal MO to the Q2p AO in order to match the energy relationships. Thus, the H 2 0 
MO must comprise two O-H -bonds with each comprising 75% of a i^-type ellipsoidal 
10 MO (1/2 +25%) and an oxygen AO: 

[1 02p z AO + 0.75 H 2 MO] + [l 02p y AO + 0.75 H 2 MO] -> H 2 0 MO (13.162) 
The force balance of the H 2 0 MO is determined by the boundary conditions that 

arise from the linear combination of orbitals according to Eq. (13.162). The force constant k 
15 of a H 2 -type ellipsoidal MO due to the equivalent of two point charges of at the foci is given 

byEq. (11.65): 

* = ^" < 13J63 > 
Since the each # 2 -type ellipsoidal MO comprises 75% of the O-H -bond MO, the electron 
charge density in Eq. (13.163) is given by -0.75e . Thus, k' of the each H 2 -type-ellipsoidal- 

20 MO component of the H 2 0 MO is 
„ (0.75)2e 2 

* -~^r (13 - 164) 

L for the electron equals h ; thus, the distance from the origin of each O -H -bond MO to 
each focus c' is given by Eqs. (11.79) and (13.164): 



25 The internuclear distance from Eq. (13.165) is 



2c' = 2 <^-° 



2aa n 

(13.166) 
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The length of the semiminor axis of the prolate spheroidal O-H -bond MO b = c given by 
Eq. (11.80) is 

b = Ja 2 -c' 2 (13.167) 
The eccentricity, e , is 

5 e = ~ (13.168) 

The solution of the semimajor axis a then allows for the solution of the other axes of the 
prolate spheroid and eccentricity of the O-H -bond MO. 

The general equation of the ellipsoidal MO having semiprincipal axes a, b, c given 

by 

x 2 v 2 z 2 

10 s + ^ + -? =1 C 131S9 > 

is also completely determined by the total energy E given by Eq. (11.18): 

m — jk 

r =—> ^ y75 (13.170) 



1 + 



l + lEm^k- 2 
\ m j 



COS& 



The energy of the oxygen 2p shell is the negative of the ionization energy of the oxygen 
atom given by Eqs. (10.163) and (13.66). Experimentally, the energy is [12] 

15 E(2p shell) = -E(ionization; 0) = -13.61 81 eV (13.171) 

Since each of the two prolate spheroidal O- H -bond MOs comprises a H 2 -type-ellipsoidal 
MO that transitions to the O AO, the energy E in Eq. (13.171) adds to that of the two 
corresponding # 2 -type ellipsoidal MOs to give the total energy of the H 2 0 MO. From the 
energy equation and the relationship between the axes given by Eqs. (13.165-13.168), the 

20 dimensions of the H 2 0 MO are solved. 

The energy components defined previously for the molecule, Eqs. (11.207-11.212), 
apply in the case of H 2 0 . Since the H 2 0 MO comprises two equivalent O-H -bond MOs, 
each a linear combination of a H 2 -type-ellipsoidal MO and an 02p AO, the corresponding 
energy component of the H 2 0 MO is given by the linear superposition of the component 
25 energies. Thus, the energy scale factor is given as two times the force factor, the term in 
parentheses in Eq. (13.164). In addition to the equivalence and linearity principles, this factor 
also arises from the consideration of the nature of each bond and the linear combination that 
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forms the H 2 0 MO. Each O - H -bond-energy component is the total for the two equivalent 
electrons with the exception that the total charge of the two electrons is normalized over the 
three basis set functions, two 0~#-bond MOs {OH -type ellipsoidal MOs given in the 
Energies of OH section) and one Olp AO. Thus, the contribution of the O-H -bond MOs 
5 to the H 2 0 MO energies are those given for H 2 {ll p) in the Energies of Hydrogen-Type 
Molecules multiplied by a factor of 3/2 as in the case with H+ (Eqs. (13.12), (13.15), 
13.18-13.20)). In addition, the two sets of equivalent nuclear-point-charge pairs give rise to a 
factor of two times the proton-proton repulsion energy given by Eq. (11.208). Thus, the 
component energies of the H 2 0 MO are twice the corresponding energies of the OH MO 

10 given by Eqs. (13.67-13.73). the parameters a , b , andc' are given by Eqs. (13.165-13.167), 
respectively. 

a + y/a 2 -b 2 



K=2 



-2e" 



ln a + Va 2 -Z> 2 (3} -2e 2 



rln- 



$a£ 0 yla 2 -b 2 a-4a 2 -b 2 \2) Kne^a 2 -b 2 a-^a 2 -b 
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p r~- 
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a + yja 2 -b 2 (3} 
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a + Va 2 
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(13.172) 
(13.173) 
(13.174) 
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a + 4a 2 -b 2 (3\ -h 



In ^ + VgHg (13,175) 



4j4mWa 2 -& 2 a-4a 2 -b 2 UJ 4m Wa 2 -b 2 a-4a 2 -b 2 



E T =V e+ T + V m +V p 
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a — ^a 2 -b 2 



-1 



= 



Lv 



3 3 a 0 
2 8a 



In 



a + c' 



-1 



a — c 



(13.176) 
(13.177) 

(13.178) 



Since the each prolate spheroidal H 2 -type MO transitions to the O AO and the energy of the 
20 02p shell must remain constant and equal to the negative of the ionization energy given by 
Eq. (13.171), the total energy E T (H 2 0) of the H 2 0 MO is given by the sum of the energies 
of the orbitals corresponding to the composition of the linear combination of the O AO and 
the two H 2 -type ellipsoidal MOs that forms the H 2 0 MO as given by Eq. (13.162): 
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(13.179) 



4ks 0 c' 



In 



a + c' 



-1 



-13.6181 eV 



,2 8 a J a-c' 

The two hydrogen atoms and the oxygen atom can achieve an energy minimum as a linear 
combination of two #2 -type ellipsoidal MOs each having the proton and the oxygen nucleus 
as the foci. Each O-H -bond MO comprises the same 02p shell of constant energy given 
5 by Eq. (13.171). Thus, the energy of the H 2 0 MO is also given by the sum of that of the two 
# 2 -type ellipsoidal MOs given by Eq. (11.212) minus the energy of the redundant oxygen 
atom of the linear combination given by Eq. (13.171): 



E T (2H 2 -0) = -2 



A 



2^2-72+^ 
2 



In 



V2+1 



-72 



-E{2p shell) 



V2-1 

= 2(-31.63536831eK)-(-13.6181 eV) (13.180) 
= -49.652637 eV 

E T {H 2 0) given by Eq. (13.179) is set equal to two times the energy of the # 2 -type 
1 0 ellipsoidal MO minus the energy of the 02 p shell given by Eq. (1 3 . 1 80) : 



E T {H 2 0) = 



Atvs q c ' 



3 3 a n \ a + c' , 
'In 1 



-13.6181 eV = -49.652637 eV 



_2 8a) a-c' 
(13.181) 

From the energy relationship given by Eq. (13.181) and the relationship between the axes 
given by Eqs. (13.165-13.167), the dimensions of the H 2 0 MO can be solved. 
15 Substitution of Eq. (13.165) into Eq. (13.181) gives 



4*^ ^ 



2 8a 



a + 



In- 



2aa n 



a — 



2aa 0 



= e36.034537 



(13.182) 



The most convenient way to. solve Eq. (13.182) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 1.2641a n = 6.68933 X 10 



m 



20 Substitution of Eq. (13.183) into Eq. (13.165) gives 
c' = 0.918005a 0 = 4.85787 X 10 _n m 
The internuclear distance given by multiplying Eq. (13.184) by two is 



(13.183) 
(13.184) 
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2c' = 1.83601a 0 =9.71574 JST 10~ u m (13.185) 
The experimental bond distance is [23] 

2c' = 9.70 ±. 005 X 10" 11 m (13.186) 
Substitution of Eqs. (13.177-13.176) into Eq. (13.167) gives 

5 b = c = 0.869031a 0 =4.59871 X 10"" m (13.187) 
Substitution of Eqs. (13.177-13.176) into Eq. (13.168) gives 

e = 0.726212 (13.188) 

The nucleus of the H atom and the nucleus of the O atom comprise the foci of each 
H 2 -type ellipsoidal MO. The parameters of the point of intersection of each i^-type 
10 ellipsoidal MO and the 02p y AO or 02p z AO can be determined from the polar equation of 
the ellipse (Eq. (11.10)): 
1 + e 

r = r o-, 7T, (13.189) 

l + ecos<9' J 

The radius of the 02p shell given by Eq. (10.162) is r s =a 0 , and the polar radial coordinate 

of the ellipse and the radius of the 02p shell are equal at the point of intersection. Thus, Eq. 

15 (13.189) becomes 

a 0 =(a-c') ^-S (13.190) 

1 +— cos6>' 
a 

such that the polar angle 6 ' is given by 



0' = cos -1 



(a-c') 2.-1 



(13.191) 



Substitution of Eqs. (13.177-13.176) into Eq. (13.191) gives 
20 0' = 123.66° (13.192) 

Then, the angle 0 O2pAO the radial vector of the 02p AO makes with the internuclear axis is 

0o2 P ao =1 8 0° -123.66° = 56.33° (13.193) 
as shown in Figure 7. The distance from the point of intersection of the orbitals to the 
internuclear axis must be the same for both component orbitals. Thus, the angle cot = 6 H%MO 

25 between the internuclear axis and the point of intersection of each H z -type ellipsoidal MO 
with the O radial vector obeys the following relationship: 
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a o sin 0 O2pAO = b sin 6 HiMO (1 3 . 1 94) 
such that 

v=li „-.^« =sta -.«p! (13 . 195) 

with the use of Eq. (13.193). Substitution of Eq. (13.188) into Eq. (13.195) gives 



5 0 W = 73.28° (13.196) 

Then, the distance d H ^ Q along the internuclear axis from the origin of H 2 -type ellipsoidal 
MO to the point of intersection of the orbitals is given by 

d H 2 MO ^ a ^^H 2 MO (13.197) 

Substitution of Eqs. (13.183) and (13.196) into Eq. (13.197) gives 
10 d HiMO =0.3637a 0 =1.9244 X 10" 11 m (13.198) 

The distance d Q2pAO along the internuclear axis from the origin of the O atom to the point of 
intersection of the orbitals is given by 

d 02 P AO^ C -^H 2 MO (13.199) 

Substitution of Eqs. (1 3 . 1 84) and (1 3 . 1 98) into Eq. (1 3 . 1 99) gives 

15 d o2 P Ao = 0.5543a 0 = 2.93343 X 10" 11 m (13.200) 

In addition to the intersection of the H 2 -type MO with the 02p shell, two adjoining 
ellipsoidal H 2 -type MOs intersect at points of equipotential. The angle and distance 
parameters are given by Eqs. (13.595-13.600) for the limiting methane case wherein four 
adjoining intersecting # 2 -type MOs have the possibility of forming a self-contained two- 

20 dimension equipotential surface of charge and current. Charge continuity can be obeyed for 
the H 2 0 MO if the current is continuous between the adjoining H 2 -type MOs. However, in 
the limiting case of methane, the existence of a separate linear combination of the H 2 -type 
MOs comprising four-spin paired electrons, not connected to the bonding carbon heteroatom 
requires that the electron be divisible. It is possible for an electron to form time-dependent 

25 singular points or nodes having no charge as shown by Eqs. (1.65a- 1.65b), and two- 
dimensional charge distributions having Laplacian potentials and one-dimensional regions of 
zero charge are possible for macroscopic charge densities and currents as given in Haus and 
Melcher [24]. However, it is not possible for single electrons to have two dimensional 
discontinuities in charge based on internal forces and first principles discussed in Appendix 
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IV. Thus, at the points of intersection of the i^-type MOs of methane, symmetry, electron 
indivisibility, current continuity, and conservation of energy and angular momentum require 
that the current between the points of mutual contact and the carbon atom be projected onto 
and flow along the radial vector to the surface of the C2sp 3 shell. This current designed the 
5 bisector current (BC) meets the C2sp 3 surface and does not travel to distances shorter than 
its radius. The methane result must also apply in the case of other bonds including that of the 
water molecule. Here, the i^-type MOs intersect and the ellipsoidal current is projected 
onto the radial vector to the 02p shell and does not travel to distances shorter than its radius 
as in the case of a single O-H bond. 

1 0 As shown in Eq. (1 3 . 1 62), in addition to the p -orbital charge-density modulation, the 

uniform charge-density in the p z and p y orbitals is increased by a factor of 0.25 and the H 
atoms are each decreased by a factor of 0.25. Using the orbital composition of H 2 0 (Eq. 
(13.162)), the radii of Ols = 0.12739a 0 (Eq. (10.51)), 02s = 0.59020a 0 (Eq. (10.62)), and 
O2p = a 0 (Eq. (10.162)) shells, and the parameters of the H 2 0 MO given by Eqs. (13.3- 

15 13.4), (13.183-13.185), (13.187-13.188), and (13.192-13.200), the charge-density of the H 2 0 
MO comprising the linear combination of two O-H -bond MOs (Off -type ellipsoidal MOs 
given in the Energies of OH section) according to Eq. (13.162) is shown in Figure 9. Each 
O- H -bond MO comprises a H 2 -type ellipsoidal MO and an 02p AO having the 
dimensional diagram shown in Figure 8. 

20 

ENERGIES OF H 2 0 

The energies of H 2 0 given by the substitution of the semiprincipal axes (Eqs. (13.183- 
13.185) and (13.187)) into the energy equations (Eqs. (13.172-13.180)) are 

V J3} -2e 2 ^a + ja 2 ^ 2 



2J 



o r^—TI^ 7— = = -81.8715 (13.201) 

87rs 0 yla 2 -b 2 a-^Ja 2 -b 2 

e rr == = 29.6421 eV (13.202) 

(3 s ) h 2 , a + Ja 2 -b 2 

9 h rrrT ^ / 2 2 = 323833 eV (13.203) 

\2)2m e a-4a 2 -b 2 a-^a 2 -b 2 ' 



e 2 

25 V = 2 . = 29.6421 eV 



T = 
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3^ -Ti 2 ln a + ^Ja 2 -b 2 
2j4m e a^a 2 -b 2 " ' a~4a 2 -b 1 



= -16.1917 eF 



(13.204) 



E T {H 2 0) = - 




T -l -13.6181 eV = -49.6558 eV (13.205) 



where E T (H 2 0) is given by Eq. (13.179) which is reiteratively matched to Eq. (13.180) 
within five-significant-figure round-off error. 



The vibrational energy levels of H 2 0 may be solved as two equivalent coupled harmonic 
oscillators by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [2] wherein the spring constants are derived from the central forces as 
10 given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 



The radiation reaction force in the case of the vibration of H 2 0 in the transition state 
15 corresponds to the Doppler energy, E D9 given by Eq. (11.181) and Eqs. (13.22) and (13.144) 
that is dependent on the motion of the electrons and the nuclei. The kinetic energy of the 
transient vibration is derived from the corresponding central forces. As in the case of , 
the water molecule is a linear combination of three orbitals. The water MO comprises two 
H 2 "type ellipsoidal MOs and the O AO. Thus, the force factor of water in the determination 

20 of the Doppler frequency is equivalent to that of the ion given in Eqs. (13.18-13.20) and 
given by Eq. (13.164). From Eqs. (11.231-11.232) and (13. 18-13.20), the central force terms 
between the electron density and the nuclei of each O-H -bond MO with the radius of the 
orbit at the oxygen atom fixed at 



5 



VIBRATION OF H 2 0 



THE DOPPLER ENERGY TERM OF H 2 0 



(13.206) 



25 according to Eq. (10.162) with the oscillation along the semiminor axis are 




(13.207) 



and 
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(13 - 208) 

Thus, using Eqs. (11.136) and (13.207-13.208), the angular frequency of this oscillation is 



co = 



i 



,2 



2)4ns Q b 3 =62A996X 10 i6 md/s (13.209) 



The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 
5 E K =ha> = h6.24996 X 10 16 radls = 41.138334 eV (13.210) 

The three basis elements of water, H, H, and O, all have the same Coulombic energy as 
given by Eqs. (1.243) and (10.163), respectively, such that the Doppler energy involves the 
total energy of the H 2 0 MO. Thus, in Eq. (1 1.181), substitution of the total energy of H 2 0, 
E T (H 2 0), (Eqs. (13.179-13.180) and Eq. (13.181)) for , the mass of the electron, m e , for 
10 M , and the kinetic energy given by Eq. (13.210) for E K gives the Doppler energy of the 
electrons for the reentrant orbit: 

E D ,E h M = -49.652637 gF 1 ^(41.138334 eF) = &y 

D hv ^Mc 2 y m e c 2 

The total energy of H 2 0 is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 

15 transition state at their corresponding frequency. On average, the total energy of vibration is 
equally distributed between kinetic energy and potential energy [4]. Thus, the average 
kinetic energy of vibration corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 
of the vibrational energy of H 2 0. The decrease in the energy of H 2 0 due to the reentrant 
orbit in the transition state corresponding to simple harmonic oscillation of the electrons and 

20 nuclei, E osc , is given by the sum of the corresponding energies, E D and E Kvjb . Using Eq. 
(13.211) and the experimental H 16 OH vibrational energy of 
E vib = 3755.93 cm -1 = 0.465680 eV [25] gives 

E' osc = E D+ E Kvib =E D+ U^ (13.212) 

E\ sc =-0.630041 eV + -(0.465680 eV) = -0.397201 eV (13.213) 

2 
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per bond. As in the case for H+(l/p) shown in the Doppler Energy Term of # 3 + -type 
Molecular Ions section, the reentrant orbit for the binding of a hydrogen atom to a hydroxyl 
radical causes the bonds to oscillate by increasing and decreasing in length along the two 
O-H bonds at a relative phase angle of 180°. Since the vibration and reentrant oscillation 
5 is along two bonds for the asymmetrical stretch ( v 3 ), E osc for H X6 OH , E osc (H 16 OH) , is: 

r E D +±h.l^ 



2 ^ju 



E osc (H 16 OH) = 2 

\ 

= 2^-0.630041 eV + ^(0.465680 eV)j (13.214) 
= -0.794402 eV 

To the extent that the MO dimensions are the same, the electron reentrant orbital 
energies, E K , are the same independent of the isotope of hydrogen, but the vibrational 
energies are related by Eq. (11.148). Thus, the differences in bond energies are essentially 
10 given by 1/2 the differences in vibrational energies per bond. Using Eq. (13.211), Eqs. 
(13.212-13.214), and the experimental D l6 OD vibrational energy of 
E vib = 2787.92 cm" 1 = 0.345661 eV [25], the corresponding E osc (D l6 OD) is 



( 1 ^ 

(D i6 OD) = 2 -0.630041 eV + -(0.345661 eV) 
\ 2 
= -0.914421 eV 



(13.215) 



15 TOTAL AND BOND ENERGIES OF H 16 OH AND D l6 OD 

e t+ OS c i H 2 16 °]' me total energy of the H 16 OH including the Doppler term, is given by the 
sum of E T (H 2 0) (Eq. (13.181)) and E osc (h 16 OH) given Eqs. (13.207-13.214): 

Et +0 sc [H 2 16 O] = V e+ T + V m +V p+ E (02p) + E osc (H i6 OH) 

. _ , „ , ' (13.216) 

= e t {h 2 o)+e osc (h 16 oh) 
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\2 8 a ) a-c' J 



1 + 2' 



2^ 


3 e 2 






m 0 c 2 



= -49.652637 eF-2 0.630041 eV 

I 2 Vj« 



(13.217) 



(13.218) 



From Eqs. (13.214) and (13.216-13.217), the total energy of H 16 OH is 
^r— (#2 16 0) = -49.652637 eV + E 0SC (H l6 OH) 

= -49.652637 eF-2^0.630041 eF— ^-(0.465680 
= -50.447039 eF 

5 where the experimental vibrational energy was used for the h^- term. E T+osc [p 2 16 o] , the 

total energy of D x6 OD including the Doppler term is given by the sum of 
E T (D 2 0) = E T ( H 2 0) (Eq. (13.181)) and E osc (D 16 OD) given by Eq. (13.215): 

E T+osc (A l6 0) = -49.652637 eV + E osc (D i6 OD) 

= -49.652637 eF-2^0.630041 eF--|(0.345661 eV)j (13.219) 
= -50.567058 eV 

where the experimental vibrational energy was used for the term. As in the case of the 

10 hydroxyl radical, the dissociation of the bond of the water molecule forms a free hydrogen 
atom and a hydroxyl radical, with one unpaired electron each. The lowering of the energy of 
the reactants due to the magnetic dipoles decreases the bond energy. Thus, the total energy of 
oxygen is reduced by the energy in the field of the two magnetic dipoles given by Eq. 
(13.152). The corresponding bond dissociation energy, E D , is given by the sum of the total 
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energies of the corresponding hydroxyl radical and hydrogen atom minus the total energy of 
water, E T+OK (H l6 OH) , and E(magnetic) . 
Thus, E D of H u OH is given by: 

E D [h' 6 OH) = E(H) + EC 6 OH) - E T+0SC [H l6 OH)- E(magnetic) (13.220) 
5 where E T ( X6 OH) is given by the of the sum of the experimental energies of 16 O (Eq. 
(13.171)), H (Eq. (13.154)), and the negative of the bond energy of l6 OH (Eq. (13.157)): 

E( l6 OH) = -13.59844 eV -\Z.6\%\ eV -AAM4 eV = -31.62828 eV (13.221) 
From Eqs. (13.154), (13.218), and (13.220-13.221), E D {H 16 OH) is 

E D (H 16 OH) = E(H) + E( 16 OH)-(E(magnetic) + E T+osc [H 16 0H)) 

= -13.59844 eF-31.62828eF-(0.114411 eV - 50.447039 eV) 
= 5.1059 eV 

10 (13.222) 

The experimental H 16 OH bond dissociation energy is [26] 

E D (H X6 OH) = 5.0991 eV (13.223) 
Similarly, E D of D 16 OD is given by: 

E D [D 16 OH] = E(D) + E{ 16 OD) -(E(magnetic) + E T+osc [D 16 0D]) (13.224) 
15 where E T C 6 OD) is given by the of the sum of the experimental energies of w O (Eq. 
(13.171)), D (Eq. (13.155)), and the negative of the bond energy of 16 OD (Eq. (13.159)): 

£( 16 OD) = -13.603 eF-13.6181eF-4.454eF = -31.6721 eV (13.225) 

From Eqs. (13.155), (13.220), and (13.224-13.225), E d {D 16 OD) is 

E D (D l6 OD) = -13.603 eF-31.6721 eF-(0.114411 eV - 50.567058 eV) ^ 
= 5.178 eV 

20 The experimental D 16 OD bond dissociation energy is [27] 

E D (D l6 OD) = 5.191 eV (13.227) 



BOND ANGLE OF H 2 0 

The H 2 0 MO comprises a linear combination of two O-H -bond MOs. Each O-H -bond 
25 MO comprises the superposition of a # 2 -type ellipsoidal MO and the 02p 2 AO or the 
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02p y AO with a relative charge-density of 0.75 to 1.25; otherwise, the Olp orbitals are the 
same as those of the oxygen atom. A bond is also possible between the two H atoms of the 
O-H bonds. Such H-H bonding would decrease the O-H -bond strength since electron 
density would be shifted from the O-H bonds to the H-H bond. Thus, the bond angle 
5 between the two O-H bonds is determined by the condition that the total energy of the H 2 - 
type ellipsoidal MO between the terminal H atoms of the O-H bonds is zero. Since the 
two # 2 -type ellipsoidal MOs comprise 75% of the H electron density of H 2 ; the energies 
and the total energy E T of the H-H bond is given by Eqs. (13.67-13.73). From Eq. 
(11 .79), the distance from the origin to each focus of the H - H ellipsoidal MO is 



10 



c' = a A 



\TiAne„ 



f m e e 2 2a V 2 
The internuclear distance from Eq. (13.228) is 



2c' = 2.»- 



(13.228) 



(13.229) 



The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. 
(13.167). Substitution of Eq. (13.228) into Eq. (13.73) gives 



15 



E T — — 



3 3 a 0 
2~8~a 



In 





jaa 0 
2 




jaa 0 
2 



— 1 



(13.230) 



The radiation reaction force in the case of the vibration of H-H in the transition 
state corresponds to the Doppler energy, E D , given by Eq. (11.181) that is dependent on the 
motion of the electrons and the nuclei. The total energy E T that includes the radiation 
reaction of the H-H MO is given by the sum of E T (Eq. (13.73)) and E osc (H 2 ) given Eqs. 
20 (11.213-11.220), (11.231-11.236), and (11.239-11.240). Thus, the total energy E T (H-H) 
of the H-H MO including the Doppler term is 

E T =V e +T + V m +V p +E osc (H-H) (13.231) 
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Erp = ' 
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(13.232) 



To thatch the boundary condition that the total energy of the H -H ellipsoidal MO is 
zero, E T (H-H) given by Eq. (13.232) is set equal to zero: 



0 = 



s™ 0 J aa ° 



2 8a 



a + 



a 



r-1 



aa n 




+-h\ 

2 T| 



0.75e 7 



8xe 0 a 3 87vs 0 {a + c') 



0.5m. 



(13.233) 



5 From the energy relationship given by Eq. (13.233) and the relationship between the axes 
given by Eqs. (13.165-13.167), the dimensions of the H - H MO can be solved. 

The most convenient way to solve Eq. (13.233) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 
a = 4.300a 0 = 2.275 X 10 -10 m 
10 Substitution of Eq. (13.234) into Eq. (13.228) gives 
c' =1.466a 0 = 7.759 X 1(T U m 
The internuclear distance given by multiplying Eq. (13.235) by two is 



2c' = 2.933a n =1.552 X 10 



-10 



m 



Substitution of Eqs. (13.234-13.235) into Eq. (13.167) gives 
15 6 = c = 4.042o 0 =2.139X lO" 10 m 

Substitution of Eqs. (13.234-13.235) into Eq. (13.168) gives 



(13.234) 
(13.235) 
(13.236) 
(13.237) 



6 = cos 



-i 



(13.241) 



6 = cos -1 
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e = 0.341 (13.238) 

Using, distance between the two H atoms when the total energy of the corresponding 
MO is zero, the corresponding bond angle can be determined from the law of cosines: 

A 2 + B 2 - 2^LBcosine<9 = C 2 (13.239) 
5 With A = B = 2c' 0 _ H , the internuclear distance of each O-H bond given by Eq. (13.185), 
and C = 2c' H _ H , the internuclear distance of the two H atoms, the bond angle between the 
O-H bonds is given by 

(2c' 0 _ H ) 2 +(2c' 0 _„ ) 2 -2(2c' 0 „ H ) 2 cosine^ = (2c' H _ H ) 2 (13.240) 

' 2(2c< 0 _ H ) 2 -(2c< H _ H f 
2(2c' 0 „*) 2 

10 Substitution of Eqs. (13.185) and (13.236) into Eq. (13.241) gives 

^ 2(l.836) 2 -(2.933) 2 ^ 
2(1.836) 2 

= cos" 1 (-0.2756) (13.242) 
= 105.998° 

The experimental internuclear distance of the two H atoms, 2c' H _ H 9 is [23] 

2c 'h-h = 1.55 ± 0.01 X 10' 10 m (13.243) 

which matches Eq. (13.236) very well. The experimental angle between the O-H bonds is 
15 [23] 

0 = 106° (13.244) 
which matches the predicted angle given by Eq. (13.242). 

The results of the determination of bond parameters of H 2 0 and D 2 0 are given in 
Table 13.1. The calculated results are based on first principles and given in closed-form, 
20 exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 

HYDROGEN NITRIDE (NH ) 

The ammonia molecule can be solved by first considering the solution of the hydrogen and 
25 dihydrogen nitride radicals. The former is formed by the reaction of a hydrogen atom and a 
nitrogen atom: 

H + N^NH (13.245) 
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The hydrogen nitride radicals, NH and NH 2 , and ammonia, NH 3 , can be solved using the 
same principles as those used to solve OH and H 2 0 . 

FORCE BALANCE OF NH 
5 NH comprises two spin-paired electrons in a chemical bond between the nitrogen atom and 
the hydrogen atom such that two electrons on N remain unpaired. The NH radical 
molecular orbital (MO) is determined by considering properties of the binding atoms and the 
boundary constraints. The prolate spheroidal H 2 MO developed in the Nature of the 
Chemical Bond of Hydrogen-Type Molecules section satisfies the boundary constraints; thus, 
10 the H -atom electron forms a H 2 -type ellipsoidal MO with one of the TV -atom electrons. 

The N electron configuration given in the Seven-Electron Atoms section is ls 2 2s 2 2p 3 , and 
the orbital arrangement is 

2p state 

JL JL JL (13.246) 
1 0 -1 

corresponding to the ground state 4 S° n - The N2p x electron combines with the His 
15 electron to form a molecular orbital. The proton of the H atom is along the internuclear 
axis. Due to symmetry, the other N electrons are equivalent to point charges at the origin. 
(See Eqs. (19-38) of Appendix IV.) Thus, the energies in the NH MO involve only the 
N2p x and His electrons and the change in the magnetic energy of the N2p x electron with 

the other N electrons (Eq. (13.305)) with the formation of the NH MO. The forces are 

20 determined by these energies. 

As in the case of H 2 , the MO is a prolate spheroid with the exception that the 
ellipsoidal MO surface cannot extend into N atom for distances shorter than the radius of the 
2p shell. Thus, the MO surface comprises a prolate spheroid at the H proton that is 
continuous with the 2p shell at the N atom' whose nucleus serves as the other focus. The 

25 energy of the prolate spheroid is matched to that of the N2p shell. As in the case with OH, 
the linear combination of the H 2 -type ellipsoidal MO with the N2p AO must involve a 25% 
contribution from the i7 2 -type ellipsoidal MO to the N2p atomic orbital (AO) in order to 
match potential, kinetic, and orbital energy relationships. Thus, the NH MO must comprise 
75% of a H 2 -type ellipsoidal MO and a nitrogen AO: 
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\N2 Px 



AO + 0.75H 2 MO^NHMO 



(13.247) 



The force balance of the NH MO is determined by the boundary conditions that arise from 
5 the linear combination of orbitals according to Eq. (13.247) and the energy matching 
condition between the hydrogen and nitrogen components of the MO. 

Similar to the OH case given by Eq. (13.59), the # 2 -type ellipsoidal MO comprises 
75% of the NH MO; so, the electron charge density in Eq. (11.65) is given by -0J5e . 
Based on the condition that the electron MO is an equipotential energy surface, Eq. (11.79) 

10 gives the ellipsoidal parameter c' in terms of the central force of the foci, the electron 
angular momentum, and the ellipsoidal parameter a . To meet the equipotential condition of 
the union of the H 2 -type-ellipsoidal-MO and the N AO, the force constant used to 
determine the ellipsoidal parameter c f is normalized by the ratio of the ionization energy of 
N 14.53414 eV [6] and 13.605804 eV , the magnitude of the Coulombic energy between the 

15 electron and proton of H given by Eq. (1.243). This normalizes the force to match that of 
the Coulombic force alone to met the force matching condition of the NH MO under the 
influence of the proton and the N nucleus. Thus, k* ofEq. (11.79) to determine c 1 is 
, _ (0.75)2.* _ .3^^ (0-75)2^ 

" An£ 14.53414 " ( 0 -936127) ^ (13.248) 
* S ° 13.605804 

L for the electron equals ft ; thus, the distance from the origin of the NH MO to each focus 
20 c * is given by Eqs. (11.79) and (13.248): 



c ' = a J 2, h T £ ° 7 = , 2aa ° , = J0.712154aa 0 (13.249) 

)|»V? 2 1.5a(0.936127) ^(3(0.936127) V 0 J 

The internuclear distance from Eq. (13.249) is 



2c ' = 2,/0.712154aa 0 (13 .250) 

The length of the semiminor axis of the prolate spheroidal NH MO b = c is given by Eqs. 
25 (11.80) and (13.62). The eccentricity, e, is given by Eq. (13.63). Then, the solution of the 
semimajor axis a allows for the solution of the other axes of the prolate spheroidal and 
eccentricity of the NH MO. 

The energy of the nitrogen 2p shell is the negative of the ionization energy of the 
nitrogen atom given by Eq. (10.143). Experimentally, the energy is [6] , 



WO 2007/051078 



PCTYUS2006/042692 



148 

E(2p shell) = -EQonization; N) = -14.53414 eV (13.251) 
Since the prolate spheroidal MO transitions to the JV AO, the energy E in Eq. (13.251) adds 
to that of the H 2 -type ellipsoidal MO to give the total energy of the NH MO. From the 
energy equation and the relationship between the axes given by Eqs. (13.249-13.250) and 
5 (13.62-13.63), the dimensions of the NH MO are solved. 

The energy components of V e , V p , T, V m , and E T are the same as those of OH 

given by Eqs. (13.67-13.73). Similarly to OH , the total energy E T (NH) of the NH MO is 
given by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the JV AO and the #2 -type ellipsoidal MO that forms the NH MO as given 
10 by Eq. (13.247): 

E T (NH) = E T + E(2p shell) 

— E T — EQonization; N) 



(13.252) 



3 3 « 0 l ln «+f__ 1 



-14.53414 eV 



2 8 a J a-c 

To match the boundary condition that the total energy of the entire the # 2 -type ellipsoidal 
MO is given by Eqs. (1 1.212) and (13.75), E T (NH) given by Eq. (13.252) is set equal to Eq. 
(13.75): 



15 



E T (NH) = - 



%7tS Q C ' 



3 3 «A a + c' t 
2 8 a J a-c' 



-14.53414 eV = -31.63536831 eV 



(13.253) 

From the energy relationship given by Eq. (13.252) and the relationship between the axes 
given by Eqs. (13.249-13.250) and (13.62-13.63), the dimensions of the NH MO can be 
solved. 

20 Substitution of Eq. (13.249) into Eq. (13.253) gives 

e 2 ' 

8^ 0A /0.712154aa 0 

The most convenient way to solve Eq. (13.254) is by the reiterative technique using a 



1,2 8 a J a- ^0.7121 54aa 0 



= el7.10123 



(13.254) 



computer. The result to within the round-off error with five-significant figures is 



a = \36215a n = 7.21 136 X 10 



-ii 



m 



25 Substitution of Eq. (13.255) into Eq. (13.249) gives 
c' = 0.98513a 0 = 5.21310X 10"" m 



(13.255) 
(13.256) 
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The internuclear distance given by multiplying Eq. (13.256) by two is 

2c' = 1 .97027 'a 0 = 1 .04262 X 1 0 -10 m (13 .257) 

The experimental bond distance is [28] 

2c' = 1.0362X 10- 10 m (13.258) 
5 Substitution of Eqs. (13.255-13.256) into Eq. (13.62) gives 

b = c = 0.94 159ar 0 =4.98270 X 10 -11 m (13.259) 
Substitution of Eqs. (13.255-13.256) into Eq. (13.63) gives 

e = 0.72290 (13.260) 
The nucleus of the H atom and the nucleus of the N atom comprise the foci of the H 2 -type 
10 ellipsoidal MO. The parameters of the point of intersection of the i7 2 -type ellipsoidal MO 
and the N2p x AO are given by Eqs. (13.84-13.95). The polar intersection angle <9' is given 
by 



tf^cos -1 



1+— 



a 

V 



(13.261) 



(a_ c «) Q- _i 

V J, 

where r n =r n =0.93084a 0 is the radius of the N atom. Substitution of Eqs. (13.255-13.256) 
15 into Eq. (13.86) gives 

0' = 114.61° (13.262) 
Then, the angle 0 N2PxAO the radial vector of the N2p x AO makes with the internuclear axis is 

^2^ o =180 o -114.61° = 65.39° (13.263) 
as shown in Figure 10. 

20 The distance from the point of intersection of the orbitals to the internuclear axis must 

be the same for both component orbitals. Thus, the angle cot = 0 H ^ MO between the 
internuclear axis and the point of intersection of the i7 2 -type ellipsoidal MO with the N 
radial vector obeys the following relationship: 

r i s ™ 0 m Px Ao = 0.93084« 0 sin0„ 2/v4O = b sin^ Q (13.264) 

25 such that 

0.93084q oS in*W 0 _ • -i ^OS^o sin 65.39° 

u h 2 mo 7 —sin (13.265) 

a t> 

with the use of Eq. (13.263). Substitution of Eq. (13.259) into Eq. (13.265) gives 
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^=64.00° (13.266) 
Then, the distance d HJM along the internuclear axis from the origin of H 2 -type ellipsoidal 
MO to the point of intersection of the orbitals is given by 

d H 2 Mo = a cos &h 2 mo (1 3 .267) 

5 Substitution of Eqs. (13.255) and (13.266) into Eq. (13.267) gives 

d HlMO =0.59747a 0 = 3.16166 X 10" 11 m (13.268) 
The distance d N2pAO along the internuclear axis from the origin of the N atom to the point of 
intersection of the orbitals is given by 

d N2pAO = C - d H 2 MO (13 .269) 

10 Substitution of Eqs. (13.79) and (13.93) into Eq. (13.94) gives 

d N2pA o =0.38767« 0 = 2.05144 X 10" 11 m (13.270) 
As shown in Eq. (13.247), in addition to the p -orbital charge-density modulation, the 
uniform charge-density in the p x orbital is increased by a factor of 0.25 and the if -atom 
density is decreased by a factor of 0.25. The internuclear axis of the N — H bond is 

15 perpendicular to the bonding p x orbital. Using the orbital composition of NH (Eq. (13.27)), 
the radii of Ms = 0.14605a 0 (Eq. (10.51)), N2s = 0.69385a 0 (Eq. (10.62)), and 
^2^ = 0.93084^ (Eq. (10.142)) shells, and the parameters of the NH MO given by Eqs. 
(13.3-13.4) and (13.255-13.270), the dimensional diagram and charge-density of the NH 
MO comprising the linear combination of the H 2 -type ellipsoidal MO and the N AO 

20 according to Eq. (13.247) are shown in Figures 10 and 11, respectively. 

ENERGIES OF NH 

The energies of NH given by the substitution of the semiprincipal axes (Eqs. (13.255- 
13.256) and (13.259)) into the energy equations (Eqs. (13.67-13.73)) are 

25 V e J^\ =^ rln ^^i = _37.85748 e F (13.271) 

V r = e 7^— = 13,81 113 eF (13.272) 

^^In^^S* 13.89011 eV (13.273) 
-b 2 a-<s]a 2 -b 2 



Jl) 51 



WO 2007/051078 



PCTYUS2006/042692 



-n 2 



Am e a^a 2 -b 2 a-^a^-t? 



151 

In^EE = -6.94505 eV 



(13.274) 



E T (NH) = - 



&7VG Q C ' 



•14.53414 eV = -31.63544 eV 



2 & a J a -c' 
(13.275) 

where E T (NH) is given by Eq. (13.253) which is reiteratively matched to Eq. (13.75) within 
5 five-significant-figure round-off error. 



VIBRATION AND ROTATION OF NH 

The vibrational energy of NH may be solved in the same manner as that of OH . From Eqs. 
(13.102-13.106) with the substitution of the NH parameters, the angular frequency of the 
10 oscillation is 



a> = 



0.75e 2 



Sxe 0 b 3 8x £q (2c') 



0.75e 2 



Sne 0 (0.94159a 0 ) 8?re 0 (l.97027a 0 ) 



14 

15 p 



(13.276) 



= 6.18700X 10 14 radls 
where b is given by Eq. (13.259), 2c' is given by Eq. (13.257), and the reduced mass of 
14 NH is given by: 

_ V* _ ( 1 )( 14 ) 



NH m x + m 1 1 + 14 " 



(13.277) 



15 where m p is the proton mass. Thus, during bond formation, the perturbation of the orbit 
determined by an inverse-squared force results in simple harmonic oscillatory motion of the 
orbit, and the corresponding frequency, g>(0), for U NH given by Eqs. (11.136), (11.148), 
and (13.276) is 



CO 



(0) = 



jk(0) _ /597.59 Nm- 1 



= 6.1 8700 X 10 14 radians Is 



(13.278) 



20 where the reduced nuclear mass of 14 NH is given by Eq.(l 3.277) and the spring constant, 
&(0) , given by Eqs. (1 1.136) and (13.276) is 
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k(0) = 597.59 NmT 1 (13.279) 
The U NH transition-state vibrational energy, E vlb (0), given by Planck's equation (Eq. 
(11.127)) is: 

E vib (0) = %a> = M.18700X 10 14 radls = 0.407239 eV = 3284.58 cm~ l (13.280) 
5 co e , from the experimental curve fit of the vibrational energies of 14 NH is [28] 

Q> e = 3282.3 cm -1 (13.281) 
Using Eqs. (13.112-13.118) with E vib (0) given by Eq. (13.280) and D 0 given by Eq. 
(13.3 1 1), the U NH o = l^v = 0 vibrational energy, E vib (l) is 

E v ib CO = 0.38581 eV (3111.84 cm" 1 ) (13.282) 

10 The experimental vibrational energy of U NH using co e and co e x e [28] according to K&P [15] 
is 

E vib (l) = 0.38752 eV (3125.5 cm~ l ) (13.283) 

Using Eq. (13.113) with E vlb (l) given by Eq. (13.282) and D 0 given by Eq. (13.3 1 1), 
the anharmonic perturbation term, a> Q x Q , of 14 NH is 
15 co 0 x 0 = 86.37 cm -1 (13.284) 

The experimental anharmonic perturbation term, <o 0 x 0 , of U NH [28] is 

to Q x 0 = 78.4 cm~\ (13.285) 

The vibrational energies of successive states are given by Eqs. (13.280), (13.112), and 
(13.284). 

20 Using b given by Eq. (13.259), 2c' given by Eq. (13.257), D 0 given by Eq. (13.314), and 

the reduced nuclear mass of U ND given by 

_ m l m 2 _. (2)(14) m ?Rff> 

Mu ^-m 1+ m 2 - 2 + 14 ^ (13 ' 286) 

where m p is the proton mass, the corresponding parameters for deuterium nitride U ND (Eqs. 
(13.102-13.121)) are 



25 ^(O)^^^^^ 597 - 5 ^" 1 = 4.51835 JT10 14 radians Is (13.287) 

k(0) = 579.59 Nm~ l (13.288) 
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E vlb (0) = hco = h4.5lS35X 10 14 rad/s = 0.29741 eV = 2398.72 cm" 1 (13.289) 
£ WA (l) = 0.28710 (2305.35 cm- 1 ) (13.290) 

G) 0 x 0 = 47.40 cm -1 (13.291) 

£0, , from the experimental curve fit of the vibrational energies of 14 ND is [28] 
5 = 2398 cm" 1 (13.292) 

The experimental vibrational energy of l4 ND using a e and a> e x e [28] according to K&P [15] 

is 

E vib (1) = 0.2869 eV (2314 cm- 1 ) (13.293) 

and the experimental anharmonic perturbation term, co 0 x 0 , of 14 ND [28] is 
10 oj 0 x 0 = 42 cm' 1 (13.294) 

which match the predictions given by Eqs. (13.289), (13.290) and (13.291), respectively. 

Using Eqs. (13.133-13.134) and the internuclear distance, r = 2c', and reduced mass 
of 14 NH given by Eqs. (13.257) and (13.277), respectively, the corresponding B e is 

B e =16.495 cm' 1 (13.295) 
15 The experimental B e rotational parameter of 14 NH is [28] 

B e =16.6993 cm' 1 (13.296) 

Using the internuclear distance, r = 2c', and reduced mass of 14 ND given by Eqs. (13.257) 
arid (13.286), respectively, the corresponding B e is 

B e = 8.797 cm- 1 (13.297) 

20 The experimental B e rotational parameter of 14 iVD is [28] 

B a =8.7913 cm' 1 (13.298) 

THE DOPPLER ENERGY TERMS OF 14 Atff AND 14 ND 

The equations of the radiation reaction force of hydrogen and deuterium nitride are the same 
25 as those of the corresponding hydroxyl radicals with the substitution of the hydrogen and 
deuterium nitride parameters. Using Eqs. (11.136) and (13.140-13.141), the angular 
frequency of the reentrant oscillation in the transition state is 



WO 2007/051078 PCT/US2006/042692 

154 



co = 



i 



0.75e 2 

= 3.91850X 10 16 radls (13.299) 

where b is given by Eq. (13.259). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K =/i<» = /z3.91850X 10 16 rod I s = 25.79224 eV (13.300) 
5 In Eq. (11.181), substitution of the total energy of NH , E T (NH), (Eq. (13.253)) for E hft 
the mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.300) for E K 
gives the Doppler energy of the electrons for the reentrant orbit: 



= „ \1E K Tr 2e(25.79224 eV) 

E D s E hv yj-j^j =-31.63537 eV A v ^ ^ J - = -0.31785 eV (13.301) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
10 transition state at their corresponding frequency. The decrease in the energy of NH due to 
the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the 
electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 
Eq. (13.301) and E Kvjb , the average kinetic energy of vibration which is 1/2 of the vibrational 
energy of NH . Using the experimental U NH a> e of 3282.3 cm~\ (0.40696 eV) [28] 
15 E osc ( 14 NH) is 

E 0 4 14 NH) = E D +E Kvtb =E D+ \n^- (13.302) 

E osc [ u NH) = -0.31785 eV + ^(0.40696 eV) = -0.1 1437 eV (13.303) 

Using Eqs. (13.301) and the experimental U ND co e of 2398 cm' 1 (0.29732 eV) [28] 

E osc ( l4 ND) is 

20 E osc ( u ND) = -0.31785 + ^(0.29732 eF) = -0.16919 eV (13.304) 



TOTAL AND BOND ENERGIES OF 14 NH AND 14 ND 

e t+ osc { NH ) > tne total energy of the U NH radical including the Doppler term, is given by the 
sum of E T (NH) (Eq. (13.253)) and E osc ( u NH) given by Eq. (13.303): 



WO 2007/051078 



PCTYUS2006/042692 



155 



^r + « = V e +T + V m +V p +E(2p shell) + E osc ( U NH) 

= e t (nh)+e osc ("nh) 



(13.305) 



E T+0SC (NH) = - 



—e 



%7VS Q C 1 



^2 8a) a~c' 



■14.53414 eV\ 



1 + 





3 e 2 


2h^ 


4 Anejb 1 




m„c 2 



+— 
2 



2 V>" 



= -31.63537 eK-0.31785 eF + -ft 



From Eqs. (13.302-13.303) and (13.305-13.306), the total energy of 14 NH is 
E T+osc (NH) = -31.63537 eV + E osc ( U NH) 

= -31.63537 eF-0.31785 eV + ^(0.40696 eV) 
= -3 1.74974 



(13.306) 



(13.307) 



where the experimental o e was used for the h^- term. E T+osc (ND), the total energy of 

14 7VD including the Doppler term, is given by the sum of E T (ND) = E T (NH) (Eq. (13.253)) 
and E osc ( u ND) given by Eq. (13.304): 

Er+osc (ND) = -3 1 .63537 eV + E osc ( U ND) 

1 ' (13.308) 



= -31.63537 eF-0.31785eF + -|(0.29732eF) 
= -3 1.80456 eV 



10 where the experimental a> e was used for the hi — term. The dissociation of the bond of the 

hydrogen nitride forms a free hydrogen atom with one unpaired electron and a nitrogen atom 
with three unpaired electrons as shown in Eq. (13.246). The p x and p y fields cancel and the 

magnetic energy (Eq. (7.46) with r 7 = 0.93084a 0 is subtracted due to the one component of 
E mag given by Eq. (10.137): 

2nju 0 e 2 h 2 _ Sxy 0 /ul 



15 



E(magnetic) ■■ 



w e 2 (0.93084a 0 ) J (0.93084« 0 ) 3 



0.14185 eV 



(13.309) 
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The corresponding bond dissociation energy, E D , is given by the sum of the total energies of 
the nitrogen atom and the corresponding hydrogen atom minus the sum of E T ± 0SC (NH) and 
E (magnetic) : 

E D =E( 1A N) + E(H)-E T+osc (NH)-E (magnetic) (13.310) 

5 E( U N) is given by Eq. (13.251), E D {H) is given by Eq. (13.154), and E D (Z>) is given by 

Eq. (13.155). The U NH bond dissociation energy, E D ( U NH), is given by Eqs. (13.154), 

(13.251), (13.307), and (13.309-13.310): 

E D ( U NH) = -(14.53414 eF + 13.59844 eV) ~(E (magnetic) + E T+osc (NH)) 

= -28.13258 eF-(0.14185-31.74974eK) (13.311) 
= 3.47530 eV 

The experimental U NH bond dissociation energy from Ref. [29] and Ref. [30] is 

10 E D ( 14 NH) = 3. 42 eV (13.312) 

E D ( U NH)<3A1 eV (13.313) 

The 14 ND bond dissociation energy, E D ( U ND), is given by Eqs. (13.155), (13.251), 

(13.308), and (13.309-13.310): 

E D ( U ND) = -(14.53414 eF + 13.603 eV) -(E (magnetic) + E r+osc (ND)) 

= -28.13714 eF-(0.14185-31.80456er) (13.314) 
= 3.5256 eV 

15 The experimental U ND bond dissociation energy from Ref. [31] and Ref. [30] is 

E n ( U ND)< 339 kJlmol = 3.513 eV (13.315) 
E D ( U ND)<3.54 eV (13.316) 
The results of the determination of bond parameters of NH and ND are given in 
Table 13.1. The calculated results are based on first principles and given in closed-form, 
20 exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 



DIHYDROGEN NITRIDE (NH 2 ) 

The dihydrogen nitride radical NH 2 is formed by the reaction of a hydrogen atom with a 
25 hydrogen nitride radical: 
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NH + H^NH 2 (13.317) 
NH 2 can be solved using the same principles as those used to solve H 2 0 . Two diatomic 
molecular orbitals (MOs) developed in the Nature of the Chemical Bond of Hydrogen-Type 
Molecules and Molecular Ions section serve as basis functions in a linear combination with 
5 two nitrogen atomic orbitals (AOs) to form the MO of NH 2 . The solution is very similar to 
that of NH except that there are two NH bonds in NH 2 . 



FORCE BALANCE OF NH 2 

NH 2 comprises two chemical bonds between nitrogen and hydrogen. Each N-H 
10 bond comprises two spin-paired electrons with one from an initially unpaired electron of the 
nitrogen atom and the other from the hydrogen atom. Each H -atom electron forms a H 2 - 

type ellipsoidal MO with one of the initially unpaired N -atom electrons, 2p x or 2p y 9 such 
that the proton and the N nucleus serve as the foci. The initial N electron configuration 
given in the Seven-Electron Atoms section is ls 2 2s 2 2p 3 , and the orbital arrangement is 

15 given by Eqs. (10.134) and (13.246). The radius and the energy of the N2p shell are 
unchanged with bond formation. The central paramagnetic force due to spin of each N-H 
bond is provided by the spin-pairing force of the NH 2 MO that has the symmetry of an s 
orbital that superimposes with the N2p orbitals such that the corresponding angular 
momenta are unchanged. 

20 As in the case of H 2 , each of two N-H -bond MOs is a prolate spheroid with the 

exception that the ellipsoidal MO surface cannot extend into N atom for distances shorter 
than the radius of the 2 p shell since it is energetically unfavorable. Thus, the MO surface 
comprises a prolate spheroid at each H proton that is continuous with the 2 p shell at the N 
atom. The energies in the NH 2 MO involve only each N2 p and each His electron with the 

25 formation of each N-H bond. The sum of the energies of the prolate spheroids is matched 
to that of the 2p shell. The forces are determined by these energies. As in the case of NH , 

the linear combination of each H 2 -type ellipsoidal MO with each N2 p AO must involve a 

25% contribution from the H 2 -type ellipsoidal MO to the N2p AO in order to match 

potential, kinetic, and orbital energy relationships. Thus, the NH 2 MO must comprise two 
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N-H bonds with each comprising 75% of a # 2 -type ellipsoidal MO (1/2 +25%) and a 
nitrogen AO: 

[lN2p x AO + 0J5H 2 MO] + [l N2p y AO + QJ5H 2 MO\-±NH 2 MO (13.318) 



The force constant k* of the each H 2 -type-ellipsoidal-MO component of the NH 2 
MO is given by Eq. (13.248). The distance from the origin of each N-H -bond MO to each 
focus c 1 is given by Eq. (13.249). The internuclear distance is given by Eq. (13.250). The 
length of the semiminor axis of the prolate spheroidal N-H -bond MO b = c is given by Eq. 

10 (13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a 
then allows for the solution of the other axes of each prolate spheroid and eccentricity of each 
N-H -bond MO. Since each of the two prolate spheroidal N-H -bond MOs comprises a 
H 2 -type-ellipsoidal MO that transitions to the N AO, the energy E in Eq. (13.251) adds to 
that of the two corresponding H 2 -type ellipsoidal MOs to give the total energy of the NH 2 

15 MO. From the energy equation and the relationship between the axes, the dimensions of the 
NH 2 MO are solved. 

The energy components of V e , V p , T , V m9 and E T are twice those of OH and NH 
given by Eqs. (13.67-13.73) and equal to those of H 2 0 given by Eqs. (13.172-13.178). 
Similarly to H 2 0 9 since the each prolate spheroidal H 2 -type MO transitions to the AO 
20 and the energy of the N2p shell must remain constant and equal to the negative of the 
ionization energy given by Eq. (13.251), the total energy E T (NH 2 ) of the NH 2 MO is given 
by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the N AO and the two H 2 -type ellipsoidal MOs that forms the NH 2 MO as 
given by Eq. (13.318): 



The two hydrogen atoms and the nitrogen atom can achieve an energy minimum as a linear 
combination of two H 2 -type ellipsoidal MOs each having the proton and the nitrogen 
nucleus as the foci. Each N- H -bond MO comprises the same N2p shell of constant 



5 



E T {NH 2 ) = E T +E(2p shell) 



25 



= E T - EQonization; N) 



(13.319) 
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energy given by Eq. (13.251). Thus, the energy of the NH 2 MO is also given by the sum of 
that of the two # 2 -type ellipsoidal MQs given by Eq. (11.212) minus the energy of the 
redundant nitrogen atom of the linear combination given by Eq. (13.251): 



E T {2H 2 -N) = -2 



8xe 0 a 0 



2V2-V2 + 



72 V. 72+1 
72-1 



In 



-72 



-E(2p shell) 



= 2 (-3 1.63536831 eF)-(-14.53414 eV) 
= -48.73660 eV 



(13.320) 



5 E T {NH 2 ) given by Eq. (13.319) is set equal to two times the energy of the i^-type 
ellipsoidal MO minus the energy of the N2p shell given by Eq. (13.320): 



E T [NH 2 ) = - 



4tvs 0 c ' 



3 3 a 0 
2 8 a 



1 a + c 1 
In 1 

a — c' 



-14.53414 eV = -48.73660 eV 



(13.321) 

From the energy relationship given by Eq. (13.321) and the relationship between the axes 
10 given by Eqs. (13.248-13.250) and (13.62-13.63), the dimensions of the NH 2 MO can be 
solved. 

Substitution of Eq. (1 3 .249) into Eq. (1 3 .32 1) gives 



$7te 0 70.7121 54aa 0 



2 8a 



, a + J0.712154aa n 
In — v , -1 



= e34.20246 (13.322) 



a- 70.7121 54aa 0 

The most convenient way to solve Eq. (13.322) is by the reiterative technique using a 
1 5 computer. The result to within the round-off error with five-significant figures is 



a = 1.36276a n =7.21 141 X 10 



m 



Substitution of Eq. (13.323) into Eq. (13.249) gives 

c' = 0.98514a 0 =5.21312X 10 _n m 
The internuclear distance given by multiplying Eq. (13.324) by two is 
20 2c' = 1 .97027a 0 = 1 .04262 X 1 0" 10 m 

The experimental bond distance is [32] 

2c' = 1.024X lO -10 m 
Substitution of Eqs. (13.323-13.324) into Eq. (13.62) gives 



b = c = 0.941 60or 0 = 4.98276 X 10~ n m 

25 Substitution of Eqs. (13.323-13.324) into Eq. (13.63) gives 
e = 0.72290 



(13.323) 
(13.324) 
(13.325) 

(13.326) 
(13.327) 
(13.328) 
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The nucleus of the H atom and the nucleus of the N atom comprise the foci of the H 2 -type 

ellipsoidal MO. The parameters of the point of intersection of each # 2 -type ellipsoidal MO 

and the N2p x AO or N2p y AO are given by Eqs. (13.84-13.95) and (13.261-13.270). 

Using Eqs. (13.323-13.325) and (13.327-13.328), the polar intersection angle 0' given by 
5 Eq. (13.261) with r n = r 7 = 0.93084a 0 is 

0' = 114.61° (13.329) 
Then, the angle 9 N2pAO the radial vector of the N2p x AO or N2p y AO makes with the 
internuclear axis is 

^n2 P ao =180° — 114.61° = 65.39° (13.330) 
10 as shown in Figure 10. The angle 0 HiMO between the internuclear axis and the point of 
intersection of each H 2 -type ellipsoidal MO with the N radial vector given by Eqs. (13.264- 
13.265), (13.327), and (13.330) is 

<Vo =64.00° (13.331) 

Then, the distance d HiMO along the internuclear axis from the origin of H 2 -type ellipsoidal 

15 MO to the point of intersection of the orbitals given by Eqs. (13.267), (13.323), and (13.331) 
is 

d H,Mo =0.59748a 0 =3.16175 X 10"" m (13.332) 
The distance d N2pAO along the internuclear axis from the origin of the TV atom to the point of 
intersection of the orbitals given by Eqs. (1 3 .269), (1 3 .324), and (1 3 .332) is 

20 d N2pAO = 0.3 8765a 0 = 2.051 37 X 1 0 -11 m (13.333) 

As shown in Eq. (13.318), in addition to the p -orbital charge-density modulation, the 
uniform charge-density in the p x and p y orbitals is increased by a factor of 0.25 and the H 
atoms are each decreased by a factor of 0.25. Using the orbital composition of NH 2 (Eq. 
(13.318)), the radii of AOs = 0.14605a 0 (Eq. (10.51)), N2s = 0.69385a 0 (Eq. (10.62)), and 

25 jV2;? = 0.93084a 0 (Eq. (10.142)) shells, and the parameters of the NH 2 MO given by Eqs. 
(13.3-13.4) and (13.323-13.333), the charge-density of the NH 2 MO comprising the linear 
combination of two N-H -bond MOs (NH -type ellipsoidal MOs given in the Energies of 
NH section) according to Eq. (13.318) is shown in Figure 12. Each N-H -bond MO 
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comprises a H 2 -type ellipsoidal MO and an N2p AO having the dimensional diagram 
shown in Figure 10. 



ENERGIES OF NH 2 

5 The energies of NH 2 given by the substitution of the semiprincipal axes ((Eqs. (13.323- 
13.325) and (13.327)) into the energy equations (Eqs. (13.172-13.176)) are 

r.-ff| ~f 2 2 ln a + f/^ =-75.71422 g F (13.334) 
\^)%7rsja 2 -b 2 a -4a 2 -b 2 



e 2 



V p = 2 =_= = 27.62216 eV (13.335) 

87T£ Q \Ja -b 

h 2 , a + Ja 2 -b 2 

/ 2 /, , = 27.77974 eV (13.336) 



10 













2): 




( 3 ) 


v m = 









f ln g + ^ a b =-13.88987 eV (13.337) 

Am e ayja -b a-\ja -b 



E T [NH 2 ) = - 



e 2 



<3 3 g 0in g + c ' i 
^2 8 a J «-c' 



-14.53414 eV = -48.73633 eV 



4ne 0 c ' 
(13.338) 

where E T (NH 2 ) is given by Eq. (13.319) which is reiteratively matched to Eq. (13.320) 
within five-significant-figure round-off error. 

15 

VIBRATION OF NH 2 

The vibrational energy levels of NH 2 may be solved as two equivalent coupled harmonic 
oscillators by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [2] wherein the spring constants are derived from the central forces as 
20 given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 



THE DOPPLER ENERGY TERM OF NH 2 

The radiation reaction force in the case of the vibration of NH 2 in the transition state 
25 corresponds to the Doppler energy, E D , given by Eq. (11.181) and Eqs. (13.22) and (13.144) 
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that is dependent on the motion of the electrons and the nuclei. The kinetic energy of the 
transient vibration is derived from the corresponding central forces. The equations of the 
radiation reaction force of dihydrogen and dideuterium nitride are the same as those of the 
corresponding water molecules with the substitution of the dihydrogen and dideuterium 
5 nitride parameters. Using Eqs. (11.136) and (13.207-13.209), the angular frequency of the 
reentrant oscillation in the transition state is 



i 



f-1— 



Attf Jy* 

°— = 5.541 50 X 10 16 rod Is (13.339) 

m e 

where b is given by Eq. (13.327). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

10 E K = ha = h5. 54150 X 10 16 rad I s = 36.47512 eV (13.340) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each H 2 -type MO, for E hv , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (13.340) for E K gives the Doppler energy of the electrons for the 
reentrant orbit: 



% =-31.63537 , r p**™™l 

MC V 777 C 



15 E D = E hv = ~"3 1 .63537 eV — * _ / = -0.37798 eV (13.341) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of NH 2 due to 
the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the 
electrons and nuclei, E osc 9 is given by the sum of the corresponding energies, E D given by 

20 Eq. (13.341) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational 
energy of NH 2 . Using the experimental U NH 2 vibrational energy of 
E vib = 3301.1 10 cm" 1 = 0.40929 eV [33] gives 

E\ sc = E D + E Kvib = E D +^*^ (13.342) 

E } osc = -0.37798 + -(0.40929 eV) = -0.17334 eV (13.343) 

25 per bond. As in the case for H 2 0 , the reentrant orbit for the binding of a hydrogen atom to a 
NH radical causes the bonds to oscillate by increasing and decreasing in length along the 
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two N-H bonds at a relative phase angle of 180°. Since the vibration and reentrant 
oscillation is along two bonds for the asymmetrical stretch (v 3 ), E osc for W NH 2 , 



E 0 ^NH 2 ) = 2^E D+ U^ 

= 2^-0.37798 eF + ^-(0.40929 eV)j 



(13.344) 
= -0.34668 eV 

5 Using Eq. (13.341), Eqs. (13.342-13.344), and the H ND 2 vibrational energy of 

E vib = 2410.79 cm" 1 = 0.29890 eV , calculated from the experimental U NH 2 vibrational 
energy using Eq. (1 1 . 148), the corresponding E osc ( l4 ND 2 ) is 



E osc ( u ND 2 ) = 2^-0.37798 eV +-(0.29890 eV)\ 

V 2 J 



(13.345) 



= -0.45707 eV 



10 TOTAL AND BOND ENERGIES OF U NH 2 AND U ND 2 



E T+osc [ u NH 2 ), the total energy of the 14 NH 2 including the Doppler term, is given by the sum 

of E T [NH 2 ) (Eq. (13.321)) and E osc { lA NH 2 ) given Eqs. (13.339-13.344): 

E T+osc { »NH 2 ) = V e +T + V m +V p +E (N2p) + E osc ( U NH 2 ) 
= E T {NH 2 ) + E 0SC ( U NH 2 ) 



Et +0 sc[ U NH 2 ) = 



3 3 a ° lln a + C ' 1 



2 8 a J a — c 



-14.53414 eV 



-2 



(31.63536831 eV)^ 



2h\ 



1 2 A^stf 



mc 



2 if, 



c 1 ZIP 

0.37798 eV--hJ— 
2 



= -48.73660 eV -2 
15 From Eqs. (13.344) and (13.346-13.347), the total energy of U NH 2 is 



(13.346) 



(13.347) 
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E T+0SC { U NH 2 ) = -48.73660 eV + E 0SC ( U NH 2 ) 

= -48.73660 eV-li 0.37798 eV --(0.40929 eV)\ (13.348) 
V 2 J 

= -49.08328 eV 

where the experimental U NH 2 vibrational energy was used for the term. 

E Ti . osc [ 14 ND 2 j , the total energy of U ND 2 including the Doppler term is given by the sum of 
E T (ND 2 ) = E T (NH 2 ) (Eq. (13.321)) and E osc ( u ND 2 ) given by Eq. (13.345): 
E T+osc { U ND 2 ) = -48.73660 eV + E osc ( 14 M) 2 ) 
5 =-48.73660 eV - 2^0.37798 eF--^(0.29890 eF)J (13.349) 

= -49.19366 eV 

where the experimental U NH 2 vibrational energy corrected for the reduced mass difference 

of hydrogen and deuterium was used for the h^- term. The corresponding bond 

dissociation energy, E D , is given by the sum of the total energies of the corresponding 
hydrogen nitride radical and hydrogen atom minus the total energy of dihydrogen nitride, 
10 E T+osc ( u NH 2 ). 

Thus, E D of 14 NH 2 is given by: 

E D { U NH 2 ) = E(H) + ECNH)-E T+0SC { U NH 2 ) (13.350) 
where E T ( U NH) is given by the of the sum of the experimental energies of 14 N (Eq. 
(13.251)), H (Eq. (13.154)), and the negative of the bond energy of l4 NH (Eq. (13.312)): 
15 J B( 14 iVH') = -13.59844eF-14.53414eF-3.42eF = -31.55258 eV (13.351) 

FromEqs. (13.154), (13.348), and (13.350-13.351), E D [ l4 NH 2 ] is 

E D [ 14 NH 2 ) = E(H) + EC 4 NH)-E T+osc [ U NH 2 ) 

= -13.59844 eF-31.55258 eF- (-49.08328 eV) (13.352) 
= 3.9323 eV 

The experimental X4 NH 2 bond dissociation energy from Ref. [34] and Ref. [35] is 

E D { U NH 2 ) = 88 + 4 kcal/mole = 3.8160 eV (13.353) 
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E D ( H NH 2 ) = 91.0 ±0.5 kcal/mole = 3.9461 eV 
Similarly, E D of U ND 2 is given by: 



(13.354) 



E D { H ND 2 ) = E(D) + E( 14 ND) - ( E T+0SC ( »ND 2 )) 



(13.355) 



where E T { ND) is given by the of the sum of the experimental energies of 14 N (Eq. 
5 (13.251)), D (Eq. (13.155)), and the negative of the bond energy of U ND (Eq. (13.315)): 



E D ( H ND 2 ) = -13.603 eV -31.6506 eV -(-49.19366 eV) 
= 3.9401 eV 

The 14 ND 2 bond dissociation energy calculated from the average of the experimental bond 
10 energies [34-35] and vibrational energy of l4 NH 2 [33] is 



= -(3.8160 eV + 3.9461 eF) + -(0.40929 eF-0.29890 eV) (13.358) 

= 3.9362 eV 

BOND ANGLE OF NH 2 

The NH 2 MO comprises a linear combination of two N — H -bond MOs. Each N — H -bond 

15 MO comprises the superposition of a H 2 -type ellipsoidal MO and the N2p x AO or the 

N2p y AO with a relative charge density of 0.75 to 1.25; otherwise, the N2p AOs are the 

same as those of the nitrogen atom. A bond is also possible between the two H atoms of the 
N-H bonds. Such H — H bonding would decrease the N - H bond strength since 
electron density would be shifted from the N - H bonds to the H -H bond. Thus, the bond 
20 angle between the two N -H bonds is determined by the condition that the total energy of 
the Z7 2 -type ellipsoidal MO between the terminal H atoms of the N- H bonds is zero. 

From Eqs. (11.79) and (13.228), the distance from the origin to each focus of the H-H 
ellipsoidal MO is 



E( l4 ND) = -13.603 eF-14.53414eF--3.513 eV = -31.6506 eV 
From Eqs. (13.155), (13.349), and (13.355-13.356),^ ( 14 M) 2 ) is 



(13.356) 




)) 




(13.359) 
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The internuclear distance from Eq. (13.229) is 



2c' = 2 J^ 



(13.360) 



The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. 
(13.167). 

5 Since the two # 2 -type ellipsoidal MOs comprise 75% of the H electron density of 

H 2 and the energy of each # 2 -type ellipsoidal MO is matched to that of the N2p AO; the 
component energies and the total energy E T of the H-H bond are given by Eqs. (13.67- 
13.73) except that V e , T, and V m are corrected for the energy matching factor of 0.93613 
given in Eq. (13.248). Substitution of Eq. (13.359) into Eq. (13.233) with the energy- 

10 matching factor gives 



0 = 



— e 



(0.93613)" 



3 3 o, 
2~S~a 



a + . 



ln- 



a- 



aa n 



r-l 



1 + 



2h^ 


0.75e 2 




m e 


m e c 2 



2 



0.75e 2 


e 2 




%ns Q (a + c ') 3 



0.5m r 



(13.361) 

From the energy relationship given by Eq. (13.361) and the relationship between the axes 
given by Eqs. (13.359-13.360) and (13.167-13.168), the dimensions of the H-H MO can 
1 5 be solved. 

The most convenient way to solve Eq. (13.361) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 4.9500a n =2.6194 X 10 



-10 



m 



Substitution of Eq. (13.362) into Eq. (13.359) gives 



20 



c' = 1.5732a 0 =8.3251 X 10 



m 



The internuclear distance given by multiplying Eq. (13.363) by two is 

2c' = 3. 1464« 0 =1.6650 A" 10" 10 m 
Substitution of Eqs. (13.362-13.363) into Eq. (13.167) gives 



b = c = 4.6933a n = 2.4836 X 10 



-10 



m 



(13.362) 
(13.363) 
(13.364) 
(13.365) 



25 Substitution of Eqs. (13.362-13.363) into Eq. (13.168) gives 
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e = 0.3178 (13.366) 
Using, 2c ' H _ H (Eq. (13.364)), the distance between the two H atoms when the total 
energy of the corresponding MO is zero (Eq. (13.361)), and 2c\_ H (Eq. (13.325)), the 
internuclear distance of each N-H bond, the corresponding bond angle can be determined 
5 from the law of cosines. Using, Eq. (13.242), the bond angle 6 between the N - H bonds is 

^ 2(L9703) 2 -(3.1464) 2 ^ 

(13.367) 



e = cos" 1 



2(1.9703) 2 
= cos" 1 (-0.2751) = 105.969° 
The experimental angle between the N-H bonds is [32] 

0 = 103.3° (13.368) 
The results of the determination of bond parameters of NH 2 and ND 2 are given in 
10 Table 13.1. The calculated results are based on first principles and given in closed-form, 
exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 

AMMONIA (NH 3 ) 

15 Ammonia (NH 3 ) is formed by the reaction of a hydrogen atom with a dihydrogen nitride 
radical: 

NH 2 +H^>NH 3 (13.369) 
NH 3 can be solved using the same principles as those used to solve NH 2 except that three 
rather than two H 2 -type prolate spheroidal molecular orbitals (MOs) serve as basis functions 
20 in a linear combination with nitrogen atomic orbitals (AOs) to form the MO of NH 3 . 

FORCE BALANCE OF NH 3 

NH 3 comprises three chemical bonds between nitrogen and hydrogen. Each N-H 
bond comprises two spin-paired electrons with one from an initially unpaired electron of the 
25 nitrogen atom and the other from the hydrogen atom. Each H -atom electron forms a H 2 - 
type ellipsoidal MO with one of the initially unpaired vV -atom electrons, 2p x9 2p y ,ox 2p z , 
such that the proton and the N nucleus serve as the foci. The initial N electron 
configuration given in the Seven-Electron Atoms section is 1^ 2 2^ 2 2^ 3 , and the orbital 
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arrangement is given by Eqs. (10.134) and (13.246). The radius and the energy of the N2p 
shell are unchanged with bond formation. The central paramagnetic force due to spin of each 
N - H bond is provided by the spin-paring force of the NH 3 MO that has the symmetry of 
an s orbital that superimposes with the N2 p orbitals such that the corresponding angular 
5 momenta are unchanged. 

As in the case of H 2 , each of three N-H -bond MOs is a prolate spheroid with the 
exception that the ellipsoidal MO surface cannot extend into the N atom for distances 
shorter than the radius of the 2p shell since it is energetically unfavorable. Thus, the MO 
surface comprises a prolate spheroid at each H proton that is continuous with the 2 p shell at 

10 the N atom. The energies in the NH 3 MO involve only each N2p and each His electron 
with the formation of each N-H bond. The sum of the energies of the prolate spheroids is 
matched to that of the 2p shell. The forces are determined by these energies. As in the 
cases of NH and NH 2 , the linear combination of each H 2 -type ellipsoidal MO with each 
N2 p AO must involve a 25% contribution from the H 2 -type ellipsoidal MO to the N2 p 

15 AO in order to match potential, kinetic, and orbital energy relationships. Thus, the NH 3 MO 

must comprise three N-H bonds with each comprising 75% of a H 2 -type ellipsoidal MO 

(1/2 +25%) and a nitrogen AO: 

[lN2p x AO + 0.75 H 2 M0] + [l N2p y AO + 0.7 5 H 2 MO] + [l N2p z AO + 0.75 H 2 MO] 

->NH 3 MO 

(13.370) 

20 The force constant k } of the each H 2 -type-ellipsoidal-MO component of the NH 3 

MO is given by Eq. (13.248). The distance from the origin of each N-H -bond MO to each 
focus c' is given by Eq. (13.249). The internuclear distance is given by Eq. (13.250). The 
length of the semiminor axis of the prolate spheroidal N-H -bond MO b = c is given by Eq. 
(13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a 
25 then allows for the solution of the other axes of each prolate spheroid and eccentricity of each 
N — H -bond MO. Since each of the three prolate spheroidal N-H -bond MOs comprises a 
H 2 -type-ellipsoidal MO that transitions to the N AO, the energy E in Eq. (13.251) adds to 
that of the three corresponding H 2 -type ellipsoidal MOs to give the total energy of the NH 3 
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MO. From the energy equation and the relationship between the axes, the dimensions of the 
NH 3 MO are solved. 

The energy components of V e , V p 9 T, V m 9 and E T are three times those of OH and 
NH given by Eqs. (13.67-13.73) and 1.5 times those of H 2 0 given by Eqs. (13.172-13.178). 
5 Similarly to H 2 0, since the each prolate spheroidal # 2 -type MO transitions to the N AO 
and the energy of the N2p shell must remain constant and equal to the negative of the 
ionization energy given by Eq. (13.251), the total energy E T (NH 3 ) of the NH 3 MO is given 
by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the N AO and the three H 2 -type ellipsoidal MOs that forms the NH 3 MO as 
10 given by Eq. (13.370): 

E T (NH 2 ) = E T +E(2p shell) 

= E T — E (ionization; N) (13.371) 



^3 3 <0 



0 



1 a +' c * 1 

In 1 



-14.53414 eV 



2 8 a 

The three hydrogen atoms and the nitrogen atom can achieve an energy minimum as a linear 
combination of three H 2 -type ellipsoidal MOs each having the proton and the nitrogen 
nucleus as the foci. Each N-H -bond MO comprises the same N2p shell of constant 

15 energy given by Eq. (13.251). Thus, an energy term of the NH 3 MO is given by the sum of 
the three H 2 -type ellipsoidal MOs given by Eq. (11.212) minus the energy of the redundant 
nitrogen atom of the linear combination given by Eq. (13.251). The total sum is determined 
by the energy matching condition of the binding atoms. 

In Eq. (13.248) 5 the equipotential condition of the union of each H 2 -type-ellipsoidal- 

20 MO and the N AO was met when the force constant used to determine the ellipsoidal 
parameter c 1 was normalized by the ratio of the ionization energy of TV 14.53414eF [6] 
and 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton 
of H given by Eq. (1.243). This normalized the force to match that of the Coulombic force 
alone to meet the force matching condition of the NH MO under the influence of the proton 

25 and the N nucleus. The minimum total energy of the NH 3 MO from the sum of energies of 
a linear combination from four atoms is determined using the energy matching condition of 
Eq. (13.248). Since each of the three prolate spheroidal N — H -bond MOs of NH 3 
comprises a H 2 -type-ellipsoidal MO that transitions to the N AO and the energy matching 
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condition is met, the nitrogen energy E (Eq. (13.251)) and the energy (Eq. (1.243)) of a 
hydrogen atomic orbital (H AO), E Coulomb (H), corresponding to the Coulombic force of +e 
from the nitrogen nucleus is subtracted from the sum of the energies of the three 
corresponding H 2 -type ellipsoidal MOs to given an energy minimum. From another 
5 perspective, the electron configuration of NH 2 is equivalent to that of OH and is given by 
Eq. (10.174). NH 2 serves as a one-electron atom that is energy matched by the H AO as a 
basis element to minimize the energy of NH 3 in the formation of the third N-H -bond. 

„2 



E T (3H 2 -N-H) = 



-3- 



8n:e 0 a 0 



2V2-V2 + ^V# ±i -^ 
2 J V2-1 



-E(N2p shell)- E Coulomb {H) 
= 3(-31.63536831eF)-(-14.53414eF-13.605804eF) (13.372) 
= -66.76616 eV 

E T (NH 3 ) given by Eq. (13.371) is set equal to Eq. (13.372), three times the energy of the 
10 H 2 -type ellipsoidal MO minus the energy of the N2p shell and the H AO: 



E T {NH 3 ) = -3 



%7ve Q c ' 





(3 


3 




In 


a + c' ^ 




U 


8 


a j 




a-c' 



-14.53414 eV = -66.76616 eV 



= e52.23202 (13.374) 



(13.373) 

From the energy relationship given by Eq. (13.373) and the relationship between the axes 
given by Eqs. (13.248-13.250) and (13.62-13.63), the dimensions of the NH 3 MO can be 
15 solved. 

Substitution of Eq. (13.249) into Eq. (13.373) gives 

3e 2 173 3 aA fl + V0.712154fla 0 { 

8^ 0 V0.712154a« 0 |_U 8 a ) a-yj0J12l54aa 0 
The most convenient way to solve Eq. (13.374) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 
20 a = 1.34750a 0 = 7.13066 X lO" 11 m (13.375) 

Substitution of Eq. (13.375) into Eq. (13.249) gives 

c' = 0.97961a 0 = 5.18385 X 10 _u m 
The internuclear distance given by multiplying Eq. (13.376) by two is 



(13.376) 



2c' =1. 95921 a 0 = 1.03677 X 10 



-10 



m 



(13.377) 
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The experimental bond distance is [32] 

2c' = 1.012 X 1(T 10 m (13.378) 
Substitution of Eqs. (13.375-13.376) into Eq. (13.62) gives 

b = c = 0.92527a 0 = 4.89633 X 10" 11 m (13.379) 

5 Substitution of Eqs. (13.375-13.376) into Eq. (13.63) gives 

e = 0.72698 (13.380) 
The nucleus of the H atom and the nucleus of the N atom comprise the foci of the H 2 -type 

ellipsoidal MO. The parameters of the point of intersection of each H 2 -type ellipsoidal MO 

and the N2p x , N2p y , or N2p z AO are given by Eqs. (13.84-13.95), (13.261-13.270), and 

10 (13.261-13.270). Using Eqs. (13.375-13.377) and (13.379-13.380), the polar intersection 
angle 0' given by Eq. (13.261) with r n =r n = 0.93084« 0 is 

0' = 115.89° (13.381) 
Then, the angle 9 mpA0 the radial vector of the N2p x , N2p y , or N2p z AO makes with the 

internuclear axis is 

15 9 n2pao =180 o -115.89° = 64.11° (13.382) 

as shown in Figure 10. The angle 6 HiMO between the internuclear axis and the point of 
intersection of each H 2 -type ellipsoidal MO with the N radial vector given by Eqs. (13.264- 
13.265), (13.379), and (13.382) is 

0*^=64.83° (13.383) 

20 Then, the distance d HiMO along the internuclear axis from the origin of H 2 -type ellipsoidal 

MO to the point of intersection of the orbitals given by Eqs. (13.267), (13.375), and (13.383) 
is 

d Hl Mo = 0.57314a 0 = 3.03292 X 10 -11 m (13.384) 
The distance d N2pAO along the internuclear axis from the origin of the N atom to the point of 
25 intersection of the orbitals given by Eqs. (13.269), (13.376), and (13.384) is 

d N i pAO = 0.40647a 0 = 2.15093 X 10 -11 m (13.385) 
As shown in Eq. (13.370), in addition to the p -orbital charge-density modulation, the 
uniform charge-density in the p x , p y , and p z orbitals is increased by a factor of 0.25 and the 
H atoms are each decreased by a factor of 0.25. Using the orbital composition of NH 3 (Eq. 
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(13.370)), the radii of Nls = 0.14605a 0 (Eq. (10.51)), N2s = 0.693 85a 0 (Eq. (10.62)), and 
N2p^0.930S4a Q (Eq. (10.142)) shells, and the parameters of the NH 3 MO given by Eqs. 
(13.3-13.4) and (13.375-13.385), the charge-density of the NH 3 MO comprising the linear 
combination of three N-H -bond MOs (NH -type ellipsoidal MOs given in the Energies of 
5 NH section) according to Eq. (13.370) is shown in Figure 13. Each N-H -bond MO 
comprises a H 2 -type ellipsoidal MO and an N2p AO having the dimensional diagram 
shown in Figure 10. 

ENERGIES OF NH 3 

10 The energies of NH 3 given by the substitution of the semiprincipal axes ((Eqs. (13.375- 
13.377) and (13.379)) into the energy equations (Eqs. (13.67-13.73)) multiplied by three are 



V = sf-l Y ln a + ^ 2 h% = -1 15.28799 eV (13.386) 



'0 

V p =3 . =41.66718 eV (13.387) 

87T£ n y/a 2 -b 2 



T = 3 



^1] y ln g+ ^_ — = 42.77848 eV (13.388) 

\4)2m e ayja 2 -b 2 a—s/a 2 -b 2 



15 K=3 



^3^| -h 2 , a + yja 2 -b 2 



In , = -21.38924 eV (13.389) 



2 

E T (NH 3 ) = -3 



4m e ayja 2 —b 2 a — V# 2 —b 2 

-14.53414 eV = -66.76571 eV 



8ns 0 c ' 



3 3 fl„ 
2 8 a 



ln^-1 



(13.390) 

where E T (NH 3 ) is given by Eq. (13.371) which is reiteratively matched to Eq. (13.372) 
within five-significant-figure round-off error. 1 

20 

VIBRATION OF NH 3 

The vibrational energy levels of NH 3 may be solved as three equivalent coupled harmonic 

oscillators by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [2] wherein the spring constants are derived from the central forces as 
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given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERM OF NH 3 
5 The radiation reaction force in the case of the vibration of NH 3 in the transition state 
corresponds to the Doppler energy, E D , given by Eq. (11.181) and Eqs. (13.22) and (13.144) 

that is dependent on the motion of the electrons and the nuclei. The kinetic energy of the 
transient vibration is derived from the corresponding central forces. The equations of the 
radiation reaction force of ammonia are the same as those of the corresponding water and 
10 dihydrogen and dideuterium nitride radicals with the substitution of the ammonia parameters. 
Using Eqs. (1 1.136) and (13.207-13.209), the angular frequency of the reentrant oscillation in 
the transition state is 



0 = 5.68887 X 10 16 radls (13.391) 

m e 

where b is given by Eq. (13.379). The kinetic energy, E K9 is given by Planck's equation 
15 (Eq. (11.127)): 

E K =hco = h5.688S7X 10 16 radls = 37.44514 eV (13.392) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each 77 2 -type MO acting independently due to the D 3h symmetry point group, for 
E hv 5 the mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.392) for 
20 E K gives the Doppler energy of the electrons of each of the three bonds for the reentrant 
orbit: 

E D s E hv A^kr =-31.6353683 eV j 2e ( 37A45 ^ 4 eV ) =-038298 e V (13.393) 
V Mc \j m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 

transition state at their corresponding frequency. The decrease in the energy of NH 3 due to 

25 the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the 

electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (13.393) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational 
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energy of NH 3 . Using the experimental l4 NH 3 vibrational energy of 
E vlb = 3443.59 an 1 = 0.426954 eV [36] gives 

E\ sc = E D+ E Kvlb = E D (13394) 

E'osc = -0.38298 eF+i(0.426954 eV) = -0.16950 eV (13.395) 

5 per bond. The reentrant orbit for the binding of a hydrogen atom to a NH 2 radical involves 
three N-H bonds. Since the vibration and reentrant oscillation is along three bonds, E osc 
for U NH 3 , E osc ( u NH 3 ), is: 



E 0SC ( U NH 3 ) = 1 



( 1 ^ 

= 3 -0.38298 eV + -(0.426954 eV) (13.396) 
V 2 J 

= -0.50850 eV 

Using Eq. (13.393), Eqs. (13.394-13.396), and the U ND 3 experimental vibrational 

10 energy of E vib = 2563.96 cm -1 = 0.317893 eV [36], the corresponding E mc ( U ND 2 ) is 

— ( 1 

E osc ( u ND 3 ) = 3 -0.38298 eV +-(0.3 17893 eV) 



f 1 \ 

(13.397) 



v ^ / 

= -0.67209 eV 



TOTAL AND BOND ENERGIES OF U NH 3 AND U ND 3 



E T+0SC ^NH^, the total energy of the U NH 3 including the Doppler term, is given by the sum 

15 of E T (NH 3 ) (Eq. (13.373)) and E osc ( 14 NH 3 ) given Eqs. (13.391-13.396): 

E T+0SC { U NH 3 ) = V e+ T + V m+ V p + E(N2p) + E osc ( «NH 3 ) 
= E T {NH 3 ) + E 0SC ("NH 3 ) 



WO 2007/051078 



PCT/US2006/042692 



-e 



$xe 0 c ' 



175 

"3 3 ao\a + C 1 
^2 8 a J a-c' 



-14.53414 eV 



-3 



(31.63536831 eV)^ 





3 e 2 


2 4w/ 




m,c 2 



2 V// 



(13.399) 



= -66.76616 eF- 3 0.38298 eV--H J— 
I 2 Vi" 



From Eqs. (13.396) and (13.398-13.399), the total energy of 14 iVH 2 is 
E T+osc { U NH 3 ) = -66.76616 + E 0SC ( i4 NH 3 ) 

= -66.76616 eF-3^0.38298 eF- ^-(0.426954 



= -67.27466 



(13.400) 



where the experimental U NH 3 vibrational energy was used for the term. 

5 E T+osc [ U ND 3 ] , the total energy of U ND 3 including the Doppler term is given by the sum of 
E T {ND 3 ) = E T {NH 3 ) (Eq. (13.373)) and E osc ( u ND 3 ) given by Eq. (13.397): 
E T , OS0 { U ND 3 ) = -66.76616 eV + E 0SC ( l4 ND 3 ) 



= -66.76616 eF-3^0.38298 1(0.317893 eV)j (13.401) 



= -67.43780 eV 

where the experimental U ND 3 vibrational energy was used for the h i — term. The 

V M 

corresponding bond dissociation energy, E D , is given by the sum of the total energies of the 
10 corresponding dihydrogen nitride radical and hydrogen atom minus the total energy of 
ammonia, E T+osc ( U NH 3 ) . 

Thus, E D of U NH 3 is given by: 

E D ( 14 NH 3 ) = E{H) + E( U NH 2 ) - E T+0SC [ U NH 3 ) (13 .402) 

where E T C i NH 2 ) is given by the of the sum of the experimental energies of 14 N (Eq. 
15 (13.251)), two H (Eq. (13.154)), and the negative of the bond energies of U NH (Eq. 
(13.312)) and U NH 2 (Eq. (13.354)): 
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E( U NH 2 ) = 2(-13.59844 eF)-14.53414 eV-3A2 eV -3.946 eV = -49.09709 

(13.403) 

From Eqs. (13.154), (13.400), and (13.402-13.403),^ ( U NH 2 ) is 

E D ( U NH 3 ) = E(H) + E( 14 NH 2 ) - E T , osc { U NH 3 ) 

= -13.59844 eF-49.09709eF-(-67.27466eK) (13.404) ■ 

= 4.57913 eV 

5 The experimental X4 NH 3 bond dissociation energy [37] is 

E D C 4 NH 3 ) = 4.60155 eV (13.405) 
Similarly, E D of I4 iVD 3 is given by: 

E D ( 14 ND 3 ) = E(D) + E{ l4 ND 2 ) - [e t+osc [ u ND 3 )) (13 .406) 

where E T ( lA ND 2 ) is given by the of the sum of the experimental energies of 14 JV" (Eq. 
10 (13.251)), two times the energy of D (Eq. (13.155)), and the negative of the bond energies of 
U ND (Eq. (13.315)) and l4 ND 2 (Eq. (13.358)): 

E( U ND 2 ) = 2(-13.603 eF)-14.53414 eK-3.5134 eF-3.9362 eV = -49.18981 eV 

(13.407) 

From Eqs. (13.155), (13.401), and (13.406-13.407), E D [ X4 ND 3 ] is 
15 E D ( U ND 3 ) = -13.603 e^-49.18981 eV - (-67.43780 eV) = 4.64499 eV (13.408) 

The experimental 14 ND 3 bond dissociation energy [37] is 

E D C 4 ND 3 ) = 4.71252 eV (13.409) 



BOND ANGLE OF NH.. 



3 



20 Using, 2c* H _ H (Eq. (13.364)), the distance between the two H atoms when the total 

energy of the corresponding MO is zero (Eq. (13.361)), and 2c' N _ H , the internuclear distance 

of each N-H bond (Eq. (13.377)), the corresponding bond angle can be determined from 
the law of cosines. Using Eq. (13.367), the bond angle 6 between the N-H bonds is 

^2(1.95921) 2 -(3.14643) 2 ^ 



6 = cos 



2(1.95921) 

25 The experimental angle between the N-H bonds is [36] 



- cos" 1 (-0.28956) = 106.67° (13.410) 
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0 = 106.67° (13411) 
The NH 3 molecule has a pyramidal structure with the nitrogen atom along the z-axis 
at the apex and the hydrogen atoms at the base in the xy-plane. Since any two N-H bonds 
form an isosceles triangle, the distance d orlgln _ H from the origin to the nucleus of a hydrogen 
5 atom is given by 

2c' 

Substitution of Eq. (13.364) into Eq. (13.412) gives 

d origi n -H =1.81659fl 0 (13.413) 
The height along the z-axis of the pyramid from the origin to N nucleus d heighl is given by 

10 d he, sht = 7( 2C * N-H f -{dor igin -H f (13.414) 

Substitution of Eqs. (13.377) and (13.413) into Eq. (13.414) gives 

d hei S h, = 0.73383a 0 (13.415) 
The angle <9 V of each N-H bond from the z-axis is given by 



6>„ =tan 



-i 



' ' d N 

origin— H 
\ ^height J 



(13.416) 



15 Substitution of Eqs. (13.413) and (13.415) into Eq. (13.417) gives 

#v =68.00° (13.417) 
The NH 3 MO shown in Figure 13 was rendered using these parameters. 

The results of the determination of bond parameters of NH 3 and ND 3 are given in 
Table 13.1. The calculated results are based on first principles and given in closed-form, 
20 exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 

HYDROGEN CARBIDE (CH ) 

The methane molecule can be solved by first considering the solution of the hydrogen 
25 carbide, dihydrogen carbide, and methyl radicals. The former is formed by the reaction of a 
hydrogen atom and a carbon atom: 

H + C-+CH (13 . 418) 
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The hydrogen carbide radicals, CH and CH 2 , methyl radical, CH 3 , and methane, CH 4 , can 

be solved using the same principles as those used to solve OH, H 2 0, NH , NH 2 , and NH 3 

with the exception that the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as 
an energy minimum. 

5 

FORCE BALANCE OF CH 

CH comprises two spin-paired electrons in a chemical bond between the carbon atom and 
the hydrogen atom. The CH radical molecular orbital (MO) is determined by considering 
properties of the binding atoms and the boundary constraints. The prolate spheroidal H 2 MO 

10 developed in the Nature of the Chemical Bond of Hydrogen-Type Molecules section satisfies 
the boundary constraints; thus, the H -atom electron forms a # 2 -type ellipsoidal MO with 
one of the C -atom electrons. However, such a bond is not possible with the outer C 
electrons in their ground state since the resulting # 2 -type ellipsoidal MO would have a 
shorter internuclear distance than the radius of the carbon 2p shell, which is not 

15 energetically stable. Thus, when bonding the carbon 2s and 2p shells hybridize to form a 
single 2sp 3 shell as an energy minimum. 

The C electron configuration given in the Six-Electron Atoms section is \s 2 2s 2 2p 2 , 
and the orbital arrangement is 

2p state 

t t (13.419) 

10-1 

20 corresponding to the ground state 3 P 0 . The radius r 6 of the 2p shell given by Eq. (10.122) is 
r 6 =1.20654a 0 (13.420) 

The energy of the carbon 2p shell is the negative of the ionization energy of the carbon atom 

given by Eq. (10.123). Experimentally, the energy is [12] 

E(C,2p shell) = -E(ionization; C) = -11.2603 eV (13.421) 

25 The C2s atomic orbital (AO) combines with the C2p AOs to form a single 2sp 3 hybridized 
orbital (HO) with the orbital arrangement 
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2sp 3 state 

t t t t (13.422) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (£ 9 m £ ) are below each electron. The total energy of the state is 
given by the sum over the four electrons. The sum E T (C,2$p 3 ) of calculated energies of C , 

5 C\ C 2 +,and C 3+ from Eqs. (10.123), (10.113-10.114), (10.68), and (10.48), respectively, is 
E T (C, 2sp 3 ) = 64.3921 eV + 48.3 125 eV + 24.2762 eV + 1 1 .27671 eV = 148.25751 eV 

(13.423) 

which agrees well with the sum of 148.02532 eV from the experimental [6] values. The 
orbital-angular-momentum interactions cancel such that the energy of the E T [C 9 2sp 3 } is 

10 purely Coulombic. By considering that the central field decreases by an integer for each 
successive electron of the shell, the radius r 2 ^ 3 of the C2sp 3 shell may be calculated from 

the Coulombic energy using Eq. (10.102): 

r =f < Z - H > 2 =_ ^ = 091771* (13424) 

2sp3 t^87re 0 (el48.25751eF) 8*w 0 (el48.25751 eV) ' 0 v ' ' 

Using Eqs. (10.102) and (13.424), the Coulombic energy E Cmlomb (C,2sp 3 ) of the outer 

1 5 electron of the C2sp 3 shell is 

Ecou lomb (C,2sp 3 ) = -^- = ~f =-14.82575 eV (13.425) 

During hybridization, one of the spin-paired 2s electrons is promoted to C2sp 3 shell as an 
unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(13.152) at the initial radius of the 2s electrons. From Eq. (10.62) with Z = 6 , the radius r 3 
20 of C2s shell is 

r 3 = 0.843 17a 0 (13.426) 
Using Eqs. (13.152) and (13.426), the unpairing energy is 



E(magnetic)= 2 ^f h = %n W* =0.19086 eV (13.427) 
m 2 e (r 3 f (0.84317a 0 ) 3 

Using Eqs. (13.425) and (13.427), the energy E(C,2sp 3 ) of the outer electron of the C2sp 3 
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shell is 

„2 0_,. „2fc2 



E(C,2$p 3 ) = - 



-e 2 27VjU 0 e 2 tr 
1 — -j- 



HV m 2 (r 2 ) 

= -14.82575 eV +0.19086 eV (13.428) 
= -14.63489 eV 

The nitrogen atom's 2p -shell electron configuration given by Eq. (10.134) is the same as that 
of the C2sp 3 shell, and nitrogen's calculated energy of 14.61664 eV given by Eq. (10.143) is 
5 a close match with E(C 9 2sp 3 ) . Thus, the binding should be very similar except that four 

bonds to hydrogen can occur with carbon. 

The carbon C2sp 3 electron combines with the His electron to form a molecular 
orbital. The proton of the H atom and the nucleus of the C atom are along the internuclear 
axis and serve as the foci. Due to symmetry, the other C electrons are equivalent to point 

10 charges at the origin. (See Eqs. (19-38) of Appendix IV.) Thus, the energies in the CH MO 
involve only the C2sp 3 and His electrons. The forces are determined by these energies. 

As in the case of H 2 , the MO is a prolate spheroid with the exception that the 
ellipsoidal MO surface cannot extend into the C2sp 3 HO for distances shorter than the radius 
of the C2sp 3 shell. Thus, the MO surface comprises a prolate spheroid at the H proton that 

15 is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the other focus. 
The energy of the # 2 -type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the 
case with OH and NH , the linear combination of the H 2 -type ellipsoidal MO with the 
C2sp 3 HO must involve a 25% contribution from the i? 2 -type ellipsoidal MO to the C2sp 3 
HO in order to match potential, kinetic, and orbital energy relationships. Thus, the CH MO 

20 must comprise 75% of a 77 2 -type ellipsoidal MO and a C2sp 3 HO: 

1 C2sp 3 + 0.75 H 2 MO -+CHMO (13.429) 



The force balance of the CH MO is determined by the boundary conditions that arise from 
25 the linear combination of orbitals according to Eq. (13.429) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 
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As in the case with OH (Eq. (13.57)), the # 2 -type ellipsoidal MO comprises 75% of 
the CH MO; so, the electron charge density in Eq. (11.65) is given by -0.75e . The force 
constant k' to determine the ellipsoidal parameter c x in terms of the central force of the foci 
is given by Eq. (13.59). The distance from the origin to each focus c } is given by Eq. 
5 (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis 
of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The eccentricity, e , 
is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of 
the other axes of each prolate spheroid and eccentricity of the CH MO. Since the CH MO 
comprises a H 2 -type-ellipsoidal MO that transitions to the C2sp 3 HO, the energy 

10 E(C 9 2sp 3 ) in Eq. (13.428) adds to that of the i7 2 ~type ellipsoidal MO to give the total 

energy of the CH MO. From the energy equation and the relationship between the axes, the 
dimensions of the CH MO are solved. 

The energy components of V„ V p9 T , and V m are those of H 2 (Eqs. (11.207-11.212)) 

except that they are corrected for electron hybridization. Hybridization gives rise to the 
15 C2sp 3 HO-shell Coulombic energy E Coulomb {C,2sp 3 ) given by Eq. (13.425). To meet the 
equipotential condition of the union of the H 2 -type-ellipsoidal-MO and the C2sp 3 HO, the 
electron energies are normalized by the ratio of 14.82575 eV , the magnitude of 
E couhmb (C,2$p 3 ) given by Eq. (13.425), and 13.605804 eV , the magnitude of the Coulombic 

energy between the electron and proton of H given by Eq. (1.243). This normalizes the 
20 energies to match that of the Coulombic energy alone to meet the energy matching condition 
of the CH MO under the influence of the proton and the C nucleus. The hybridization 
energy factor C cz ^ m is 



e 2 e 2 



8^g o a 0 = 8xe 0 a 0 = 13.605804 eV = Q (13 430) 

citfHo e 2 e 2 14.82575 eV 

8^oV 8w 0 0.91771a 0 

The total energy E T (CH) of the CH MO is given by the sum of the energies of the orbitals, 

25 the # 2 ~type ellipsoidal MO and the C2sp* HO, that form the hybridized CH MO. 

E T (CH) follows from by Eq. (13.74) for OH , but the energy of the C2sp 3 HO given by Eq. 

(13.428) is substituted for the energy of O and the H 2 -type-ellipsoidal-MO energies are 
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those of H 2 (Eqs. (11.207-1 1.212)) multiplied by the electron hybridization factor rather than 
by the factor of 0.75 : 



E T (CH) = E T +E(C,2sp 3 ) = - 



(0.91771) 



1 a, 



\ 



2 "o 

2 a j 



In 



a + c' 



-1 



a — c 



-14.63489 eV 



5 (13.431) 
To match the boundary condition that the total energy of the entire the iJ 2 -type ellipsoidal 

MO is given by Eqs. (11.212) and (13.75), E T (CH) given by Eq. (13.431) is set equal to Eq. 
(13.75): 



E T (CH) = - 



8ne 0 c' 



(0.91771) 



f 



1 a n 



a + c' 



2--^- lln- 
2a) a—c 



-1 



-14.63489 eV = -31.63536831 eV 



10 (13.432) 
From the energy relationship given by Eq. (13.432) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH MO can be solved. 
Substitution of Eq. (13.60) into Eq. (13.432) gives 



8*», l 2aa ° 



(0.91771)^2-1-^) In ^ 





2aa 0 


3 




2aa 0 


3 



-1 



= el7.00048 



(13.433) 



15 The most convenient way to solve Eq. (13.433) is by the reiterative technique using a 
computer. The result to. within the round-off error with five-significant figures is 



a = 1. 67465a 0 =8.861 86 X 10 -11 m 
Substitution of Eq. (13.434) into Eq. (13.60) gives 
c' = 1.05661a 0 = 5.59136 X 10"" m 
20 The internuclear distance given by multiplying Eq. (13.435) by two is 



2c' = 2.11323a„ =1. 11827 X 10~ 10 



m 



The experimental bond distance is [14] 

2c' = 1.1 198 X 10 -10 m 
Substitution of Eqs. (13.434-13.435) into Eq. (13.62) gives 
25 6 = c = 1.29924a 0 = 6.87527 X 10 _n m 

Substitution of Eqs. (13.434-13.435) into Eq. (13.63) gives 
e = 0.63095 



(13.434) 
(13.435) 
(13.436) 

(13.437) 
(13.438) 
(13.439) 
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The nucleus of the H atom and the nucleus of the C atom comprise the foci of the if 2 -type 
ellipsoidal MO. The parameters of the point of intersection of the H 2 -type ellipsoidal MO 
and the C2sp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar 
intersection angle 9 y is given by Eq. (13.261) where r n = r 3 = 0.9177k* 0 is the radius of the 

5 C2sp 3 shell. Substitution of Eqs. (13.434-13.435) into Eq. (13.261) gives 

0' = 81.03° (13.440) 
Then, the angle 0 3 the radial vector of the C2$p 3 HO makes with the internuclear axis 

is 

0„ 3^=1 80° -8 1.03° = 98.97° (13.441) 

o J.sp ri\j 

10 as shown in Figure 14. 

The distance from the point of intersection of the orbitals to the internuclear axis must 
be the same for both component orbitals. Thus, the angle cot — 9 HiMO between the 

internuclear axis and the point of intersection of the H 2 -type ellipsoidal MO with the C2$p 3 
1 5 radial vector obeys the following relationship: 

r 3 sin6> = 0.91771a n sin6> 3 ^ =6sin6> 0 (13.442) 

2sp 3 C2sp 3 HO 0 Clsp^HO H 2 MO V s 

such that 

0.91771a n sin#^ 3 ^ ,0 91771a sin 98 97° 

0 H mo = sin" 1 = sin" 1 U ' yi// Hsm^/ (13.443) 

2 b b 

with the use of Eq. (13.441). Substitution of Eq. (13.438) into Eq. (13.443) gives 
20 0 HiMO = 44.24° (13.444) 

Then, the distance d H ^ M0 along the internuclear axis from the origin of H 2 -type ellipsoidal 

MO to the point of intersection of the orbitals is given by 

d Hl Mo = <* cos Qr&o (! 3 - 445 ) 
Substitution of Eqs. (13.434) and (13.444) into Eq. (13.445) gives 

25 d H 2 Mo =L19968a 0 = 6.34845 X 10" 11 m (13.446) 
The distance d C2s ^ HQ along the internuclear axis from the origin of the C atom to the point 
of intersection of the orbitals is given by 

d c2s P >„o= d wo-c' (13-447) 
Substitution of Eqs. (13.435) and (13.446) into Eq. (13.447) gives 
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d m Sim = 0.14307a 0 = 7.57090 X 10 -12 m (13.448) 

As shown in Eq. (13.429), the uniform charge-density in the C2sp 3 HO is increased by a 
factor of 0.25 and the H -atom density is decreased by a factor of 0.25. Using the orbital 
composition of CH (Eq. (13.429)), the radii of Cls = 0.17113a 0 (Eq. (10.51)) and 

5 C2sp 3 = 0.91771a 0 (Eq. (10.424)) shells, and the parameters of the CH MO given by Eqs. 
(13.3-13.4), (13.434-13.436), and (13.438-13.448), the dimensional diagram and charge- 
density of the CH MO comprising the linear combination of the H 2 -type ellipsoidal MO 

and the C2sp 3 HO according to Eq. (13.429) are shown in Figures 14 and 15, respectively. 



10 

ENERGIES OF CH 

The energies of CH are given by the substitution of the semiprincipal axes (Eqs. (13.434- 
13.435) and (13.438)) into the energy equations, (Eq. (13.431) and Eqs. (11.207-11.211) that 
are corrected for electron hybridization using Eq. (13.430): 

15 V e =(0.91771) ~Y In a + ^Ljl = -35.12015 eV (13.449) 

8n£ Q va 2 -b 2 a-sa 2 -b 2 

V p =■ , = 12.87680 eV (13.450) 

&7T£ 0 ya 2 -b 2 

T = (0.91771) f \n a + ^f~ b2 = 10.48582 eV (13.451) 

2/7? av a 2 -b 2 a-^ja 2 -b 2 



V m =(0.91771) *L_lni^pi = -5.24291 eV (13.452) 

Am„a^Ja — b~ a-yja -b 



E T (CH) = - e * 



%7ce Q c ' 



(0.91771)[ 2---^ 

2 ci j 



ln^-1 

a~c l 



- 14.63489 eV = -31 .63533 eV 



20 (13.453) 
where E T (CH) is given by Eq. (13.431) which is reiteratively matched to Eq. (13.75) within 
five-significant-figure round-off error. 
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VIBRATION AND ROTATION OF CH 

The vibrational energy of CH may be solved in the same manner as that of OH and NH 
except that the force between the electrons and the foci given by Eq. (13.102) is doubled due 
to electron hybridization of the two shells of carbon after Eq. (11.141). From Eqs. (13.102- 
5 13.106) with the substitution of the CH parameters, the angular frequency of the oscillation 
is 



0.75e 2 e 2 



4ns 0 b 3 fezg 0 (2g') 



0.75e 2 e 2 



4^g 0 (1.29924ao) 8^g 0 (2.11323fl 0 ) (13.454) 



12 

— m n 

, 13 p ■ 

= 5.39828 X 10 14 rod Is 
where b is given by Eq. (13.438), 2c' is given by Eq. (13.436), and the reduced mass of 

n CH is given by: 

10 = _»_ = Ma) m (13.455) 

^ CH m l +m 2 1 + 12 " 

where m p is the proton mass. Thus, during bond formation, the perturbation of the orbit 
determined by, an inverse-squared force results in simple harmonic oscillatory motion of the 
orbit, and the corresponding frequency, O)(0), for 12 CH given by Eqs. (11.136), (11.148), 
and (13.454) is 



15 ^(o^jM = ^449.94 iVm- 1 =S 3982gjr lQ u radiam!s ( i 3 .456) 

where the reduced nuclear mass of U CH is given by Eq.(13.455) and the spring constant, 
k (0) , given by Eqs. (11.1 36) and (1 3 .454) is 

k(0) = 449.94 Nm~ l (13.457) 
The 12 CH transition-state vibrational energy, E vib (0), given by Planck's equation (Eq. 
20 (11.127)) is: 

E vib (0) = hco = £5.39828 X 10 14 rod Is = 0.35532 eV = 2S65.S6 cm- 1 (13.458) 
co , from the experimental curve fit of the vibrational energies of 12 CH is [14] 
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co e = 2861.6 cm' 1 (13.459) 

Using Eqs. (13.112-13.118) with E vib (0) given by Eq. (13.458) and D 0 given by Eq. 
(13.488), the n CH v = 1 H> u = 0 vibrational energy, E vib (l) is 

E vlb {\) = 0.33879 eV (2732.61 cm" 1 ) ' (13.460) 
5 The experimental vibrational energy of 12 CH using co e and co e x e [14] according to K&P [15] 



is 



E vib (1) = 0.33885 eV (2733 cm- 1 ) (13.461) 

Using Eq. (13.113) with E vib (l) given by Eq. (13.460) and D 0 given by Eq. (13.488), 

the anharmonic perturbation term, co 0 x 0 , of 12 CH is 
10 a> 0 x 0 = 66.624 cm' 1 (13.462) 

The experimental anharmonic perturbation term, co 0 x 0 , of 12 CH [14] is 

a> 0 x 0 = 64.3 cm' 1 (13.463) 

The vibrational energies of successive states are given by Eqs. (13.458), (13.112), and 
(13.462). 

15 Using b given by Eq. (13.438), 2c' given by Eq. (13.436), D 0 given by Eq. (13.490), and 
the reduced nuclear mass of U CD given by 
m l m 2 (2) (12) 

^™ = ^7m- 2 = ~^~ mp (13 - 464) 
where m p is the proton mass, the corresponding parameters for deuterium carbide n CD 
(Eqs. (13.102-13.121)) are 



20 „(0)- m 1449.94^- ^ 



(13.465) 



A;(0) = 449.94 iVm" 1 (13 . 466) 

^w* (0) = fc« = £3.96126 X 10 14 rarf/j = 0.26074 eV = 2102.97 cm' 1 (13.467) 

E vlb (1) = 0.25173 eV (2030.30 cm' 1 ) (13.468) 

G) 0 x 0 = 36.335 cm' 1 (13.469) 
25 co e , from the experimental curve fit of the vibrational energies of 12 CD is [14] 

co e = 2101.0 cm' 1 (13.470) 



WO 2007/051078 PCT/US2006/042692 

187 

The experimental vibrational energy of l2 CD using o e and co e x e [14] according to K&P [15] 
is 

E vib (l) = 0.25189 eV (2031.6 an 1 ) (13.471) 

and the experimental anliarmonic perturbation term, a> Q x 0 , of 12 CD is [14] 
5 o) 0 x 0 = 34.7 cm~ l (13.472) 

which match the predictions given by Eqs. (13.467), (13.468) and (13.469), respectively. 

Using Eqs. (13.133-13.134) and the internuclear distance, r = 2c\ and reduced mass 
of l2 CH given by Eqs. (13.436) and (13.455), respectively, the corresponding B e is 

B e =14.498 cm~ l (13.473) 
10 The experimental B e rotational parameter of 12 CH is [14] 

B e = 14.457 cnf 1 (13.474) 

Using the internuclear distance, r = 2c\ and reduced mass of U CD given by Eqs. (13.436) 
and (13.464), respectively, the corresponding B e is 

B e =7.807 cm~ l (13.475) 

15 The experimental B e rotational parameter of 12 'CD is [14] 

5 C = 7.808 cwT 1 (13.476) 

THE DOPPLER ENERGY TERMS OF l2 CH AND U CD 

The equations of the radiation reaction force of hydrogen and deuterium carbide are the same 
20 as those of the corresponding hydroxyl and hydrogen nitride radicals with the substitution of 
the hydrogen and deuterium carbide parameters. Using Eqs. (11.136) and (13.140-13.142), 
the angular frequency of the reentrant oscillation in the transition state is 



0J5e 2 



Atts It* 

°— =2.41759 X 10 16 radls (13.477) 

m e ' 

where b is given by Eq. (13.438). The kinetic energy, E K , is given by Planck's equation 
25 (Eq. (11.127)): 

E K =ha> = ti2Al759X 10 16 radls = 15.91299 eV (13.478) 
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In Eq. (11.181), substitution of the total energy of CH , E T (CH) 9 (Eq. (13.432)) for E hv , the 
mass of the electron, rn e9 for M , and the kinetic energy given by Eq. (13,478) for E K gives 
the Doppler energy of the electrons for the reentrant orbit: 



E D . E,„M = -31.63537 . _ 0 .24966 e K (13.479) 

5 In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH due to 
the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the 
electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 
Eq, (13.479) and E Kvtb? the average kinetic energy of vibration which is 1/2 of the vibrational 
10 energy of CH . The experimental n CH m & is 2861.6 cm" 1 (0.35480 eV) [14] which 
matches the predicted co e of 2865.86 cm' 1 (0.35532 eV) given by Eq. (13.458). Using the 
predicted co e for E mb of the transition state, E osc ( 12 CH} is 



K sc ( U CH) = E D+ E Kvib =E D+ U^ (13.480) 

E 0SC ( 12 CH) = -0.24966 + ^-(0.35532 eV) = -0.07200 eV (13.481) 

15 The experimental n CD co e is 2101.0 cm" 1 (0.26049 eV) [14] which matches the predicted 
co e of 2102.97cw _I (0.26074 eV) given by Eq. (13.467). Using Eq. (13.479) and the 
predicted co e for E Kvtb of the transition state, E osc ( 12 CD) is 

E 0SC [ n CD) = -0.24966 eF + ^(0.26074 eV) = -0.11929 eV (13.482) 

20 TOTAL AND BOND ENERGIES OF l2 CH AND n CD 

E T+osc ( 12 Cif), the total energy of the n CH radical including the Doppler term, is given by 

the sum of E T (CH) (Eq. (13.432)) and E DSC ( n CH) given by Eq. (13.481): 

E T , osc ( U CH) = V e+ T + V m + V p + E(c, 2sp 3 ) + E osc ( l2 CH ) ^ ^ ^ 

= E T (CH) + E osc ( l2 CH) 
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E T+osc ( n CH) = 



T ~ e 


2 


1 

(0.91771) 


89 


f 


c' 




3 e 2 






4 


l . [F 

2 V/* 


A 









1 a+c 1 
In 1 

a-c* 



-14.63489 eV 



J 



= -31.63537 eV -0.24966 eV +-h — 

2 \ju 

(13.484) 

From Eqs. (13.480-13.481) and (13.483-13.484), the total energy of n CH is 
E T+osc ( n CH) = -3 1 .63537 eV + E osc ( l2 CH) 

= -31.63537 eF-0.24966 eF + ^(0.35532 eV) 
= -3 1.70737 eV 



(13.485) 



5 where the predicted a> e (Eq. (13.458)) was used for the hi— term. E T .i l2 CD], the total 

energy of n CD including the Doppler term, is given by the sum of E T (CD) = E T (CH) (Eq. 
(13.432)) and £ MC ( 12 CZ)) given by Eq. (13.482): 
E T+osc ( n CD) = -3 1 .63537 eV + E osc ( 12 CD) 

= -31.63537 eV -0.24966 eV + -(0.26074 eV) (13.486) 

2 

= -31.75462 eV 

where the predicted co e (Eq. (13.467)) was used for the ft \— term. 

10 The Cff bond dissociation energy, £ D ( 12 Ctf), is given by the sum of the total 

energies of the C2sp 3 HO and the hydrogen atom minus £ r+flrc ( 12 Cff) 3 : 

E D ( l2 CH) = £ (C, 2^ 3 ) + £(#) - £ r+ _ ( 12 CH ) (1 3 .487) 



3 The hybridization energy is the difference between and E\C,2sp 3 J given by Eq. (13.428) and 

E(c,2p shell) given by Eq. (13.421). Since this term adds to E(c,2p shell) to give the total energy from 

which E is subtracted to give E n it is more convenient to simply use E (c, 2sp 3 ^directly 

in Eq. (13.487). 
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E[c,2sp 3 ) is given by Eq. (13.428), and E D [H) is given by Eq. (13.154). Thus, the n CH 
bond dissociation energy, E D ( n CH), given by Eqs. (13.154), (13.428), (13.485), and 
(13.487) is 

E D ( l2 CH) = -(14.63489 eF + 13.59844 eV)-E T + osc (CH) 

= -28.23333 eK- (-31.70737 eV) (13.488) 
= 3.47404 eV 

5 The experimental 12 CH bond dissociation energy is [14] 

E D ( 12 Ctf) = 3 .47 eV (13.489) 
which is a close match to that of NH as predicted based on the match between the N and 
C2sp 3 HO energies and electron configurations. 

The U CD bond dissociation energy, E D (^ 2 CD), is given by the sum of the total 
10 energies of the C2sp 3 HO and the deuterium atom minus E T+osc (CD) : 

E D (^CD) = E(C,2 S p 3 ) + E(D)-E T+osc ( 12 CD) (13.490) 
E(C,2sp*) is given by Eq. (13.428), and E D (D) is given by Eq. (13.155). Thus, the 12 CD 
bond dissociation energy, E d ( 12 CD), given by Eqs. (13.155), (13.428), (13.486), and 
(13.490) is 

E D ( 12 CD) = -(14.63489 eV +13.603 eV) - E T+osc ( n CD) 
15 =-28.23789 eV -(-31. 75462 eV) (13.491) 

= 3.51673 eV 

The experimental 12 CD bond dissociation energy is [14] 

E D ( n CD) = 3.52 eV (13.492) 

The results of the determination of bond parameters of CH and CD axe given in 
Table 13.1. The calculated results are based on first principles and given in closed-form, 
20 exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 



DfflYDROGEN CARBIDE (CH 2 ) 

The dihydrogen carbide radical CH 2 is formed by the reaction of a hydrogen atom with a 
25 hydrogen carbide radical: 
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CH + H-+CH 2 (13.493) 
CH 2 can be solved using the same principles as those used to solve H 2 0 and NH 2 with the 
exception that the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an 
energy minimum. Two diatomic molecular orbitals (MOs) developed in the Nature of the 
5 Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section serve as basis 
functions in a linear combination with two carbon 2sp 3 hybridized orbitals (HOs) to form the 
MO of CH 2 . The solution is very similar to that of CH except that there are two CH bonds 
in CH 2 . 

10 FORCE BALANCE OF CH 2 

CH 2 comprises two chemical bonds between carbon and hydrogen atoms. Each 

C-H bond comprises two spin-paired electrons with one from an initially unpaired electron 
of the carbon atom and the other from the hydrogen atom. Each H -atom electron forms a 
H 2 -type ellipsoidal MO with an unpaired C -atom electrons. However, such a bond is not 

15 possible with the outer two C electrons in their ground state since the resulting H 2 -type 
ellipsoidal MO would have a shorter internuclear distance than the radius of the carbon 2 p 
shell, which is not energetically stable. Thus, when bonding the carbon 2s and 2 p shells 
hybridize to form a single 2sp 3 shell as an energy minimum. The electron configuration and 
the energy, E(C,2sp 3 ), of the C2sp 3 shell is given by Eqs. (13.422), and (13.428), 

20 respectively. 

For each C-H bond, a C2sp 3 electron combines with the His electron to form a 
molecular orbital. The proton of the H atom and the nucleus of the C atom are along each 
internuclear axis and serve as the foci. As in the case of H 2 , each of the two C-H -bond 
MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend 
25 into the C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell since it is 
energetically unfavorable. Thus, each MO surface comprises a prolate spheroid at the H 
proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the 
other focus. The radius and the energy of the C2sp 3 shell are unchanged with bond 
formation. The central paramagnetic force due to spin of each C-H bond is provided by 
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the spin-pairing force of the CH 2 MO that has the symmetry of an s orbital that 
superimposes with the C2sp 3 orbitals such that the corresponding angular momenta are 
unchanged. 

The energies in the CH 2 MO involve only each C2sp 3 and each His electron with 
5 the formation of each C-H bond. The sum of the energies of the i^-type ellipsoidal MOs 
is matched to that of the C2sp 3 shell. As in the cases with of OH , H 2 0, NH , NH 2 , NH 3 , 
and CH the linear combination of each # 2 -type ellipsoidal MO with the C2sp 3 HO must 
involve a 25% contribution from the H 2 -type ellipsoidal MO to the C2sp 3 HO in order to 
match potential, kinetic, and orbital energy relationships. Thus, the CH 2 MO must comprise 
10 two C-H bonds with each comprising 75% of a H 2 -type ellipsoidal MO and a C2sp 3 HO: 

[l C2sp 3 + 0.75 H 2 MO] + [l C2sp 3 + 0.75 H 2 MO] -> CH 2 MO (13.494) 

The force balance of the CH 2 MO is determined by the boundary conditions that arise from 
15 the linear combination of orbitals according to Eq. (13.494) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each if 2 -type- 
ellipsoidal-MO component of the CH 2 MO in terms of the central force of the foci is given 
by Eq. (13.59). The distance from the origin of each C- H -bond MO to each focus c' is 
20 given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C -H-bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 
the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. Since each of the two prolate spheroidal C -H-bond MOs comprises a i? 2 -type- 
25 ellipsoidal MO that transitions to the C2sp 3 HO, the energy E(C,2sp 3 ) in Eq. (13.428) adds 
to that of the two corresponding £T 2 -type ellipsoidal MOs to give the total energy of the CH 2 
MO. From the energy equation and the relationship between the axes, the dimensions of the 
CH 2 MO are solved. 
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The energy components of V e , V p> T, and V m are twice those of CH corresponding 
to the two C-H bonds. Since the each prolate spheroidal # 2 -type MO transitions to the 
C2sp 3 HO and the energy of the C2sp 3 shell must remain constant and equal to the 
E(c,2sp 3 ) given by Eq. (13.428), the total energy E T (CH 2 ) of the CH 2 MO is given by 
5 the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the C2sp 3 HO and the two H 2 -type ellipsoidal MOs that forms the CH 2 MO 
as given by Eq. (13.494). Using Eq. (13.431), E T (CH 2 ) is given by 
E T [CH 2 ) = E T + E(C, 2sp 3 ) 

The two hydrogen atoms and the hybridized carbon atom can achieve an energy minimum as 
10 a linear combination of two i^-type ellipsoidal MOs each having the proton and the carbon 
nucleus as the foci. Hybridization gives rise to the C2sp 3 HO-shell Coulombic energy 
E couiomb (C,2sp 3 ) given by Eq. (13.425). To meet the equipotential condition of the union of 
the i^-type-ellipsoidal-MO and the C2sp 3 HO, the electron energies in Eq. (13.495) were 
normalized by the ratio of 14.82575 eV , the magnitude of E Coulomb (c,2sp 3 ) given by Eq. 
15 (13.425), and 13.605804 eV , the magnitude of the Coulombic energy between the electron 
and proton of H given by Eq. (1.243). The factor given by Eq. (13.430) normalized the 
energies to match that of the Coulombic energy alone to meet the energy matching condition 
of each C-H -bond MO under the influence of the proton and the C nucleus. Each C-H- 
bond MO comprises the same C2sp 3 shell having its energy normalized to that of the 
20 Coulombic energy between the electron and a charge of +e at the carbon focus of the CH 2 
MO. Thus, the energy of the CH 2 MO is also given by the sum of that of the two i/ 2 -type 
ellipsoidal MOs given by Eq. (11.212) minus the Coulombic energy, 
E couiomb {H) = -13.605804 eV , of the redundant +e of the linear combination: 



E T (2H 2 -H) = - 



e 2 



2V2-V2+^ 
LV 2_ 



m#±I-V2 

V2-1 



^Coulomb (^0 



47ve 0 a 0 

= 2 (-3 1.63536831 eF)-(-13.605804 eV) (13.496) 
= -49.66493 eV 
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E T {CH 2 ) given by Eq. (13.495) is set equal to two times the energy of the # 2 -type 
ellipsoidal MO minus the Coulombic energy of H given by Eq. (13.496): 

E T {CH 2 ) = --^— r (0.91771)f2-i-^V^ :i: ^- 1 l- 14 - 6 3489eF = -49.66493 eV 

(13.497) 

5 From the energy relationship given by Eq. (13.497) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH 2 MO can be solved. 
Substitution of Eq. (13 .60) into Eq. (1 3.497) gives 



2aa n 

(0.91771) 2---^- In \^=-l 

V A 2 a) 



= e35.03004 



(13.498) 



The most convenient way to solve Eq. (13.498) is by the reiterative technique using a 
10 computer. The result to within the round-off error with five-significant figures is 

a = 1. 6401 0a 0 =8.67903 X 10 -11 m (13.499) 
Substitution of Eq. (13.499) into Eq. (13.60) gives 

c' = 1.04566a 0 =5.53338 X 10" 11 m 
The internuclear distance given by multiplying Eq. (13.500) by two is 



15 



2e' = 2.09132tf n =1. 10668 X 10 -10 m 



The experimental bond distance is [38] 

2c' = 1.111 X 10 -10 m 
Substitution of Eqs. (13.499-13.500) into Eq. (13.62) gives 

b = c = 1 .26354a 0 = 6.68635 X 10" 11 m 

20 Substitution of Eqs. (13.499-13.500) into Eq. (13.63) gives 
e = 0.63756 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 - 
type ellipsoidal MO. The parameters of the point of intersection of each /f 2 -type ellipsoidal 
MO and the C2sp 3 HO are given by Eqs. (13.84-13.95), (13.261-13.270), and (13.440- 
25 13.448). The polar intersection angle 0' is given by Eq. (13.261) where 



(13.500) 
(13.501) 

(13.502) 
(13.503) 
(13.504) 



r„ =K 



2sp' 



= 0.91771a 0 is the radius of the C2sp 3 shell. Substitution of Eqs. (13.499-13.500) 



into Eq. (13.261) gives 
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= 84.54° (13 .505) 
Then, the angle 0 C2sp , HO the radial vector of the C2sp 3 HO makes with the internuclear axis 
is 

V^^ 1800 - 84 - 54 ^ 95 ' 460 (13-506) 
5 as shown in Figure 14. The angle 9 HiMO between the internuclear axis and the point of 
intersection of each i7 2 -type ellipsoidal MO with the C2sp 3 radial vector given by Eqs. 
(13.442-13.443), (13.503), and (13.506) is 

^ O =46.30° (13.507) 

Then, the distance d HiMO along the internuclear axis from the origin of H 2 -type ellipsoidal 

10 MO to the point of intersection of the orbitals given by Eqs. (13.445), (13.499), and (13.507) 
is 

d HiMO =1.13305fl 0 = 5.99585 X 10" n m (13.508) 
The distance d C2sp , HO along the internuclear axis from the origin of the C atom to the point 
of intersection of the orbitals given by Eqs. (13.447), (13.500), and (13.508) is 
15 d c2s P *Ho =0.08739a 0 = 4.62472 X 10~ 12 m (13.509) 

As shown in Eq. (13.494), the uniform charge-density in the C2sp 3 HO is increased 
by a factor of 0.25 and the i7-atom density is decreased by a factor of 0.25 for by each 
C-H bond. Using the orbital composition of CH 2 (Eq. (13.494)), the radii of 
CLy = 0.171 13a 0 (Eq. (10.51)) and C2sp 3 = 0.91771« 0 (Eq. (10.424)) shells, and the 
20 parameters of the CH 2 MO given by Eqs. (13.3-13.4), (13.499-13.501), and (13.503-13.509), 
the charge-density of the CH 2 MO comprising the linear combination of two C- H -bond 
MOs is shown in Figure 16. Each C - H -bond MO comprises a H 2 -type ellipsoidal MO and 
a C2sp 3 HO having the dimensional diagram shown in Figure 14. 

25 ENERGIES OF CH 2 

The energies of CH 2 are two times those of CH and are given by the substitution of the 
semiprincipal axes (Eqs. (13.499-13.500) and (13.503)) into the energy equations Eq. 
(13.495) and (Eqs. (13.449-13.452)) that are multiplied by two: 
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V e =(0.91771) ~ 2 . e l ln^f!^£ = -72.03287 e F (13.510) 

V p = Z 77=77 = 26 - 023 44 eV (13.51 1) 

4ks 0 yja -b 2 

T = (0.91771) f ]n a + ^" 2 ~ b2 = 21.95990 eV (13.512) 

m e ayja -b 2 a-yja 2 -b 2 



V n =(0.91771) ^L=ln^(£=JL = -10.97995 eV (13.513) 

2m e ayja -b a- -4a 2 -b 2 



5 E T {CH 2 ) = - 



e 2 



4ns 0 c' 



(0.9177l)f2»i^V^-l 
; \ 2 a ) a-c< 



-14.63489 eV = -49.66437 eV 



(13.514) 

where E T (CH 2 ) is given by Eq. (13.495) which is reiteratively matched to Eq. (13.496) 
within five-significant-figure round-off error. 

10 VIBRATION OF CH 2 

The vibrational energy levels of CH 2 may be solved as two equivalent coupled harmonic 
oscillators by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [2] wherein the spring constants are derived from the central forces as 
given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 

15 Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF n CH 2 

The reentrant oscillation of hybridized orbitals in the transition state is not coupled. 
Therefore, the equations of the radiation reaction force of dihydrogen and dideuterium 
20 carbide are the same as those of the corresponding hydrogen carbide radicals with the 
substitution of the dihydrogen and dideuterium carbide parameters. Using Eqs. (1 1.136) and 
(13.140-13.142), the angular frequency of the reentrant oscillation in the transition state is 



CO = 



°— = 2.52077 X 10 16 radls (13.515) 
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where b is given by Eq. (13.503). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K =ha> = h2.52077X 10 16 rod Is = 16.59214 eV (13.516) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
5 energy of each H 2 -type MO, for E hv , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (13.516) for E K gives the Doppler energy of the electrons of each of the 
two bonds for the reentrant orbit: 



F „ \2E K „, • /2e(l6.59214eF) 

^ a ^^=-31-63537^ 1 ^ U -0.25493 eV (13.517) 

10 In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH 2 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (13.517) and E Kvib , the average kinetic energy of vibration which 

15 is 1/2 of the vibrational energy of each C-H bond. Using co e given by Eq. (13.458) for 
E Kvib of the transition state having two independent bonds, E* osc ( l2 CH 2 ) per bond is 

E\ sc ( U CH 2 ) = E D +E Kvib = E D + |*^ (13.518) 

E'asc( 12 CH 2 ) = "0.25493 eF + ^(0.35532 eV) = -0.07727 eV (13.519) 
Given that the vibration and reentrant oscillation is for two C-H bonds, E osc ( l2 CH 2 ) , is: 



E osc ( U CH 2 ) = 2 



E D +-K\- 

L 2 yjj 



J 

( 1 ^ 

20 =2 -0.25493 eV + -(0.35532 eV) (13.520) 

v 2 ) 

= -0.15454 eV 
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TOTAL AND BOND ENERGIES OF 12 CH 2 

E T+0SC ( 12 CH 2 ), the total energy of the n CH 2 radical including the Doppler term, is given by 

the sum of E T (CH 2 ) (Eq. (13.497)) and E osc ( u CH 2 ) given by Eq. (13.520): 

(CH 2 ) = V e +T + V m +V p +E(c, 2sp> ) + E osc ( n CH 2 ) 
= E T (CH 2 ) + E osc ( 12 CH 2 ) 



(13.521) 



Atvs q c ' 



-14.63489 eV 



-2 



(31.63536831 eV)^ 



2h^ 


3 e 2 


4 bnej? 


m e 


m e c 2 



--h - 

2 i» y 



(13.522) 



= -49.66493 eV-2 



r i fip 

0.25493 eF ft./— 

2 Va* 



From Eqs. (13.518-13.522), the total energy of l2 CH 2 is 
i? r+osc ( 12 Ctf 2 ) = -49.66493 eV + E osc ( n CH 2 ) 

= -49.66493 eV- 2^0.25493 ef --^(0.35532 eV) 



(13.523) 



= -49.81948 eV 

Ik 

where a> e given by Eq. (13.458) was used for the hi — term. 

U CH 2 has the same electronic configuration as. U NH . The dissociation of the bond 
10 of the dihydrogen carbide radical forms a free hydrogen atom with one unpaired electron and 
a C2sp 3 HO with three unpaired electrons as shown in Eq. (13.422) wherein the magnetic 
moments cannot all cancel. Thus, the bond dissociation of l2 CH 2 gives rise to n CH with the 
same electronic configuration as N as given by Eq. (10.134). The N configuration is more 
stable than H as shown in Eqs. (10.141-10.143). The lowering of the energy of the reactants 
1 5 decreases the bond energy. The total energy of carbon is reduced by the energy in the field of 
the two magnetic dipoles given by Eq. (7.46) and Eq. (13.424): 



.2*2 



E(magnetic) = 



2rcfj. 0 e h 



m e 2 ( V ) 3 (0.91771aJ 



= 0.14803 eV 



(13.524) 
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The CH 2 bond dissociation energy, E D ( n CH 2 ) , is given by the sum of the total energies of 

the CH radical and the hydrogen atom minus the sum of E THac ( n CH 2 ) and E(magnetic) : 

Ed ( U CH 2 ) = E( i2 CH) + E(H)-E T+osc ( l2 CH 2 )~ E (magnetic) (13.525) 

where E r ( n CH) is given by the sum of the energies of the C2sp 3 HO, E(C,2sp 3 ) given by 

5 Eq. (13.428), E d (h) given by Eq. (13.154), and the negative of the bond energy of 12 CH 
given by Eq. (13.489): 

E( 12 CH) = -13.59844 eK-14.63489 eF-3.47 = -31.70333 eV (13.526) 
Thus, the 12 CH 2 bond dissociation energy, E D ( l2 CH 2 ), given by Eqs. (13.154), and (13.523- 
13.526) is 

E D ( 12 CH 2 ) = - (3 1 .70333 eV + 1 3 .59844 e V) -(e t+osc ( l2 CH 2 ) + E (magnetic)) 

10 =-45.30177 eF-(-49.81948eF + 0.14803 eV) 

= 4.36968 eV 

(13.527) 

The experimental 12 CH 2 bond dissociation energy is [39] 

E D ( 12 CH 2 ) = 4.33064 eV (13.528) 

15 BOND ANGLE OF 12 CH 2 

The CH 2 MO comprises a linear combination of two C-H -bond MOs. Each C-H -bond 
MO comprises the superposition of a H 2 -type ellipsoidal MO and the C2sp 3 HO with a 
relative charge density of 0.75 to 1.25; otherwise, the C2sp 3 shell is unchanged. A bond is 
also possible between the two H atoms of the C-H bonds. Such H-H bonding would 

20 decrease the C-H bond strength since electron density would be shifted from the C - H 
bonds to the H-H bond. Thus, the bond angle between the two C-H bonds is 
determined by the condition that the total energy of the H 2 -type ellipsoidal MO between the 

terminal H atoms of the C-H bonds is zero. From Eqs. (11.79) and (13.228), the distance 
from the origin to each focus of the H-H ellipsoidal MO is 



The internuclear distance from Eq. (13.229) is 
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2c' = 2,& 



(13.530) 



The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. 
(13.62). 

The bond angle of CH 2 is derived by using the orbital composition and an energy 
5 matching factor as in the case with NH 2 and NH X . Since the two if 2 -type ellipsoidal MOs 
comprise 75% of the H electron density of H 2 and the energy of each if 2 -type ellipsoidal 
MO is matched to that of the C2sp 3 HO; the component energies and the total energy E T of 
the H-H bond are given by Eqs. (13.67-13.73) except that V e , T , and V m are corrected for 
the hybridization-energy-matching factor of 0.91771 given by Eq. (13.430). Substitution of 
10 Eq. (13.529) into Eq. (13.233) with the hybridization factor gives 



0 = 



— e 



(0.91771)" 



2_ 1^ lln 

2 8a 





2 


a — y 


jaa 0 
2 



-1 



1+ 



2h^ 


0.75e 2 


Ans a a 3 




m e c 2 



0.75e 2 e 2 
1 \Sxe 0 a 3 8x£ 0 (a + c'J 



+-h 

2 



0.5m „ 



(13.531) 

From the energy relationship given by Eq. (13.531) and the relationship between the axes 
given, by Eqs. (13.529-13.530) and (13.62-13.63), the dimensions of the H-H MO can be 
1 5 solved. 

The most convenient way to solve Eq. (13.531) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

a = 5.1500a 0 = 2.7253 X 10 -10 m (13.532) 
Substitution of Eq. (13.532) into Eq. (13.529) gives 
20 c' = 1.6047A 0 = 8.4916X 10" 11 m 

The internuclear distance given by multiplying Eq. (13.533) by two is 

2c' = 3.2094a 0 = 1.6983 X 10~ 10 m 
Substitution of Eqs. (13.532-13.533) into Eq. (13.62) gives 



b = c = 4.8936a n = 2.5896 X 10 - 



■10 



m 



(13.533) 
(13.534) 
(13.535) 
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Substitution of Eqs. (13.532-13.533) into Eq. (13.63) gives 

e = 0.3116 (13.536) 
Using, 2c' H _ H (Eq. (13.534)), the distance between the two H atoms when the total 
energy of the corresponding MO is zero (Eq. (13.531)), and 2c' c _ ff (Eq. (13.501)), the 
5 internuclear distance of each C-H bond, the corresponding bond angle can be determined 
from the law of cosines. Using, Eq. (13.242), the bond angle 0 between the C - H bonds is 

-2(2.09132)' -(3.2094)^ _ ^ _ 1M ^ 



r 7 I 1 MUI -k 

9 = cos" 1 2 
^ 2(2.09132) 2 



The experimental angle between the C-H bonds is [38] 

0 = 102.4° (13.538) 
10 The results of the determination of bond parameters of CH 2 are given in Table 13.1. 

The calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

15 METHYL RADICAL (CH 3 ) 

The methyl radical CH 3 is formed by the reaction of a hydrogen atom with a dihydrogen 
carbide radical: 

CH 2 + H->CH 3 (13.539) 

20 CH 3 can be solved using the same principles as those used to solve and NH 3 with the 
exception that the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an 
energy minimum. Three diatomic molecular orbitals (MOs) developed in the Nature of the 
Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section serve as basis 
functions in a linear combination with three carbon 2sp 3 hybridized orbitals (HOs) to form 

25 the MO of CH 3 . The solution is very similar to that of CH 2 except that there are three CH 
bonds in CH 3 . 
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FORCE BALANCE OF CH 3 

CH 3 comprises three chemical bonds between carbon and hydrogen atoms. Each 
C-H bond comprises two spin-paired electrons with one from an initially impaired electron 
of the carbon atom and the other from the hydrogen atom. Each H -atom electron forms a 

5 # 2 -type ellipsoidal MO with an unpaired C-atom electrons. However, such a bond is not 
possible with the outer two C electrons in their ground state since the resulting # 2 -type 
ellipsoidal MO would have a shorter internuclear distance than the radius of the carbon 2p 
shell which is not energetically stable, and only two electrons are unpaired. Thus, when 
bonding the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an energy 

10 minimum. The electron configuration and the energy, E{c,2sp 3 }, of the C2sp 3 shell is 

given by Eqs. (13.422), and (13.428), respectively. 

For each C-H bond, a Clsp 3 electron combines with the His electron to form a 
molecular orbital. The proton of the H atom and the nucleus of the C atom are along each 
internuclear axis and serve as the foci. As in the case of H 2 , each of the three C-H -bond 

15 MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend 
into C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell since it is 
energetically unfavorable. Thus, each MO surface comprises a prolate spheroid at the H 
proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the 
other focus. The radius and the energy of the C2sp 3 shell are unchanged with bond 

20 formation. The central paramagnetic force due to spin of each C-H bond is provided by 
the spin-pairing force of the CH 3 MO that has the symmetry of an s orbital that 
superimposes with the C2sp 3 orbitals such that the corresponding angular momenta are 
unchanged. 

The energies in the CH 3 MO involve only each C2sp 3 and each His electron with 
25 the formation of each C-H bond. The sum of the energies of the # 2 -type ellipsoidal MOs 
is matched to that of the C2sp 3 shell. As in the cases with of OH , H 2 0 , NH , NH 2 , NH 3 , 
CH , and CH 2 the linear combination of each i^-type ellipsoidal MO with the C2sp 3 HO 
must involve a 25% contribution from the H 2 -type ellipsoidal MO to the C2sp 3 HO in order 
to match potential, kinetic, and orbital energy relationships. Thus, the CH 3 MO must 
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comprise three C-H bonds with each comprising 75% of a # 2 -type ellipsoidal MO and a 
C2sp 3 HO: 

3[l C2ap 3 +0.75 H 2 MO~]~>CH 3 MO (13.540) 

5 

The force balance of the CH 3 MO is determined by the boundary conditions that arise from 
the linear combination of orbitals according to Eq. (13.540) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant V to determine the ellipsoidal parameter c' of the each i/ 2 -type- 

10 ellipsoidal-MO component of the CH 3 MO in terms of the central force of the foci is given 
by Eq. (13.59). The distance from the origin of each C-H -bond MO to each focus c' is 
given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 

15 the solution of the other axes of each prolate spheroid and eccentricity of each C - H -bond 
MO. Since each of the three prolate spheroidal C-H -bond MOs comprises a H 2 -type- 
ellipsoidal MO that transitions to the C2$p 3 HO, the energy E(C 9 2sp 3 ) in Eq. (13.428) adds 
to that of the three corresponding H 2 -type ellipsoidal MOs to give the total energy of the 
CH 3 MO. From the energy equation and the relationship between the axes, the dimensions 

20 of the CH 3 MO are solved. 

The energy components of F e , V p9 T, and V m are three times those of CH 
corresponding to the three C-H bonds. Since the each prolate spheroidal 77 2 -type MO 
transitions to the C2sp 3 HO and the energy of the C2sp s shell must remain constant and 
equal to the E(C,2sp 3 ) given by Eq. (13.428), the total energy E T (CH 3 ) of the CH 3 MO is 

25 given by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the C2sp 3 HO and the three if 2 -type ellipsoidal MOs that forms the CH 3 
MO as given by Eq. (13.540). Using Eq. (13.431), E T (CH 3 ) is given by 
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E T {CH 3 ) = E T +E(C,2sp 3 ) 

3e \ r(0.91771)f2-I^.V— ■ 
?' L \ 2 a) a-c' 



%7UE Q C ' 



-14.63489 eV 



(13.541) 



The three hydrogen atoms and the hybridized carbon atom can achieve an energy minimum 
as a linear combination of three //..-type ellipsoidal MOs each having the proton and the 

carbon nucleus as the foci. Hybridization gives rise to the C2sp 3 HO-shell Coulombic 

5 energy E Coulomb (c,2sp 3 ) given by Eq. (13.435). To meet the equipotential condition of the 

union of the H 2 -type-ellipsoidal-MO and the C2sp 3 HO, the electron energies in Eqs. 
(13.431), (13.495), and (13.541) were normalized by the ratio of 14.82575 eV , the 
magnitude of E Coulomb (c,2sp 3 ) given by Eq. (13.425), and 13.605804 eV , the magnitude of 

the Coulombic energy between the electron and proton of H given by Eq. (1.243). The 
10 factor given by Eq. (13.430) normalized the energies to match that of the Coulombic energy 
alone to meet the energy matching condition of each C — H -bond MO under the influence of 
the proton and the C nucleus. Each C- H -bond MO comprises the same C2sp 3 shell 
having its energy normalized to that of the Coulombic energy between the electron and a 
charge of +e at the carbon focus of the CH 3 MO. Thus, the energy of the CH 3 MO is also 

15 given by the sum of that of the three i^-type ellipsoidal MOs given by Eq. (11.212) minus 
two times the Coulombic energy, E Coulomb (H) = -13.605804 eV , of the two redundant +e 's 
of the linear combination: 



E T (3H 2 -2H) = 



3e 2 



8«» 0 flf 0 



7 



2V2-V2+^ 
2 



In 



a/2 + 1 



■V2 



■2E, 



Coulomb 



V2-1 

= 3 (-3 1.63536831 eF)-2(-13.605804 eV) 
= -67.69450 eV 

(13.542) 

20 E r (CH 3 ) given by Eq. (13.541) is set equal to three times the energy of the i7 2 -type 
ellipsoidal MO minus two times the Coulombic energy of H given by Eq. (13.542): 



E T {CH 3 ) = - 



3e 2 



87te 0 c ' 



(0.91771)1 2-i-^V^±^-l 
v " 2a) a-c' 



-14.63489 eV = -67.69450 eV 

(13.543) 
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From the energy relationship given by Eq. (13.543) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH 3 MO can be solved. 
Substitution of Eq. (13.60) into Eq. (13.543) gives 



3e 2 



(0.91771) 



2-1-Sl |ln- 
2 a 





2aa 0 


3 




2aa 0 


3 



-1 



= e53.05961 



(13.544) 



5 The most convenient way to solve Eq. (13.544) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 1.62893a n =8.61990 X \QT U 



m 



Substitution of Eq. (13.545) into Eq. (13.60) gives 

c ? = 1.04209or 0 =5.51450 X 10 -11 m 
10 The internuclear distance given by multiplying Eq. (13.546) by two is 

2c' = 2.08418a 0 = 1.10290 X 10 -10 m 
The experimental bond distance is [38] 

2c' = 1.079 X 10 -10 m 
Substitution of Eqs. (13.545-13.546) into Eq. (13.62) gives 



15 



b = c = 1.25198a n =6.62518 X 10 



m 



(13.545) 
(13.546) 
(13.547) 
(13.548) 
(13.549) 
(13.550) 



Substitution of Eqs. (13.545-13.546) into Eq. (13.63) gives 
e = 0.63974 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 - 
type ellipsoidal MO. The parameters of the point of intersection of each H 2 -type ellipsoidal 
20 MO and the C2sp 3 HO are given by Eqs. (13.84-13.95), (13.261-13.270), and (13.434- 
13.442). The polar intersection angle 9 X is given by Eq. (13.261) where 
r„ =r 2sp3 =0.91771a 0 is the radius of the C2sp 3 shell. Substitution of Eqs. (13.545-13.546) 



into Eq. (13.261) gives 
0' = 85.65° 



25 Then, the angle 9 



C2sp 3 HO 



(13.551) 

the radial vector of the C2sp 3 HO makes with the internuclear axis 



is 



^o= 180O - 85 - 65O = 94 - 35 ° 



(13.552) 
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as shown in Figure 14. The angle 9 HiMO between the internuclear axis and the point of 
intersection of each H 2 -type ellipsoidal MO with the C2sp 3 radial vector given by Eqs. 
(13.442-13.443), (13.549), and (13.552) is 

6W>= 46.96° (13.553) 
5 Then, the distance d HiMO along the internuclear axis from the origin of H 2 -type ellipsoidal 

MO to the point of intersection of the orbitals given by Eqs. (13.445), (13.545), and (13.553) 
is 

d Hi Mo= 1-1 H72a 0 = 5.88295 X 10" 11 m (13.554) 
The distance d cls ^ m along the internuclear axis from the origin of the C atom to the point 
10 of intersection of the orbitals given by Eqs. (13.447), (13.546), and (13.554) is 

^c2^ o =0.06963a 0 =3.68457X 10- 12 m (13.555) 

As shown in Eq. (13.540), the uniform charge-density in the C2sp 3 HO is increased 
by a factor of 0.25 and the #-atom density is decreased by a factor of 0.25 for by each 
C-H bond. Using the orbital composition of CH 3 (Eq. (13.540)), the radii of 
15 CLy = 0.171 13a 0 (Eq. (10.51)) and C2sp 3 = 0.91771« 0 (Eq. (10.424)) shells, and the 
parameters of the CH 3 MO given by Eqs. (13.3-13.4), (13.545-13.547), and (13.549-13.555), 
the charge-density of the CH 3 MO comprising the linear combination of three C- H -bond 
MOs is shown in Figure 17. Each C - H -bond MO comprises a H 2 -type ellipsoidal MO and 
a C2sp 3 HO having the dimensional diagram shown in Figure 14. 

20 

ENERGIES OF CH 3 

The energies of CH 3 are three times those of CH and are given by the substitution of the 
semiprincipal axes (Eqs. (13.545-13.546) and (13.549)) into the energy equations Eq. 
(13.541) and (Eqs. (13.449-13.452)) that are multiplied by three: 

25 V e =3(0.91771) ~ 2e ] «±>^Z*1 = -l 08 .94944 eV (13.556) 
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T = 3(0.91771)- ^L^ln^^i^ 33.44213 eV (13.558) 

2m e ay/a 2 -b 2 a -4a 2 -b 2 

V m =3(0.91771) ~f ' l n ^(4^4 = "16.72107 (13.559) 

Am.asja 2 -b a-sja 2 -b 2 



E T {CH 3 ) = 3 «* 



%ns Q c ' 



(0.91771) 



2-I^k^-l 

2a) a-c* 



-14.63489 eV = -67.69444 eV 



(13.560) 

5 where E T (CH 3 ) is given by Eq. (13.541) which is reiteratively matched to Eq. (13.542) 
within five-significant-figvire-roxHid-off-error. 

VIBRATION OF CH 3 

The vibrational energy levels of CH 3 may be solved as three equivalent coupled harmonic 
10 oscillators by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [2] wherein the spring constants are derived from the central forces as 
given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 

15 THE DOPPLER ENERGY TERMS OF l2 CH 3 

The reentrant oscillation of hybridized orbitals in the transition state is not coupled. 
Therefore, the equations of the radiation reaction force of methyl radical are the same as 
those of the corresponding hydrogen carbide radicals with the substitution of the methyl 
radical parameters. Using Eqs. (11.136) and (13.140-13.142), the angular frequency of the 
20 reentrant oscillation in the transition state is 



0.75e 2 



Ajrf y? 

°— = 2.55577 X 10 15 radls (13.561) 

, m e 

where b is given by Eq. (13.549). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K =hco = h2.55571 X 10 16 radls = 16.82249 eV (13.562) 
25 In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each # 2 -type MO, for E llv , the mass of the electron, m e , for M , and the kinetic 
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energy given by Eq. (13.562) for E K gives the Doppler energy of the electrons of each of the 
three bonds for the reentrant orbit: 

E D „ _ -31.63537 eV \ M^2M9eV) _ _ Q ^ #(p (13 ^ 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
5 transition state at their corresponding frequency. The decrease in the energy of CH 3 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (13.563) and E Kvib , the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of each C-H bond. Using oa e given by Eq. (13.458) for 
10 E Kvlb of the transition state having three independent bonds, E \ sc ( n CH 3 ) per bond is 

E'-( U CHj = E D+ E^ = E D+ U^ (13.564) 

E' osa ( l2 CH 3 ) = -0.25670 eV+^ (0.35532 eV) = -0.07904 eV (13.565) 
Given that the vibration and reentrant oscillation is for three C-H bonds, E osc ( 12 CH 3 ) , is: 

E osc ( 12 CH 3 ) = 3 

= 3^-0.25670 eV + ^-(0.35532 eV)j (13.566) 
= -0.2371 \eV 

15 

TOTAL AND BOND ENERGIES OF 12 CH 3 

E T+osc ( U CH 3 ), the total energy of the n CH 3 radical including the Doppler term, is given by 

the sum of E T (CH 3 ) (Eq. (13.543)) and E osc ( n CH 3 ) given by Eq. (13.566): 

E T + osc (CH 3 ) = V e+ T + V m + V p + E(C,2sp 3 ) + E 0SC { l2 CH 3 ) ^ ^ 

= E T (CH 3 ) + E 0SC ( 12 CH 3 ) 



E D +-h 

K 2 
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( 1 a \ 
2 0 

I 2 a ) 



1 « + , 

In 1 



-14.63489 eV 



J 



-3 (31.63536831 eV)^ 



2h^ 


3 e 2 


4 4ro? 0 2> 3 




m e c 2 



2 V// 



(13.568) 



= -67.69450 eV- 3 



' 1 fiP 

0.25670 eV — h\— 

2 i M 



From Eqs. (13.564-13.568), the total energy of l2 CH 3 is 
E T ± 0SC ( n CH 3 ) = -67.69450 e V + E osc ( 12 CH 3 ) 

= -67.69450 eF- 3^0.25670 eV — 1(0.35532 eF) 



(13.569) 



= -67.93160 eV 

fk 

where fl? e given by Eq. (13.458) was used for the ft — term. 

5 The C£T 3 bond dissociation energy, £ 0 ( 12 Cif 3 ) , is given by the sum of the total 

energies of the CH 2 radical and the hydrogen atom minus E T+osc ( 12 CH 3 ) : 

E D ( l2 CH 3 ) = E( l2 CH 2 ) + E(H)-E T+osc ( 12 CH 3 ) (13.570) 
where E r ( n CH 2 ) is given by the sum of the energies of the C2sp 3 HO, E(C,2sp 3 ) given 
by Eq. (13.428), 2E D (H) given by Eq. (13.154), and the negative of the bond energies of 
10 12 CH given by Eq. (13.489) and 12 CH 2 given by Eq. (13.528): 

£( 12 Ctf 2 ) = 2(-13.59844 eF)-14.63489 eV-3A7 eV -4.33064 eV = -49.63241 eV 
(13.571) 

Thus, the n CH 3 bond dissociation energy, E D ( 12 CH 3 ), given by Eqs. (13.154), and (13.569- 
13.571) is 

E D ( l2 CH 3 ) = - (-49.6324 1 eV-1 3 .59844 eV)- E T+0SC ( 12 CH 3 ) 
15 = -63 .23085eF -(-67.931 60 eV) (13.572) 

= 4.70075 eV 

The experimental n CH 3 bond dissociation energy is [40] 

E D ( n CH 3 ) = 4.72444 eV (13.573) 
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BOND ANGLE OF 12 CH 3 

Using, 2c' H _ H (Eq. (13.534)), the distance between the two H atoms when the total 
energy of the corresponding MO is zero (Eq. (13.531)), and 2c' c _„ , the internuclear distance 
5 of each C-H bond (Eq. (13.547)), the corresponding bond angle can be determined from 
the law of cosines. Using Eq. (13.537), the bond angle d between the C-H bonds is 

9 = cos" 1 { 2 (2-08418) 2 -(3.2094)^ 
2 (2.0841 8) 2 j 

= cos" 1 (-0.1 8560) (13.574) 
= 100.70° 

The CH 3 radical has a pyramidal structure with the carbon atom along the z-axis at 
the apex and the hydrogen atoms at the base in the xy-plane. The distance d orlgln _ H from the 
10 origin to the nucleus of a hydrogen atom given by Eqs. (13.534) and (13.412) is 

d origm-H =1.85293a 0 (13.575) 
The height along the z-axis of the pyramid from the origin to C nucleus d heighl given by Eqs. 
(13.414), (13.547), and (13.575) is 

*W=°<95418tf 0 (13.576) 
15 The angle 0 V of each C-H bond from the z-axis given by Eqs. (13.416), (13.575), and 
(13.576) is 

& v =62.75° (13 . 577) 

The CH 3 MO shown in Figure 17 was rendered using these parameters. 

The results of the determination of bond parameters of CH 3 are given in Table 13.1. 
20 The calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

METHANE MOLECULE (CH 4 ) 

25 The methane molecule CH 4 is formed by the reaction of a hydrogen atom with a methyl 
radical: 

CH 3 +H^CH 4 (13 . 578) 
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CH 4 can be solved using the same principles as those used to solve and CH 3 wherein the 
carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an energy minimum. Four 
diatomic molecular orbitals (MOs) developed in the Nature of the Chemical Bond of 
Hydrogen-Type Molecules and Molecular Ions section serve as basis functions in a linear 
5 combination with four carbon 2sp 3 hybridized orbitals (HOs) to form the MO of CH 4 . The 

1 

solution is very similar to that of CH 3 except that there are four CH bonds in CH 4 . 
Methane is the simplest hydrocarbon that can be solved using the results for CH 3 . From the 
solution of CH Z as well as CH 3 , more complex hydrocarbons can be solved using these 
radical as basis elements with bonding between the C2sp 2 hybridized carbons. 

10 

FORCE BALANCE OF CH 4 

CH 4 comprises four chemical bonds between carbon and hydrogen atoms. Each 
C-H bond comprises two spin-paired electrons with one from an initially unpaired electron 
of the carbon atom and the other from the hydrogen atom. Each H-atom electron forms a 

15 # 2 -type ellipsoidal MO with an unpaired C-atom electrons. However, such a bond is not 
possible with the outer two C electrons in their ground state since the resulting # 2 -type 
ellipsoidal MO would have a shorter internuclear distance than the radius of the carbon 2p 
shell which is not energetically stable, and only two electrons are unpaired. Thus, when 
bonding the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an energy 

20 minimum. The electron configuration and the energy, E(c,2sp 3 ), of the C2sp 3 shell is 
given by Eqs. (13.422), and (13.428), respectively. 

For each C-H bond, a C2sp 3 electron combines with the His electron to form a 
molecular orbital. The proton of the H atom and the nucleus of the C atom are along each 
internuclear axis and serve as the foci. As in the case of H 2 , each of the four C-H -bond 

25 MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend 
into the C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell since it is 
energetically unfavorable. Thus, each MO surface comprises a prolate spheroid at the H 
proton that can be solve as being continuous with the C2sp 3 shell at the C atom whose 
nucleus serves as the other focus. The radius and the energy of the C2sp 3 shell are 
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unchanged with bond formation. The central paramagnetic force due to spin of each C-H 
bond is provided by the spin-pairing force of the CH 4 MO that has the symmetry of an s 
orbital that superimposes with the C2sp 3 orbitals such that the corresponding angular 
momenta are unchanged. 

5 The energies in the CH 4 MO involve only each C2sp 3 and each His electron with 

the formation of each C-H bond. The sum of the energies of the H 2 -type ellipsoidal MOs 
is matched to that of the C2sp 3 shell. As in the cases with of OH , H 2 0 , NH , NH 2 , NH 3 , 
CH , CH 2 , and CH 3 the CH 4> the CH 4 MO must comprise four C-H bonds with each 
having 75% of a # 2 -type ellipsoidal MO and a C2sp 3 HO in a linear combination in order to 

1 0 match potential, kinetic, and orbital energy relationships: 

4[l C2sp 3 +0.75 H 2 MO]-±CH 4 MO (13.579) 

The force balance of the CH 4 MO is determined by the boundary conditions that arise from 
15 the linear combination of orbitals according to Eq. (13.579) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k\ to determine the ellipsoidal parameter c' of the each # 2 -type- 
ellipsoidal-MO component of the CH 4 MO in terms of the central force of the foci is given 
by Eq. (13.59). The distance from the origin of each C- H -bond MO to each focus c' is 
20 given by Eq. (13.60). The intemuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 
the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. Since each of the four prolate spheroidal C-#-bond MOs comprises a # 2 -type- 
25 ellipsoidal MO that transitions to the C2sp 3 HO, the energy E(c,2sp 3 ) in Eq. (13.428) adds 
to that of the four corresponding H 2 -type ellipsoidal MOs to give the total energy of the 
CH 4 MO. From the energy equation and the relationship between the axes, the dimensions 
of the CH 4 MO are solved. 
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The energy components of V e , V p9 T 9 and V m are four times those of CH 
corresponding to the four C-H bonds. Since the each prolate spheroidal H 2 -type MO 
transitions to the C2sp 3 HO and the energy of the C2sp 3 shell must remain constant and 
equal to the E(c,2$p 3 ) given by Eq. (13.428), the total energy E T {CH 4 ) of the CH 4 MO is 
5 given by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the C2sp 3 HO and the four F 2 -type ellipsoidal MOs that forms the CH 4 
MO as given by Eq. (13.579). Using Eq, (13.431), E T (CH 4 ) is given by 
E T (CH 4 } = E t +e(C, 2sp 3 ) 

4e 2 T V 1 „A n + r.* 1 ( 13 - 58 °) 



%7VS Q C* 



(0.91771) 



fa^I^in— -i 

V, 2a) a-c } 



-14.63489 eV 



The four hydrogen atoms and the hybridized carbon atom can achieve an energy minimum as 
10 a linear combination of four H 2 -type ellipsoidal MOs each having the proton and the carbon 
nucleus as the foci. Hybridization gives rise to the C2sp 3 HO-shell Coulombic energy 
E couiomb (C,2$p 3 ) given by Eq. (13.435). To meet the equipotential condition of the union of 
the # 2 -type-ellipsoidal-MO and the C2sp 3 HO, the electron energies in Eqs. (13.431), 
(13.495), (13.541), and (13.580) were normalized by the ratio of 14.82575 eV , the 
15 magnitude of E Couiomb (c,2sp 3 ) given by Eq. (13.425), and 13.605804 eV , the magnitude of 

the Coulombic energy between the electron and proton of H given by Eq. (1.243). The 
factor given by Eq. (13.430) normalized the energies to match that of the Coulombic energy 
alone to meet the energy matching condition of each C-H -bond MO under the influence of 
the proton and the C nucleus. Each C-H -bond MO comprises the same C2sp 3 shell 
20 having its energy normalized to that of the Coulombic energy between the electron and a 
charge of +e at the carbon focus of the CH A MO. Thus, the energy of the CH 4 MO is also 
given by the sum of that of the four 77 2 -type ellipsoidal MOs given by Eq. (11.212) minus 
three times the Coulombic energy, E Coulomb (H) = -13.605804 eV , of the three redundant 
+e 's of the linear combination: 
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4e 2 



214 

2 



In 



V2+1 



-V2 



-3E, 



'Coulomb 



V2-1 

= 4(-31.63536831 eF)-3(-13.605804eF) (13.581) 
= -85.72406 eV 

E r (CH 4 ) given by Eq. (13.580) is set equal to four times the energy of the H 2 -type 
ellipsoidal MO minus three times the Coulombic energy of H given by Eq. (13.581): 



E T {CH 4 ) = - 



4e 2 



8^ff 0 c' 



(0.91771) 



r 



1 a. 



\ 



v 2 a j 



In 



a+c' 
a — c' 



-1 



-14.63489 eV = -85.72406 



5 (13.582) 
From the energy relationship given by Eq. (13.582) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH A MO can be solved. 
Substitution of Eq. (13.60) into Eq. (13.543) gives 



4e 2 



(0.91771) 



f 



2-1^ |ln- 
2 a 



a + 



2aa n 



a- 



2aa n 



= e71.08917 



(13.583) 



a = 1.62340a 0 =8.59066 X 10" 11 m 
Substitution of Eq. (13.584) into Eq. (13.60) gives 



c' = 1.04032a n =5.50514 X 10 



-11 



m 



15 The internuclear distance given by multiplying Eq. (13.585) by two is 



10 The most convenient way to solve Eq. (13.583) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

(13.584) 
(13.585) 
(13.586) 

(13.587) 
(13.588) 
(13.589) 



2c' = 2.08064a n =1.10103 X 10 -10 m 



The experimental bond distance is [41] 

2c' — 1.087 X 10~ 10 tn 
Substitution of Eqs. (13.584-13.585) into Eq. (13.62) gives 
20 b = c = l .24626a 0 = 6.59492 X 1 0 _n m 

Substitution of Eqs. (13.584-13.585) into Eq. (13.63) gives 
e = 0.64083 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 - 
type ellipsoidal MO. The parameters of the point of intersection of each iiT 2 -type ellipsoidal 
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MO and the C2sp 3 HO in the absence of the other three are given by Eqs. (13.84-13.95), 
(13.261-13.270), (13.434-13.442), and (13.551-13.555). The polar intersection angle 0' is 
given by Eq. (13.261) where r„ =r 2sp3 =0.91771a 0 is the radius of the C2sp 3 shell. 

Substitution of Eqs. (13.584-13.585) into Eq. (13.261) gives 
5 0' = 86.20° (13 . 590) 

Then, the angle 0 C2sp > HO the radial vector of the C2sp 3 HO makes with the internuclear axis 

is 

e cufHo =180°-86.20° = 93.80° (13.591) 
as shown in Figure 14. The angle 0 H ^ MO between the internuclear axis and the point of 
10 intersection of each H 2 -type ellipsoidal MO with the C2sp 3 radial vector given by Eqs. 
(13.442-13.443), (13.588), and (13.591) is 

^=47.29° (13.592) 
Then, the distance d g ^ 0 along the internuclear axis from the origin of H 2 -type ellipsoidal 

MO to the point of intersection of the orbitals given by Eqs. (13.445), (13.584), and (13.592) 
15 is 

d H ,Mo =1.10121^ = 5.82734 X lO" 11 m (13.593) 
The distance d C2s[?HO along the internuclear axis from the origin of the C atom to the point 
of intersection of the orbitals given by Eqs. (13.447), (13.585), and (13.593) is 

d cufHo = 0.06089a 0 = 3.22208 X 10" 12 m (13.594) 

20 The iy 2 -type ellipsoidal MOs do not actually directly contact the C2sp 3 HO. As 

discussed in the Force Balance of H 2 0 section, with the addition of the fourth C-H bond, 
the # 2 -type ellipsoidal MOs may linearly combine to form a continuous two-dimensional 
surface of equipotential equivalent to that of the MOs if they did contact the C2sp 3 HO. 
However, Eqs. (13.579-13.580) must hold based on conservation of momentum and the 

25 potential, kinetic, and total energy relationships. In order that there is current continuity 
given the constraints of Eqs. (13.579-13.580), the existence of a self-contained, continuous- 
current, linear-combination of the # 2 -type ellipsoidal MOs requires that electrons are 
divisible between the combination H 2 -type MO and the C2sp 3 HO. This is not possible. 
Thus, at the points of intersection of the if 2 -type MOs of methane, symmetry, electron 
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indivisibility, current continuity, and conservation of energy and angular momentum require 
that the current between the C2sp 3 shell and points of mutual contact is projected onto and 
flows along the radial vector to the surface of C2sp 3 shell. This current designated the 
bisector current (BC) meets the C2sp 3 surface and does not travel to distances shorter than 
5 its radius. Moreover, an energy minimum is obtained when the H -atom charge-density of 
each C-H -bond MO is decreased by a factor of 0.25 with a corresponding 0.25 increase in 
that of the three other C-H -bond MOs. In this case, the angular momentum components of 
the transferred current mutually cancel. The geometry of the equivalent bonds is tetrahedral. 
The symmetry point group is T d . This geometry is equivalent to the indistinguishable bonds 
10 positioned uniformly on a spherical surface or also at the apexes of a cube. The predicted 
angle 6 between the C-H bonds is 

0 = 109.5° (13.595) 
The experimental bond angle is [41] 

0 = 109.5° (13 . 596) 
15 The polar angle <j> at which the i^-type ellipsoidal MOs intersect is given by the bisector of 
the angle 6 between the C-H bonds: 
. 109.5 CA ^ ca 

0 = —^— = 54.75° (13.597) 

With the carbon nucleus defined as the origin and one of the C-H bonds defined as the 
positive x-axis, the polar-coordinate angle of the intersection occurs at 
20 ^' = 54.75° + 180° = 234.57° (13.598) 

The polar radius r t at this angle is given by Eqs. (13.84-13.85): 

c ' 

1 + — 

r t ={a-c') (13.599) 

1h — cos^' 
a 

Substitution of Eqs. (13.584-13.585) and (13.589) into Eq. (13.599) gives 

r t = 1.52223a 0 =8.05530 X 10 _u m (13.600) 
25 Using the orbital composition of CH 4 (Eq. (13.579)), the radii of Cls = 0.171 13<z 0 

(Eq. (10.51)) and C2sp 3 = 0.91771a 0 (Eq. (10.424)) shells, and the parameters of the CH A 
MO given by Eqs. (13.3-13.4), (13.584-13.586), and (13.588-13.600), the charge-density of 
the CH 4 MO comprising the linear combination of four C-H -bond MOs is shown in 
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Figure 18. Each C-H -bond MO having the dimensional diagram shown in Figure 14 
comprises a i7 2 -type ellipsoidal MO and a C2sp 3 HO according to Eq. (13.579). But, based 
on the T d symmetry of the H 2 -type MOs, the charge is distributed 1:1 between the ff 2 -type 
MOsandthe C2sp 3 shell. 

5 

ENERGIES OF CH 4 

The energies of CH A are four times those of CH and are given by the substitution of the 
semiprincipal axes (Eqs. (13.584-13.585) and (13.588)) into the energy equations Eq. 
(13.580) and (Eqs. (13.449-13.452)) that are multiplied by four: 



10 V =4(0.91771) ~Y ln a+ 7 * =-145.86691 eV (13.601) 

' . J 8xsja 2 -b 2 a-4a 2 -b 2 

V p = 4 f =52.31390 eV (13.602) 



T = 4(0.91771) y ln^(===£ = 44.92637 eV (13.603) 

V ; 2«Wa 2 -i 2 a-4a 2 -b 2 



V m =4(0.91771) ~f m ^(Sl = -22.46318 eV (13.604) 

4ma-Ja 2 -b 2 a-sja 2 -b 2 



4e 2 

E T {CH 4 ) = - 



(0.91771)1 2-±^V^-l 



-14.63489 eV = -85.72472 eV 



15 ; (13.605) 
where E T (CH 4 ) is given by Eq. (13.580) which is reiteratively matched to Eq. (13.581) 
within five-significant-figure round-off error. 

VIBRATION OF CH A 
20 The vibrational energy levels of CH A may be solved as four equivalent coupled harmonic 
oscillators by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [2] wherein the spring constants are derived from the central forces as 
given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 

25 
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THE DOPPLER ENERGY TERMS OF l2 CH 4 

The reentrant oscillation of hybridized orbitals in the transition state is not coupled. 
Therefore, the equations of the radiation reaction force of methane are the same as those of 
OH 9 CH , CH 2 , and CH % with the substitution of the methane parameters. Using Eqs. 
5 (11.136) and (13.140-13.142), the angular frequency of the reentrant oscillation in the 
transition state is 



0.75e 2 



=2.57338 X 10 16 rod Is (13.606) 



where b is given by Eq. (13.588). The kinetic energy, E K9 is given by Planck's equation 
(Eq. (11.127)): 

10 E K =hco = H2.5733SX 10 16 rad / s = 16.93841 eV (13.607) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each i^ 2 -type MO, for E hv , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (13.607) for E K gives the Doppler energy of the electrons of each of the 
four bonds for the reentrant orbit: 



IS E B -ai.<BS37 .r H 16 - 93 ? 1 ^> =-0.25758 eV (13.608) 

D hv \Mc 2 V m e c 2 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH 4 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
20 energies, E D given by Eq. (13.608) and E Kvib 5 the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of each C-H bond. Using a> e given by Eq. (13.458) for 
E Kvib of the transition state having four independent bonds, E \ sc ( 12 CH 4 ) per bond is 

E\ SQ (»CH A ) = E D+ E Kv(b =E D +\h^ (13.609) 
E' osc ( U CH 4 ) = -0.25758 eV + -(035532 eV) = -0.07992 eV (13.610) 
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The reentrant orbit for the binding of a hydrogen atom to a CH 3 radical involves four C-H 
bonds. Since the vibration and reentrant oscillation is along four bonds, E osc for 12 CH 4 , 
E osc { X2 CH 4 ), is: 



E 0SC ( l2 CH 4 ) = 4 



E D +—hl— 

D 2 V 



= 4 



1 



-0.25758 eF + -(0.35532 eV) 



(13.611) 



-0.31967 eV 



TOTAL AND BOND ENERGIES OF 12 CH 4 

Et+osc^CH*)* the tota l energy of the 12 CH 4 radical including the Doppler term, is given by 
the sum of E T (CH 4 ) (Eq. (13.582)) and E osc ( 12 CH 4 ) given by Eq. (13.61 1): 

E T+osc (CH 4 ) = V e +T + V m +V p + E(c,2sp 3 ) + E osc ( 12 CH 4 ) 
= E T (CH 4 ) + E osc ( l2 CH 4 ) 

-4e 2 



(13.612) 



E T+osc ( l2 CH 4 ) = 



10 



$ne 0 c ' 



(0.9177l)(^2-i^ln^. 



-14.63489 eV 



-4 



(31.63536831 eV)^ 



2h 



3 e 2 



4 4ns Jf 



mc 



2 \\v 



= -85 .72406 eV- 4 



0.25758 eV--hl^ 

2 



(13.613) 



From Eqs. (13.609-13.613), the total energy of l2 CH 4 is 
E T+osc ( l2 CH 4 ) = -85.72406 e V + E osc ( n CH 4 ) 

= -85.72406 eF-4^0.25758 ef— ^(0.35532 eV)j 
= -86.04373 eV 

where co e given by Eq. (13.458) was used for the hi — term. 

VP 



(13.614) 
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The CH 4 bond dissociation energy, E D ( 12 CH 4 }> is given by the sum of the total 
energies of the CH 3 radical and the hydrogen atom minus E T+OSG ( 12 CH 4 } : 

E D ( i2 CH 4 ) = E(»CH 3 ) + E<iH)~E r+osc ( l2 CH<) (13.615) 
where E T ( 12 CH 3 ) is given by the sum of the energies of the C2sp % HO, E(C,2sp 3 ) given 
5 by Eq. (13.428), 3E D {H) given by Eq. (13.154), and the negative of the bond energies of 
n CH given by Eq. (13.489), n CH 2 given by Eq. (13.528), and l2 CH 3 given by Eq. (13.573): 



r 

E{ l2 CH 3 ) = 



3(-13.59844eF)-14.63489 e F )_ 67 95529eV (n6l6) 

-3.47 eV- 4.33064 eV - 4.72444 eV J 



Thus, the l2 CH 4 bond dissociation energy, E D ( l2 CH 4 ) , given by Eqs. (13.154), and (13.614- 
13.616) is 

E D ( l2 CH 4 ) = -(67.95529 eV 4-13.59844 eV)-E T + 0SC ( l2 CH 4 ) 

10 =-81.55373 eF-(-86.04373 eV) (13.617) 

= 4.4900 eV 

The experimental l2 CH 4 bond dissociation energy is [40] 

E D ( l2 CH 4 ) = 4.48464 eV (13.618) 

The results of the determination of bond parameters of CH 4 are given in Table 13. L 
15 The calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

NITROGEN MOLECULE 

20 The nitrogen molecule can be formed by the reaction of two nitrogen atoms: 

N + N->N 2 (13.619) 
The bond in the nitrogen molecule comprises a H 2 -type molecular orbital (MO) with two 
paired electrons. The force balance equation and radius r 7 of the 2p shell of N is derived 
in the Seven-Electron Atoms section. With the formation of the H 2 -type MO by the 

25 contribution of a 2p electron from each N atom, a diamagnetic force arises between the 
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remaining 2p electrons and the # 2 -type MO. This force from each N causes the H 2 -type 
MO to move to greater principal axes than would result with the Coulombic force alone. But, 
the integer increase of the central field and the resulting increased Coulombic as well as 
magnetic central forces on the remaining 2p electrons of each N decrease the radius of the 
5 corresponding shell such that the energy minimum is achieved that is lower than that of the 
reactant atoms. The resulting electron configuration of N 2 is l^l^ 2 ^ 2 ^ 2 ^ 2 ^^ where 
the subscript designates the N atom, 1 or 2 5 a designates the fT 2 -type MO, and the orbital 
arrangement is 

cr state 

n 

2p state 

n n 

0 0 

1Q (13.620) 

2s state 
U U 

Is state 

_n_ _n_ 

m N2 

Nitrogen is predicted to be diamagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE 2p SHELL OF THE NITROGEN ATOMS OF 

15 THE NITROGEN MOLECULE 

For each N atom, force balance for the outermost 2p electron of N 2 (electron 6) is 
achieved between the centrifugal force and the Coulombic and magnetic forces that arise due 
to interactions between electron 6 and the other 2p -shell as well as the 2 s -shell electrons 
due to spin and orbital angular momentum. The forces used are derived in the Seven- 

20 Electron Atoms section. The central Coulomb force on the outer-most 2p shell electron of 
N 2 (electron 6) due to the nucleus and the inner five electrons is given by Eq. (10.70) with 
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the appropriate charge and radius: 
(Z-5)e 2 

for r >r 5 . The 2p shell possess an external electric field given by Eq. (10.92) for r>r 6 . 
The energy is minimized with conservation of angular momentum. This condition is met 
5 when the diamagnetic force, F diamagmtic , of Eq. (10.82) due to the p -orbital contribution is the 
same as that of the reactant nitrogen atoms given by Eq. (10.136) with r 6 replacing r n : 

^diamagnetic = A \ \ . % 2 js(s + l)i r = - % fa (13.622) 

And, F mag 2 corresponding to the conserved orbital angular momentum of the three orbitals is 
given by Eq. (10.89): 

10 F -^=|r^rV^ + l)i r (13.623) 

The electric field external to the 2p shell given by Eq. (10.92) for r > r 6 gives rise to 
a second diamagnetic force, ¥ dlamagneltc 2 , given by Eq. (10.93). F dlamagnetic 2 due to the binding 
of the p-orbital electron having an electric field of +1 outside of its radius is: 



diamagnetic 2 



Z-6 



V 2 



r,h \Q^s(s + \)i r (13.624) 



.Z-5. 

15 In addition, the contribution of a 2p electron from each N atom in the formation of 

the a MO gives rise to a paramagnetic force on the remaining two 2p electrons that pair. 
The force, F mflg3 , follows from Eq. (10.11) wherein the two radii are equal to r 6 and the 
direction is positive, central: 

h 2 i 

F mag3 =-^jjs(s + l)i r (13.625) 

20 F ma S 3 is present in additional diatomic molecules where its contribution minimizes the 
energy. This AO spin-pairing force reduces the radius directly to reduce the energy, and it 
can also cancel the contribution of the corresponding electron to F rfto (fc to further reduce 
the energy. 

The radius of the 2p shell is calculated by equating the outward centrifugal force to 
25 the sum of the electric (Eq. (13.621)) and diamagnetic (Eqs. (13.622) and (13.624)), and 
paramagnetic (Eqs. (13.623) and (13.625)) forces as follows: 



WO 2007/051078 



PCTYUS2006/042692 



223 



».v 6 _ 



(Z-5)e 2 

Z-6 
Z-5 

n 



n 2 



\2m e r 6 r 3 



sls(s + T) 



3ti 2 



Zm e r 2 r 3 



1- 



V2^| r\h 2 



r 6 m 



4m e r 6 



(13.626) 



ft 1 
Substitution of v 6 = (Eq. (1.56)) and s = - into Eq. (13.626) gives: 

m.K 2 



h 2 



m e rl 4m e r 6 \ 4 



3 (Z-5)e ; 

.3 M a - A 2 



h 2 



47ve 0 r 6 



- + 



3h 2 



\2m e r 2 r 3 V 4 Zm e r 2 r 3 V 4 



Z-6 
Z-5 



1- 



r 6 4 m, 



14 
(13.627) 



5 The quadratic equation corresponding to Eq. (13.627) is 



rl- 



h_ 
m 



2 \.^L 
8 



(Z-5)e 2 ( 1 3^ ft 2 

47VS Q 



\12 Z)m e r 3 \4 
The solution of Eq. (13.628) using the quadratic formula is: 





'Z-6' 


f 

1- 


J2] 


r 3 10^ 


1 


m e 


2-5 _ 




2 J 




{v- 


-5)e 2 _ 




-8 




J!) 




^12 




m e r 3 





= 0 



(13.628) 



1- 



2^ 
8 



CZ-S)-| i-f 



2r 3 J 




20^3 



Z-6 
Z-5 



1- 



(13.629) 



(Z-5)- 



12 Z J 2r 3 



r 6=- 



r 3 in units of a 0 

10 The positive root of Eq. (13.629) must be taken in order that r 6 >0. Substitution of 



= 0.69385 (Eq. (10.62) with Z = 7 ) into Eq. (13.629) gives 



r 6 = 0.78402a 0 



(13.630) 
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ENERGIES OF THE 2p SHELL OF THE NITROGEN ATOMS OF THE 
NITROGEN MOLECULE 

The central forces on the 2p shell of each N are increased with the formation of the a MO, 
which reduces the shell's radius and increases its total energy. The Coulombic energy terms 
5 of the total energy of the two N atoms at the new radius are calculated and added to the 
energy of the a MO to give the total energy of N 2 . Then, the bond energy is determined 

from the total N 2 energy. 

The radius r 7 of each nitrogen atom before bonding is given by Eq. (10.142): 
r 7 = Q.93084tf 0 (13.631) 
10 Using the initial radius r 7 of each N atom and the final radius r 6 of the N2p shell of N 2 
(Eq. (13.630)) and by considering that the central Coulombic field decreases by an integer for 
each successive electron of the shell, the sum E T (N 2 ,2p) of the Coulombic energy change 
of the N2p electrons of both atoms is determined using Eq. (10.102): 



FORCE BALANCE OF THE a MO OF THE NITROGEN MOLECULE 
The 2 p shell gives rise to two diamagnetic forces on the a MO. As given for the hydrogen 
molecule in the Hydrogen-Type Molecules section, the a MO comprises two electrons, a 
electron 1 and a electron 2, that are bound at £ = 0 as a equipotential prolate spheroidal MO 

20 by the central Coulombic field due to the nitrogen atoms at the foci and the spin pairing force 
on a electron 2 due to a electron 1 that initially has smaller semiprincipal axes. The spin- 
pairing force given in Eq. (11.200) is equal to one half the centrifugal force of the two 
electrons. The spin-pairing electron of the a MO is also repelled by the remaining 2p 
electrons of each JV according to Lenz law, and the force is based on the total number of 

25 these electrons n e that interact with the binding a -MO electron. This diamagnetic force 
^diama&tticMox is of ^ same form as the molecular spin-pairing force but in the opposite 
direction. The force follows from the derivations of Eqs. (10.219) and (1 1.200) which gives: 




= -2(13.60580 eK)(0.20118)(2 + 3) 
= -27.37174 eV 



(13.632) 



15 
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n ^ DL (13.633) 



In addition, there is a relativistically corrected Lorentzian force ^ dlamasneticM02 on the pairing 
electron of the cr MO that follows from Eqs. (7.15) and (1 1.200): 

5 where \l\ is the magnitude of the angular momentum of each N atom at a focus that is the 

source of the diamagnetism at the cr -MO. 

The force balance equation for the cr -MO of the nitrogen molecule given by Eq. 
(11.200) and Eqs. ( (13.633-13.634) with n e =2 and |z| = tt is 



h 2 „ e 1 „ n 



D=- ~rrD + - TT^D- 



m e a 2 b 2 8K£ Q ab 2 2m e a 2 b 2 



1 + - 

. ZJ 



h 2 



2ma 2 b 2 



D (13.635) 



io -^T^^-Ar^- i h \* D < 13636) 

m e a 2 b 2 8xe 0 ab 2 Z 2m e a 2 b 2 

f 2+-) h \., D= e \ n (13.637) 



Z ) 2m e a 2 b 2 8xs 0 ab 2 

a^ + ^ja, (13.638) 

Substitution of Z = 7 into Eq. (13.638) gives 

a = 2.14286a 0 = 1.13395 X 10~ 10 m (13.639) 
1 5 Substitution of Eq. (1 3.639) into Eq. (1 1 .79) is 

c' = 1.03510a 0 = 5.47750 X 10"" m (13.640) 
The internuclear distance given by multiplying Eq. (13.640) by two is 

2c' = 2.07020a 0 = 1.09550 X 10 -10 m (13.641) 
The experimental bond distance from Ref. [28] and Ref. [43] is 

20 2c' = 1.09769 X 10~ 10 m (13.642) 

2c' = 1 .094 X 1 0~ 10 m (13 .643) 
Substitution of Eqs. (13.639-13.640) into Eq. (1 1 .80) is 

b = c = 1.87628a 0 = 9.92882 X 10' 11 m (13.644) 
Substitution of Eqs. (13.639-13.640) into Eq. (11.67) is 

25 e = 0.48305 (13.645) 
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Using the electron configuration of N 2 (Eq. (13.620)), the radii of the Nls = 0.14605a 0 (Eq. 
(10.51)), 7V2,y = 0.69385tf 0 (Eq. (10.62)), and N2p = 0.78402a 0 (Eq. (13.630)) shells and the 
parameters of the a MO of N 2 given by Eqs. (13.3-13.4), (13.639-13.641), and (13.644- 
13.645), the dimensional diagram and charge-density of the N 2 MO are shown in Figures 19 

5 and 20, respectively. 

Despite the predictions of standard quantum mechanics that preclude the imaging of a 
molecular orbital, the full three-dimensional structure of the outer molecular orbital of N 2 
has been recently tomographically reconstructed [44]. The charge-density surface observed 
is consistent with that shown in Figure 20. This result constitutes direct evidence that 

10 electrons are not point-particle probability waves that have no form until they are "collapsed 
to a point" by measurement. Rather they are physical, two-dimensional equipotential charge 
density surfaces. 

SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE 
15 NITROGEN MOLECULE 

The energies of the N 2 a MO are given by the substitution of the semiprincipal axes (Eqs. 
(13.639-13.640) and (13.644)) into the energy equations (Eqs. (11.207-11.212)) of H 2 : 



V = =j£_ In ^^2 = -27.70586 eV (13.646) 

e 8^ 0 4a^¥ a-4a 2 -b 2 

V = f =13.14446 eV (13.647) 



20 T= a 2 ^a+J^b 2 _t AMnna1 , (13>648) 

2mWa 2 -& 2 a—sla 2 -b 2 



V „ = "ft 2 ]n a + Ja 2 -b 2 __ aoqoQ<! eV (13.649) 

4m e ayja 2 -b 2 a-sja 2 -b 2 

E T =V e +T + V m +V p (13.650) 
Substitution of Eqs. (11.79) and (13.646-13.649) into Eq. (13.650) gives 



E T [N 2 ,a) = 



-e 2 



a + 



2a) jaa n 



-11.32906 eV (13.651) 
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where E T (N 2 ,a) is the total energy of the a MO of N 2 . The sum, E T (N 2 ), of 
E T (N 2 ,2p), the 2p (AO) contribution given by Eq. (13.632), and E T (N 2 ,a), the a MO 
contribution given by Eq. (13.651) is: 

E T [N 2 ) = E r (N 2 ,2p) + E T (N 2 , a) 

= -21.11X1 A eV-ll .32906 eV (13.652) 
= -38.70080 eV 

5 

VIBRATION OF N 2 

The vibrational energy levels of N 2 may be solved by determining the Morse potential curve 
from the energy relationships for the transition from two N atoms whose parameters are 
given by Eqs. (10.134-10.143) to the two N atoms whose parameter r 6 is given by Eq. 

10 (13.630) and the a MO whose parameters are given by Eqs. (13.639-13.641) and (13.644- 
13.645). As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 
(K&P) [15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 

15 perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 

THE DOPPLER ENERGY TERMS OF THE NITROGEN MOLECULE 
The equations of the radiation reaction force of nitrogen are the same as those of H 2 with the 
20 substitution of the nitrogen parameters. Using Eqs. (11.231-11.233), the angular frequency 
of the reentrant oscillation in the transition state is 



a> = 



i 



e 2 



°— = 1.31794 X 10 16 radls (13.653) 

where a is given by Eq. (13.639). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

25 E K =ha) = h\3ll9AX 10 16 rad/s = 8.67490 eV (13.654) 
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In Eq. (1 1.181), substitution of E T (JV 2 ) for E ln> , the mass of the electron, m e , for M , and the 

kinetic energy given by Eq. (13.654) for E K gives the Doppler energy of the electrons of the 
reentrant orbit: 



E D S =-38.70080 evf^^l - -0.22550 eV (13.655) 

5 In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the N 2 MO 
due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation 
of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given 
by Eq. (13.655) and E Kvfb9 the average kinetic energy of vibration which is 1/2 of the 
10 vibrational energy. Using the experimental N 2 co e of 2358.57 cm" 1 (0.29243 eV) [28] for 
E Kvib of the transition state, E QSC [N 2 ) is 

K sc (N 2 ) = E D + E Kvib = E D + ^*^ (13.656) 
Ksc {N 2 ) = -0.22550 eF + i(0.29243 eV) = -0.07929 eV (13.657) 

15 TOTAL AND BOND ENERGIES OF THE NITROGEN MOLECULE 

E T+osc (N 2 ) 9 the total energy of N 2 including the Doppler term, is given by the sum of 

E T (N 2 ) (Eq. (13.652)) and E osc (N 2 ) given by Eq. (13.657): 

Et. osc {N 2 )^V e +T + V m +V p +E T (N 29 2p) + E osc (N 2 ) 

= E T {N 2 ,a) + E T (N 2 ,2p) + E osc (N 2 ) (13.658) 
= E T (N 2 ) + E osc (N 2 ) 
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a + 



2 



V 2 


V 






2*J 






m„c 2 




-1 



(Z - n)e 



ir 1 ^ 



H=4 



\ r 6 r 1 J 



(13.659) 



= -38.70080 eF- 0.22550 eV + -%}— 

2 

From Eqs. (13.656-13.659), the total energy of the N 2 MO is 
(^) = -38.70080 + f MC (N 2 ) 

= -38.70080 eF- 0.22550 +^(0.29243 eV) 
= -38.78009 <?F 



(13.660) 



where the experimental <o e was used for the hj— term. 

5 The N 2 bond dissociation energy, E D (N 2 ), is given by the difference in the total 

energies of the two N atoms and E T+osc (N 2 ) : 

E D {N 2 ) = 2E{N)-E T+osc (N 2 ) (13-661) 

where the energy of a nitrogen atom is [6] 

E(N) = -14.53414 eV (13.662) 

10 Thus, the N 2 bond dissociation energy, E D (N 2 ) , given by Eqs. (13.660-13.662) is 

E D (N 2 ) = -2(14.53414 eV)-E T+osc (N 2 ) 

= -29.06828 eV- (-38.78009 eV) (13.663) 
= 9.71181 eV 

The experimental N 2 bond dissociation energy from Ref. [43] and Ref. [45] is 

E D (N 2 ) = 9.756eV (13.664) 
E D (N 2 ) = 9.764 e V (1 3 .665) 

15 The results of the determination of bond parameters of N 2 are given in Table 13.1. The 
calculated results are based on first principles and given in closed-form, exact equations 
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containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

OXYGEN MOLECULE 

5 The oxygen molecule can be formed by the reaction of two oxygen atoms: 

0 + 0->0 2 (13.666) 
The bond in the oxygen molecule comprises a H 2 -type molecular orbital (MO) with two 
paired electrons. The force balance equation and radius r 8 of the 2/? shell of O is derived in 
the Eight-Electron Atoms section. With the formation of the # 2 -type MO by the 

10 contribution of a 2]? electron from each O atom, a diamagnetic force arises between the 
remaining 2p electrons and the H 2 -type MO. This force from each O causes the i^-type 
MO to move to greater principal axes than would result with the Coulombic force alone. But, 
the integer increase of the central field and the resulting increased Coulombic as well as 
magnetic central forces on the remaining 2p electrons of each O decrease the radius of the 

15 corresponding shell such that the energy minimum is achieved that is lower than that of the 
reactant atoms. The resulting electron configuration of 0 2 is Isfls%2sf2sl2p*2plaf a where 
the subscript designates the O atom, 1 or 2, a designates the # 2 -type MO, and the orbital 
arrangement is 

cr state 

n 

2p state 

n t n t 

0 1 0 1 

20 (13.667) 

2s state 

n n 



Is state 

u n 

Ol 02 
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Oxygen is predicted to be paramagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOMS OF 
THE OXYGEN MOLECULE 
5 For each O atom, force balance for the outermost 2p electron of 0 2 (electron 7) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
interactions between electron 7 and the other 2p -shell as well as the 2 s -shell electrons due 
to spin and orbital angular momentum. The forces used are derived in the Eight-Electron 
Atoms section. The central Coulomb force on the outer-most 2p shell electron of 0 2 
10 (electron 7) due to the nucleus and the inner six electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

„ (Z-6)e 2 . 

F < fe= "l^T' < 13 - 668 > 

for r >r 6 . The 2p shell possess an external electric field given by Eq. (10.92) for r>r 7 . 
The energy is minimized with conservation of angular momentum. This condition is met 
15 when the magnetic forces are the same as those of the reactant oxygen atoms with r 7 
replacing r 8 . The diamagnetic force, F aemagnette9 of Eq. (10.82) due to the p -orbital 
contributions is given by Eq. (1 0. 1 56): 

F d,an, ag n e ,ic =-[- + - ~ ~ J S( S + l)i r = -— — /-f r (13.669) 

And; F mfl|r 2 corresponding to the conserved spin and orbital angular momentum given by Eq. 
20 (10.157) is 

1 2h 2 r- 

mas2 = z~^^^ s(s+l)lr (13 - 670 > 

The electric field external to the 2p shell given by Eq. (10.92) for r > r 7 gives rise to 
a second diamagnetic force, F dlamagneljc 2 , given by Eq. (10.93). ¥ dlamagltellc 2 due to the binding 
of the p-orbital electron having an electric field of +1 outside of its radius is : 

-10Vtf(j + l)I r (13.671) 



25 F.. 

diamagnetic 2 



Z-7 



k 2 j 



rji 



m e r n 



Z-6. 

The radius of the 2p shell is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (13.688)) and diamagnetic (Eqs. (13.669) and (13.671)), and 
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paramagnetic (Eq. (13.670)) forces as follows: 



3ft 7 



( (Z-6)e 7 

4tt£ Q r? llm^r, 



2h 2 



Zm e r;r 3 



Z-7 

Z-6 



1- 



-10^(5 + 1) 



(13.672) 



Substitution of v 7 = - z ^- (Eq. (1.56)) and s = | into Eq. (13.672) gives: 



m e r 7 



ft 2 (Z-6)e 2 



3ft 2 



m e r 7 



2 + 



2/z 2 



4?rs 0 r 7 2 12m e r 7 2 r 3 \4 Zm e r 7 2 r 3 \4 |_Z-6_ 



Z-7 



1- 



V2 



r 7 m e \ 4 



(13.673) 



The quadratic equation corresponding to Eq. (13.673) is 



r 2 - 



»1 

m. 



Z-l 
Z-6 



1- 



rAOj- 



(Z-6)e 2 



4^ 



12 Z ) m e r 3 \ 4 y 



(Z-6)e 2 



12 Z; 



fc 2 



= 0 



(13.674) 



The solution of Eq. (13.674) using the quadratic formula is: 



10 




(Z-6) 



12 Zj2r 3 




(13.675) 



?3 /« o/" a 0 

The positive root of Eq. (13.675) must be taken in order that r 7 >0. Substitution of 
= 0.59020 (Eq. (10.62) with Z = 8) into Eq. (13.675) gives 



r 7 =0.91088a 0 



(13.676) 



15 ENERGIES OF THE 2p SHELL OF THE OXYGEN ATOMS OF THE 
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OXYGEN MOLECULE 

The central forces on the 2p shell of each O are increased with the formation of the a MO, 
which reduces the shell's radius and increases its total energy. The Coulombic energy terms 
of the total energy of the two O atoms at the new radius are calculated and added to the 
5 energy of the a MO to give the total energy of 0 2 . Then, the bond energy is determined 
from the total 0 2 energy. 

The radius r 8 of each oxygen atom before bonding is given by Eq. (10. 1 62): 
r ^ a o (13.677) 
Using the initial radius r 8 of each O atom and the final radius r 7 of the 02p shell of 0 2 
10 (Eq. (13,. 676)) and by considering that the central Coulombic field decreases by an integer for 
each successive electron of the shell, the sum E T {0 2 ,2p) of the Coulombic energy change 
of the 02 p electrons of both, atoms is determined using Eq. (10.1 02) : 



E T (0 2 ,2 P ) = -2Z^=^ 

n=4 o7TS 0 



\ r i r % J 



= -2(13.60580 eV) (0.09784) (2 + 3 + 4) 
= -23.96074 eV 



(13.678) 



15 FORCE BALANCE OF THE a MO OF THE OXYGEN MOLECULE 

The force balance equation for the a -MO of the oxygen molecule given by Eq. (1 1 .200) and 

Eqs. (13.633-13.634) with n e =2 and = is 



h 2 e 2 



m e a 2 b 2 8ne 0 ab 2 2m e a 2 b 2 



D- 



2 Z 



h 2 



2ma 2 b 2 



D 



(13.679) 



ti 2 e 2 
n - D = £_£>. 



m e a 2 b 2 87ue 0 ab 2 



l. + V4 



2 Z 



h 2 



2mn 2 b 2 



D 



(13.680) 



20 



2 Z 
K J 



h 2 e 2 



2m e a 2 b 2 %7t£ 0 ab 2 



(13.681) 
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a ~ 



— + 



2 Z 



V 



(13.682) 



Substitution of Z = 8 into Eq. (13.682) gives 

a = 2.60825a 0 = 1.38023 X 10" 10 m (13.683) 
Substitution of Eq. (1 3 .683) into Eq. (1 1 .79) is 
5 c' = 1.14198ar 0 =6.04312X 10~ u m (13.684) 

The internuclear distance given by multiplying Eq. (13.684) by two is 

2c' = 2.28397« 0 =1.20862 X 10" 10 m (13.685) 
The experimental bond distance is [28] 

2c' = l,20752^10- 10 m (13.686), 
10 Substitution of Eqs. (13.683-13.684) into Eq. (1 1.80) is 

b = c = 2.34496a 0 =1.24090^ 10~ 10 m (13.687) 
Substitution of Eqs. (13.683-13.684) into Eq. (11.67) is 

e = 0 -43783 (13.688) 
Using the electron configuration of 0 2 (Eq. (13.667)), the radii of the Ols = 0.12739a 0 (Eq. 
15 (10.51)), O2s = 0.59020a 0 (Eq. (10.62)), and 02p = 0.91088« 0 (Eq. (13.676)) shells and the 
parameters of the a MO of 0 2 given by Eqs. (13.3-13.4), (13.683-13.685), and (13.687- 
13.688), the dimensional diagram and charge-density of the 0 2 MO are shown in Figures 21 
and 22, respectively. 

20 SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE 
OXYGEN MOLECULE 

The energies of the 0 2 a MO are given by the substitution of the semiprincipal axes (Eqs. 
(13.683-13.684) and (13.687)) into the energy equations (Eqs. (1 1.207-1 1.212)) of H 2 : 

rr -2e 2 . a + Ja 2 -b 2 

K ""^±F =11 ' 91418eF ^ 
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h 2 



2m e a4a 2 -b 2 a-^Ja 2 -b 2 
-h 2 



te a + 47Z ^ = 4.28968 eV 



V — , in 

4m e aja 2 -b 2 a-^a 2 -b 2 



ln^EE = -2.14484 eV 



E r =V+T + V +V 
Substitution of Eqs. (11.79) and (13.689-13.692) into Eq. (13.693) gives 

E T (0 2 ,cr) = ^= 2-- 



(13.691) 

(13.692) 
(13.693) 



1 a n 



2 a 



In 





laa 0 
2 




\aa 0 
2 



^-1 



= -8.31814 eV 



(13.694) 



J 



where £ r (0 2 ,tr) is the total energy of the a MO of <9 2 . The sum, E T (0 2 ) , of E T (0 2 ,2p) , 
the 2p AO contribution given by Eq. (13.678), and E T (0 2 ,a), the a MO contribution given 
by Eq. (13.694) is: 

E T (0 2 ) = E T (0 2 ,2p) + E T (0 2 , a) 

= -23.96074 eF-8.31814 eV (13.695) 
= -32.27888 eV 



10 



VIBRATION OF 0 2 

The vibrational energy levels of 0 2 may be solved by determining the Morse potential curve 
from the energy relationships for the transition from two O atoms whose parameters are 
given by Eqs. (10.154-10.163) to the two O atoms whose parameter r 7 is given by Eq. 

15 (13.676) and the a MO whose parameters are given by Eqs. (13.683-13.685) and (13.687- 
13.688). As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 
(K&P) [15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 

20 perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 
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THE DOPPLER ENERGY TERMS OF THE OXYGEN MOLECULE 
The equations of the radiation reaction force of oxygen are the same as those of H 2 with the 
substitution of the oxygen parameters. Using Eqs. (1 1 .23 1-1 1 .233), the angular frequency of 
the reentrant oscillation in the transition state is 



e 2 



J 4-7VS cr 

6> = \|—^— =9.81432 X 10 16 rod Is (13.696) 

where a is given by Eq. (13.683). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K =hco = &9.81432 X 10 16 rad/s = 6.45996 eV (13.697) 

In Eq. (11.181), substitution of E T (0 2 ) for E tw , the mass of the electron, m e , for M , and the 

10 kinetic energy given by Eq. (13.697) for E K gives the Doppler energy of the electrons of the 
reentrant orbit: 



^ooo „ /2e(6.45996 eV) 

,27888 eVj—±—— 2 1 =-0.16231 eV (13.698) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the 0 2 MO 
15 due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation 
of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given 
by Eq. (13.698) and E Kvjb , the average kinetic energy of vibration which is 1/2 of the 
vibrational energy. Using the experimental 0 2 co e of 1580.19 cm" 1 (0.19592 eV) [28] for 
e kvw of the transition state, E osc (0 2 ) is 

20 KsA0 2 ) = E D +E Kvlb =E D +U^ (13.699) 

^c(C , 2) = -0-16231 e F + |(0.19592 e F) = -0.06435 e F ' (13.700) 



TOTAL AND BOND ENERGIES OF THE OXYGEN MOLECULE 
e t*o S c{ 0 2)> ^ total energy of 0 2 including the Doppler term, is given by the sum of 
25 E T {0 2 ) (Eq. (13.695)) and E osc (0 2 ) given by Eq. (13.700): 
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Et+osc (0 2 ) = V e +T + V m +V p +E r (0 2 ,2p) + E osc (0 2 ) 
= E T {0 2 ,cr) + E r (0 2 , 2p) + E osc (0 2 ) 
= E T (0 2 ) + E osc (0 2 ) 



(13.701) 



E T+0SC {0 2 ) = < 



- e 



1+ 



'V 2 


I 




e 2 


2h\ 


4ne 0 a 3 


m. 



2a) 

a — 



\1 



■22 



(Z-n)e 



2 r 



n=4 



1 1 



V r 7 '*8 . 



mc 



2 V>" 



J 



(13.702) 



= -32.27888 0.16231 eV + -h j— 

2 \n 

From Eqs. (13.699-13.702), the total energy of the 0 2 MO is 

£r +0 4°2) = -32.27888eF + £ 0fC (0 2 ) 

= -32.27888 eF-0.16231 eV + -{0.19592 eV) (13.703) 
= -32.34323 

5 where the experimental a> e was used for the h \— term. 

The 0 2 bond dissociation energy, E D (0 2 ), is given by the difference in the total 
energies of the two O atoms and E T+osc (0 2 ): 

E D {0 2 ) = 2E{0)-E T+0SC {0 2 ) (13.704) 
where the energy of an oxygen atom is [6] 

10 E(0) = -13.61806 eV (13.705) 

Thus, the 0 2 bond dissociation energy, E D (0 2 ) , given by Eqs. (13.703-13.705) is 

E D {O 2 ) = -2(l3.61806eV)-E T+osc (O 2 ) 

= -27.23612 eV- (-32.34323 eV) (13.706) 
= 5.10711 eV 

The experimental 0, bond dissociation energy from Ref. [46] and Ref. [47] is 

^(<9 2 ) = 5.11665 e K (13.707) 
15 ^(0 2 ) = 5.116696eF (13.708) 
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The results of the determination of bond parameters of 0 2 are given in Table 13.1. The 
calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

5 

FLUORINE MOLECULE 

The fluorine molecule can be formed by the reaction of two fluorine atoms: 

F + F^F 2 (13.709) 
The bond in the fluorine molecule comprises a H 2 -type molecular orbital (MO) with two 

10 paired electrons. The force balance equation and radius r 9 of the 2p shell of F is derived in 
the Nine-Electron Atoms section. With the formation of the H 2 -type MO by the contribution 
of a 2p electron from each F atom, a diamagnetic force arises between the remaining 2p 
electrons and the # 2 -type MO. This force from each F causes the -# 2 -type MO to move to 
greater principal axes than would result with the Coulombic force alone. But, the integer 

1 5 increase of the central field and the resulting increased Coulombic as well as magnetic central 
forces on the remaining 2 p electrons of each F decrease the radius of the corresponding 
shell such that the energy minimum is achieved that is lower than that of the reactant atoms. 
The resulting electron configuration of F 2 is Lsf ls*2sf 2s\ 2p{ 2p\a 2 x;i where the subscript 
designates the F atom, 1 or 2, a designates the # 2 -type MO, and the orbital arrangement is 

20 

cr state 

H 

2p state 

0 1 0 1 

(13.710) 

2s state 

n n 



Is state 

u , _n 

Fl F2 
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Fluorine is predicted to be diamagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE 2p SHELL OF THE FLUORINE ATOMS OF 
5 THE FLUORINE MOLECULE 

For each F atom, force balance for the outermost 2p electron of F 2 (electron 8) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
interactions between electron 8 and the other 2p -shell as well as the 2s -shell electrons due 
to spin and orbital angular momentum. The forces used are derived in the Nine-Electron 
10 Atoms section. The central Coulomb force oh the outer-most 2p shell electron of F 2 

(electron 8) due to the nucleus and the inner seven electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

(Z-7> 2 . 

for r > r 7 . The 2p shell possess an external electric field given by Eq. (10.92) for r > r s . 
15 The energy is minimized with conservation of angular momentum. This condition is met 
when the diamagnetic force, F diamagnetic , of Eq. (10.82) due to the p -orbital contributions is the 
same as that of the reactant fluorine atoms given by Eq. (10.176) with r s replacing r 9 : 

F w =-^)-^J^ X =--^J- lr (13 .712) 

Thus, F diamagllsllc due to the two filled 2p orbitals per F atom is twice that of N 2 given by 
20 Eq. (13.622) having one filled 2p orbital per N atom. F mag 2 corresponding to the 
conserved spin and orbital angular momentum is also the same as that of the reactant fluorine 
atoms given by Eq. (10.177) and that of N 2 given by Eq. (13.623) where the outer radius of 
the 2p shell of the F atoms of F 2 is r s . 

1 3h 2 r- 

K ag 2=j— j-yls(s + T)i r (13.713) 

25 The electric field external to the 2p shell given by Eq. (10.92) for r > r s gives rise to 

a second diamagnetic force, F diamagfietic 2 , given by Eq. (10.93). ¥ diamagtietic 2 due to the binding 
of the p-orbital electron having an electric field of +1 outside of its radius is : 
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z-8 



Z-7 



1- 



240 



T 10V^ + l)i r 



(13.714) 

In addition, the contribution of a 2p electron from each F atom in the formation of 
the cr MO gives rise to a paramagnetic force on the remaining paired 2p electrons. The 
force F mag 3 is given by Eq. (13.625) wherein the radius is r 8 : 
ft 2 



F 



mag 3 



4m e r- 



•V^Tl)i r 



(13.715) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (13.711)) and diamagnetic (Eqs. (13.712) and (13.714)), and 
paramagnetic (Eqs. (13.713) and (13.715)) forces as follows: 



\Z-l)e 2 2h 2 [— — — 3h 2 r——r 
— 2 — tt; r - Js(s+i) + — Js(s+1) 



V L 



Z-8 
Z-7 



' V2W 



1 — 



r s 4 m e 



10^ + 1)+-^^+!) 



4m e r; 



(13.716) 



h 1 

10 Substitution of v 8 = (Eq. (1.56)) and s = - into Eq. (13.716) gives: 



h 2 



\3 _ {Z-l)e 2 



2h 2 



2 

1 3 3h 2 



m e rl Amrl A/4 47ts 0 r 2 YlmrfrA 4 + Zmr 2 rA 4 



'e'8 '3 



"Z-8" 


fl ^1 


_Z-7_ 


I 2 J 



-5£.10 13 



4 

(13.717) 



The quadratic equation corresponding to Eq. (13.717) is 



r 2 - 



h 2 

8 



m 



h 2 



m. 



(Z-7)e 2 ( 2 3^| 



Vl2 Z Jm e r 3 \ 4 j 



n — 



Z-8 
Z-7 



1- 



V2" 



r 3 10 



(Z-7)e 
V 4 ^o 



1 2 A 



2 3^1 



.12 Z;w e r 3 V4 y 



= 0 



15 



(13.718) 



The solution of Eq. (13.718) using the quadratic formula is: 
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v 8 j 



(Z-7)- 



-±a n 



U2 Z J 2k 




(Z-7)- 



12 Z) 2r 3 



20a/3 



+- 



f 


' z 


-8" 


1- 


J2] 






_z 


-7_ 


2 J 


) 



I 



(Z _ 7 )-|A_3^V3 
V 1 12 Zj 



2r, 



(13.719) 



r 3 z« of a 0 

The positive root of Eq, (13.719) must be taken in order that r 8 >0. Substitution of 



= 0.51382 (Eq. (10.62) with Z = 9) into Eq. (13.719) gives 



r s =0.733 18a n 



(13.720) 



ENERGIES OF THE 2p SHELL OF THE FLUORINE ATOMS OF THE 
FLUORINE MOLECULE 

The central forces on the 2p shell of each F are increased with the formation of the cr MO, 

which reduces the shell's radius and increases its total energy. The Coulombic energy terms 
10 of the total energy of the two F atoms at the new radius are calculated and added to the 

energy of the cr MO to give the total energy of F 2 . Then, the bond energy is determined 

from the total F 2 energy. 

The radius r 9 of each fluorine atom before bonding is given by Eq. (10.182): 
r 9 =0.78069a 0 (13.721) 
15 Using the initial radius r 9 of each F atom and the final radius r 8 of the F2p shell of F 2 

(Eq. (13.720)) and by considering that the central Coulombic field decreases by an integer for 

each successive electron of the shell, the sum E T (F 2 ,2p) of the Coulombic energy change of 

the F2p electrons of both atoms is determined using Eq. (10.102): 



E T (F 2 ,2p) = -2Y d 



_ ^(Z-n)e 2 



H=4 



87ZS n 



1 1 



\ r 8 r 9 . 



= -2(1 3.60580 eV) (0.08301) (2 + 3 + 4 + 5) 
= -31.62353 eV 



(13.722) 
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FORCE BALANCE OF THE a MO OF THE FLUORINE MOLECULE 
The relativistic diamagnetic force F dlamagnellcM02 of F 2 is one half that of N 2 due to the two 
versus one filled 2p orbitals per atom at the focus. The force balance equation for the <x- 
5 MO of the fluorine molecule is given by Eq. (11.200) and Eqs. (13.633-13.634) with the 
correction of 1/2 due the two 2p orbitals per F after Eqs. (10.2-10.1 1), « e = 2 , and |z| = h : 
h 2 - 2 



ma 2 b 2 



D= ^^ D+ ^^ D \r^)2-^ D ( l3 - 723 > 



h 2 n e 2 



D = — - — -D- 



m e a b 8ne 0 ab 7 



7 1} h 2 - 2 
— + — 
2 2Z 



e 



j2m^ D = J^ D ( 13 - 725 > 



10 a = \?- + 1 



2 + ^) a " (13-726) 
Substitution of Z = 9 into Eq. (13.726) gives 

a = 3.55556a 0 = 1.88152X 10" 10 m (13.727) 
Substitution of Eq. (13.727) into Eq. (11.79) is 

c' = 1.33333a 0 =7.05569 XIO -11 m (13.728) 
1 5 The internuclear distance given by multiplying Eq. ( 1 3 .728) by two is 

2c' = 2.66667a 0 =1.41114X 10" 10 m (13.729) 
The experimental bond distance is [28] 

2c' = 1.41193X 10~ 10 m (13.730) 
Substitution of Eqs. (13.727-13.728) into Eq. (1 1.80) is 
20 b = c = 3.29609a 0 = 1 .74421 X 10" 10 m (13.73 1) 

Substitution of Eqs. (13.727-13.728) into Eq. (1 1.67) is 

e = 0.37500 (13.732) 
Using the electron configuration of F 2 (Eq. (13.710)), the radii of the FLs = 0.11297a 0 (Eq. 
(10.51)), F2s = 0.51382a 0 (Eq. (10.62)), and F2p = 0.733 18a 0 (Eq. (13.720)) shells and the 
25 parameters of the <y MO of F 2 given by Eqs. (13.3-13.4), (13.727-13.728), and (13.731- 
13.732), the dimensional diagram and charge-density of the F 2 MO are shown in Figures 23 
and 24, respectively. 
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SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE 
FLUORINE MOLECULE 
5 The energies of the F 2 a MO are given by the substitution of the semiprincipal axes (Eqs. 
(13.683-13.684) and (13.687)) into the energy equations (Eqs. (11.207-11.212)) of H 2 : 
-2e 2 



V = 



ln a + ^H. =-16.09139 eV 



87T£ 0 s]a 2 -b 2 a-4a 2 -b 1 
= 10.20435 eV 



V n = . 

%neja 2 -b 2 



T = 



10 



F = 



2m e a4a 2 -b 2 a — ^fa 
-h 2 



ln a + ^Eg = 2.26285 eV 



In 



2 -b 2 
a + y/a 2 -b 2 



Am.ayja 2 -b 2 a-yja 2 -b 2 



-1.13143 eV 



E T =V e + T + V m +V p 



(13.733) 

(13.734) 

(13.735) 

(13.736) 
(13.737) 



Substitution of Eqs. (11.79) and (13.733-13.736) into Eq. (13.737) gives 



E T {F 2 ,a) = - 



— e 



2-i^|ln 
2 a 





aa 0 
2 


a — ^ 


\aa Q 
2 



= -4.75562 eV 



(13.738) 



where E T (F 2 ,a) is the total energy of the a MO of F 2 . The sum, E T (F z ), of E T (F 2 ,2p) , 
15 the 2p AO contribution given by Eq. (13.722), and E T [F 2 ,cr), the a MO contribution given 
byEq. (13.738) is: 

E T (F 2 ) = E T (F 2 ,2p) + E T (F 2 ,a) 

= -31.62353 eV-AJ5562eV (13.739) 
= -36.37915 eV 



VIBRATION OF F 2 

20 The vibrational energy levels of F 2 may be solved by determining the Morse potential curve 
from the energy relationships for the transition from two F atoms whose parameters are 
given by Eqs. (10.174-10.183) to the two F atoms whose parameter r 8 is given by Eq. 
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(13.720) and the a MO whose parameters are given by Eqs. (13.727-13.729) and (13.731- 
13.732). As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 
5 (K&P) [15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 
perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 

THE DOPPLER ENERGY TERMS OF THE FLUORINE MOLECULE 
10 The equations of the radiation reaction force of fluorine are the same as those of H 2 with the 
substitution of the fluorine parameters. Using Eqs. (11.231-11.233), the angular frequency of 
the reentrant oscillation in the transition state is 



co = 



e 2 



= 6.16629 X 10 15 rad/s (13.740) 



777. 



where a is given by Eq. (13.727), The kinetic energy, E K9 is given by Planck's equation 
15 (Eq. (11.127)): 

E K =ha> = h6A6629X 10 15 radls = 4.05876 eV (13.741) 
InEq. (11.181), substitution of E T [F 2 ) for E hv , the mass of the electron, m e ,for M , and the 
kinetic energy given by Eq. (13.741) for E K gives the Doppler energy of the electrons of the 
reentrant orbit: 



2Sl . _36.37.M5 eK.H 4 058 ! 6 ^ = -0.14499 eV 03.742) 



20 E^B^-j^—^s.,^ 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the F 2 MO 
due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation 
of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given 
25 by Eq. (13.742) and E Kvib , the average kinetic energy of vibration which is 1/2 of the 
vibrational energy. Using the experimental F 2 m e of 916.64 cm' 1 (0.11365 eV) [28] for 
E Kvib of the transition state, E osc (F 2 ) is 
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EosA F 2) = E D +E Kvib =E D +l-hh 

2 \fi 



£ asc (^ 2 ) = -0.14499er + |(0.11365er) ; 



-0.08817 eV 



(13.743) 
(13.744) 



TOTAL AND BOND ENERGIES OF THE FLUORINE MOLECULE 
5 E r + osc { F 2 ) » the total energy of F 2 including the Doppler term, is given by the sum of E T (F 2 ) 
(Eq. (13.739)) and E BSC (F 2 ) given by Eq. (13.744): 

Et^c{Fi) = K +T + V m +V p + E T (F 2 ,2p) + E osc (F 2 ) 

= E T (F 2 , a) + E r (F 2 ,2p) + E osc (F 2 ) (13.745) 
= E T (F 2 ) + E osc (F 2 ) 

f f 

- a+ M 



E T +0 sc(E 2 ) = 



— e 



f 2 -I^ |ln 

V 2 a 



1 + 



V 2 


- 1 




e 2 


2^ 


Ans 0 a z 





a- 



--1 



(Z-/?)g 

>;=4 8ft£ 0 



1 1 



V r 8 V 9 „ 



— / — 
2 V// 



(13.746) 



10 



= -36.37915 eV -0.U499 eV + -h — 

From Eqs. (13.743-13.746), the total energy of the F 2 MO is 

E T+ o Se fa) = -36.37915 eV + E osc (F 2 ) 

= -36.37915 eV -Q.UA99 eV + ~(0.\\365 eV) 
= -36.46732 eV 



(13.747) 



where the experimental co e was used for the h \— term. 

The F 2 bond dissociation energy, jS d (F 2 ), is given by the difference in the total 
energies of the two F atoms and E r+osc (F 2 ): 

E D (F 2 ) = 2E(F)-E T+osc (F 2 ) (13.7 48) 
15 where the energy of a fluorine atom is [6] 
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E(F) = -17.42282 eV (13.749) 
Thus, the F 2 bond dissociation energy, E D (F 2 ) 9 given by Eqs. (13,747-13.749) is 

E D (F 2 ) = -2(17.42282 eY)-^ {F 2 ) 

= -34.84564 eV -(-36,46732 eV) (13.750) 
= 1.62168 eV 

The experimental F 2 bond dissociation energy is [48] 
5 E D (F 2 ) = 1.606 eV (13.751) 

The results of the determination of bond parameters of F 2 are given in Table 13. L The 
calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

10 

CHLORINE MOLECULE 

The chlorine molecule can be formed by the reaction of two chlorine atoms: 

C / + C/->C/ 2 (13.752) 
The chlorine molecule can be solved by using the hybridization approach used to solve the 
15 methane series Ci7 M=1 2 3 4 . In the methane series, the 2s and 2p shells of carbon hybridize 

to form a single 2sp 3 shell to achieve an energy minimum, and in a likewise manner, the 3s 
and 3 p shells of chlorine hybridize to form a single 3sp 3 shell which forms the bonding 
orbital of Cl 2 . 

20 FORCE BALANCE OF Cl 2 

CJ 2 has two spin-paired electrons in a chemical bond between the chlorine atoms. The Cl % 
molecular orbital (MO) is determined by considering properties of the binding atoms and the 
boundary constraints. The prolate spheroidal H 2 MO developed in the Nature of the 
Chemical Bond of Hydrogen-Type Molecules section satisfies the boundary constraints; thus, 

25 each CI atom could contribute a 3p electron to form a a MO (H 2 -type ellipsoidal MO) as 
in the case of N 2 , 0 2 , and F 2 . However, such a bond is not possible with the outer CI 
electrons in their ground state since the resulting 3 p shells of chlorine atoms would overlap 
which is not energetically stable. Thus, when bonding, the chlorine 3s and 3p shells 
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hybridize to form a single 3sp 3 shell to achieve an energy minimum. 

The CI electron configuration given in the Seventeen-Electron Atoms section is 
ls 2 2s 2 2p 6 3s 2 3p 5 , and the orbital arrangement is 

3p state 

f I t I t (13.753) 
1 0 -1 

5 corresponding to the ground state 2 P 3 ° /2 . The radius r 17 of the 3p shell given by Eq. (10.363) 



is 



r 17 =1.0515800 (13.754) 



The energy of the chlorine 3 p shell is the negative of the ionization energy of the chlorine 
atom given by Eq. (10.364). Experimentally, the energy is [6] 
10 E(3p shell) = -E(ionization; CI) = -12.96764 eV (13.755) 

The Cl3s atomic orbital (AO) combines with the Cl3p AOs to form a single 3sp 3 
hybridized orbital (HO) with the orbital arrangement 

2sp 3 state 

t I t i t i t (13.756) 
0,0 1,-1 1,0 1,1 

where the quantum numbers (£ 9 m £ ) are below each electron. The total energy of the state is 
15 given by the sum over the seven electrons. Using only the largest-force terms of the outer 
most and next inner shell, the calculated energies for the chlorine atom and the ions: CI , 
Cl\ Cl 2 \ Cf\ Cl 4 \ Cl 5+ and C/ 6+ are given in Eqs. (10.363-10.364), (10.353-10.354), 
(10.331-10.332), (10.309-10.310), (10.288-10.289), (10.255-10.256), and (10.235-10.236), 
respectively. The sum E T (Cl 9 3sp 3 ) of the experimental energies of CI and these ions is [6] 

, 3 v f 12.96764 eV + 23.814 eV + 39.61 eV + 53.4652 eV^\ 

2Q E T (Cl 9 3sp ) = [ +678eV ^ 97meV + lUA958 eV J (13.757) 

= 408.88264 eV 

The spin and orbital-angular-momentum interactions cancel such that the energy of the 
E T (CU3sp 3 ) is purely Coulombic. By considering that the central field decreases by an 

integer for each successive electron of the shell, the radius r 3 ^ of the Cl3sp 3 shell may be 

calculated from the Coulombic energy using Eq. (10.102): 
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_^ (Z-n)e 2 = 28e 2 

^ h 8^ 0 (e408.8826 eV) ~ Sns 0 (e408.8826 eV) ~ °- 93172a o (13.758) 

where Z = 17. Using Eqs. (10.102) and (13.758), the Coulombic energy E Couhmb (ci,3sp^) 
of the outer electron of the Cl3sp 3 shell is 

E c . M (C,,3s P >) = 1 ^-= ^ol^ —4-60295 eV (,3.759) 

5 The calculated energy of the C2.jp 3 shell of 14.63489 eV given by Eq. (13.428), and 
nitrogen's calculated energy of 14.61664 eV given by Eq. (10.143) is a close match with 
E C ouio mb {Ch3sp z ), 

The unpaired CI3sp 3 electron from each of two chlorine atoms combine to form a 
molecular orbital. The nuclei of the CI atoms are along the internuclear axis and serve as the 

10 foci. Due to symmetry, the other CI electrons are equivalent to point charges at the origin. 
(See Eqs. (19-38) of Appendix IV.) Thus, the energies in the CI MO involve only the two 
Cl3sp 3 electrons. The forces are determined by these energies. 

As in the case of H 2 , the MO is a prolate spheroid with the exception that the 
ellipsoidal MO surface cannot extend into Cl3sp 3 HO for distances shorter than the radius of 

15 the Cl3sp 3 shell of each atom. Thus, the MO surface comprises a partial prolate spheroid in 
between the nuclei and is continuous with the Cl3sp 3 shell at each CI atom. The energy of 
the H 2 -type ellipsoidal MO is matched to that of the CI3sp 3 shell. As in the case with OH , 
NH , and CH (where the latter also demonstrates sp 3 hybridization) the linear combination 
of the H 2 -type ellipsoidal MO with each Cl3sp 3 HO must involve a 25% contribution from 

20 the H 2 -type ellipsoidal MO to the Cl3sp 3 HO in order to match potential, kinetic, and orbital 
energy relationships. Thus, the C/ 2 MO must comprise two Cl3sp 3 HOs and 75% of a H 2 - 
type ellipsoidal MO divided between the two Cl3sp 3 HOs: 



2 Cl3sp 3 + 0.75 H 2 MO -> CI 2 MO 



(13.760) 
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The force balance of the C/ 2 MO is determined by the boundary conditions that arise from 
the lineal* combination of orbitals according to Eq. (13.760) and the energy matching 
condition between the H 2 -type-ellipsoidal-MO and Cl3sp s -HO components of the MO. 
As in the case with OH (Eq. (13.57)), NH (Eq. (13.247)), and CH (Eq. 13.429)), the H 2 - 

5 type ellipsoidal MO comprises 75% of the C/ 2 MO; so, the electron charge density in Eq. 
(11.65) is given by -0.75e . Since the chlorine atoms of Cl % are hybridized and the k 
parameter is different from unity in order to meet the boundary constraints, both k and k ' 
must comprise the corresponding hybridization factors. (In contrast, the chlorine atom of a 
C-Cl bond of an alkyl chloride is not hybridized, and only V must comprise the 

10 corresponding hybridization factor.) The force constant W to determine the ellipsoidal 
parameter c ! in terms of the central force of the foci is given by Eq. (13.59), except that k 1 is 
divided by two since the H 2 -type-ellipsoidal-MO is physically divided between two Cl3sp s 
HOs. In addition, the energy matching at both CBsp 3 HOs further requires that k' be 
corrected the hybridization factor given by Eq. (13.762). Thus, k* of the # 2 -type- 

15 ellipsoidal-MO component of the C/ 2 MO is 

k , = c , M!l^ = 0.93172^-^1 (,3.76!) 

The distance from the origin to each focus c' is given by Eq. (13.60). The 
internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the prolate 
spheroidal CI - CI -bond b = c is given by Eq. (13.62). The eccentricity, e , is given by Eq. 

20 (13.63). The solution of the semimajor axis a then allows for the solution of the other axes 
of each prolate spheroid and eccentricity of the C/ 2 MO. Since the C/ 2 MO comprises a H 2 - 
type-ellipsoidal MO that transitions to the CISsp 3 HOs at each end of the molecule, the 
energy E(ci,3sp 3 ) in Eq. (13.759) adds to that of the # 2 -type ellipsoidal MO to give the 
total energy of the Cl z MO. From the energy equation and the relationship between the axes, 

25 the dimensions of the Cl 2 MO are solved. 

The energy components of V e , V p , T , and V m are those of H 2 (Eqs. (1 1 .207-1 1 .21 1)) 
except that they are corrected for electron hybridization. Hybridization gives rise to the 
Cl3sp 3 HO-shell Coulombic energy E Coulomb (Cl,3sp 3 ) given by Eq. (13.759). To meet the 
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equipotential condition of the union of the H 2 -type-ellipsoidal-MO with each Cl3sp 3 HO, 
the electron energies are normalized by the ratio of 14.60295 eV , the magnitude of 
E C ouiomb(cl3sp 2 ) given by Eq. (13.759), and 13.605804 eV 9 the magnitude of the 
Coulombic energy between the electron and proton of H given by Eq. (1.243). This 
5 normalizes the energies to match that of the Coulombic energy alone to meet the energy 
matching condition of the C/ 2 MO under the influence of the two Cl3sp 3 HOs bridged by the 
H 2 -type-ellipsoidal MO. The hybridization energy factor C 3 is 

Cl3sp HO 

e 2 e 2 



_ %7te 0 a 0 _ 8xe Q a 0 13.605804 eV 

W*> e 2 ~ e 2 ~ 14 6Q295 eV -0.93172 (13.762) 

8xs Q r 3sp , 8^ 0 0.93172a 0 
The total energy E T (C/ 2 ) of the Cl 2 MO is given by the sum of the energies of the orbitals, 
10 the # 2 -type ellipsoidal MO and the two Cl3sp 3 HOs, that form the hybridized Cl 2 MO. 
E T {Cl 2 ) follows from by Eq. (13.74) for OH, but the energy of the CBsp 3 HO given by 
Eq. (13.759) is substituted for the energy of O and the H 2 -type-ellipsoidal-MO energies are 
those of H 2 (Eqs. (1 1 .207-1 1 .212)) multiplied by the electron hybridization factor rather than 
by the factor of 0.75 : 

E T {Cl 2 ) = E T+ E Coulomb (ci,3sp 3 ) 

= r(0.93172)f2-l^V— -ll-W.60295 e r 

&es 0 c' [ v \ 2 a ) a-c' J 

To match the boundary condition that the total energy of the entire the if 2 -type ellipsoidal 
MO is given by Eqs. (11.212) and (13.75), E T (Cl 2 ) given by Eq. (13.763) is set equal to Eq. 
(13.75): 

(0.93172) 



15 



E T (C1 2 )= e * 



8ne 0 c' 



^ 2 _l__Oo\ a + c' 



ln^-^-1 
a— c' 



-14.60295 eV = -31.63537 eV 



v 2 ay 

20 (13.764) 
From the energy relationship given by Eq. (13.764) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the Cl 2 MO can be solved. 
Substitution of Eqs. (13.60) and (13.761) into Eq. (13.764) gives 
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%7VS { 



4aa n 



°V 3(0.93172) 



(0.93172) 



f 



1 a 



\ 



V 2 a j 



ln- 



4aa n 



3(0.93172) 



a— 



4««„ 



f 3(0.93172) 



el7.03242 



(13.765) 

The most convenient way to solve Eq. (13.765) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

-10 



a = 2.46500« 0 = 1 .30442 X 10~ 1U m 



Substitution of Eq. (13.766) into Eq. (13.60) gives 

c' = 1.87817« 0 = 9.93887 X 10"" m 
The internuclear distance given by multiplying Eq. (13.767) by two is 



2c' = 3.75635o n =1.98777 X 10 



■10 



m 



10 The experimental bond distance is [28] 
2c' = 1.988 X 10" 10 m 
Substitution of Eqs. (13.766-13.767) into Eq. (13.62) gives 



2> = c = 1.59646a n =8.44810X 10" 11 m 



(13.766) 
(13.767) 
(13.768) 

(13.769) 
(13.770) 
(13.771) 



Substitution of Eqs. (13.766-13.767) into Eq. (13.63) gives 
15 e = 0.76194 

The CI nuclei comprise the foci of the # 2 -type ellipsoidal MO. The parameters of the point 
of intersection of the if 2 -type ellipsoidal MO and the C13sp 3 HO are given by Eqs. (13.84- 
13.95) and (13.261-13.270). The polar intersection angle 0' is given by Eq. (13.261) where 
r =r , =0.93172<z n is the radius of the CBsp 3 shell. Substitution of Eqs. (13.766-13.767) 

" 3sp' u 

20 into Eq. (13.261) gives 

0' = 81.72° (13.772) 
Then, the angle 0 cnsp i HO the radial vector of the C13sp 3 HO makes with the internuclear axis 



is 



6 . =180° -81.72° = 98.28° 

ClSsp^HO 



(13.773) 

25 as shown in Figure 25. The distance from the point of intersection of the orbitals to the 
internuclear axis must be the same for both component orbitals. Thus, the angle cot = 0 HiMO 
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between the internuclear axis and the point of intersection of the H 2 -type ellipsoidal MO 
with the CISsp 3 radial vector obeys the following relationship: 

V sin <W» =0-93172« 0 sin^ o =bsin& HiMO (13.774) 
such that 

. _! 0-9317200 8^3^, 0.93172a 0 sin98.28° H3 775) 

( 

with the use of Eq. (13.773). Substitution of Eq. (13.770) into Eq. (13.775) gives 

0 ff2M o= 35.28° 03-776) 
Then, the distance d H%MO along the internuclear axis from the origin of # 2 -type ellipsoidal 
MO to the point of intersection of the orbitals is given by 
10 d HiMO =acos0 HiMO (13.777) 

Substitution of Eqs. (13 .766) and (1 3 .776) into Eq. (1 3 .777) gives 

d HjUO = 2.01235a 0 = 1.06489 X 10" 10 m (13.778) 
The distance d , HO along the internuclear axis from the origin of each CI atom to the 

point of intersection of the orbitals is given by 
15 d =d -c' (13.779) 

Substitution of Eqs. (13.768) and (13.778) into Eq. (13.779) gives 

d 3 = 0.13417a 0 = 7.10022 X 10~ 12 m (13.780) 

As shown in Eq. (13.760), a factor of 0.25 of the charge-density of the # 2 -type 
ellipsoidal MO is distributed on each CBsp 3 HO. Using the orbital composition of Cl 2 (Eq. 

20 (13.760)), the radii of the Clls = 0.05932a 0 (Eq. (10.51)), Cl2s = 0.25344a 0 (Eq. (10.62)), 
Cl2p = 03U90a 0 (Eq. (10.212)), and CBsp 3 = 0.931 72« 0 (Eq. (13.758)) shells, and the 
parameters of the C/ 2 MO given by Eqs. (13.3-13.4), (13.766-13.768), and (13.770-13.771), 
the dimensional diagram and charge-density of the C/ 2 MO comprising the linear 
combination of the i7 2 -type ellipsoidal MO and two CBsp 3 HOs according to Eq. (13.760) 

25 are shown in Figures 25 and 26, respectively. 
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ENERGIES OF Cl 2 

The energies of Cl 2 are given by the substitution of the semiprincipal axes (Eqs. (13.766- 
13.767) and (13.770)) into the energy equations, (Eq. (13.763) and Eqs. (11.207-11.211) of 
5 H 2 ) that are corrected for electron hybridization using Eq. (1 3 .762): 

V e =(0.93172) -2e 2 ^ a + ^lz^ ^ „ 2 7. 02007 (13.781) 

8?V£ Q sja 2 -b 2 a- y/a 2 - b 2 



2 



V p = , =7.24416 eV (13.782) 

8ft£ 0 y]a -b 



T = (0.93172) f ln a + ^.fL^l = 5.48074 eV (13.783) 

2m e a4a 2 -b 1 a-yfa^b 1 

V m =(0.93172) ~f ]n?±dffjL = -2.74037 eV (13.784) 

4m e tf V « -b a-sja -b 

10 £ r ( 35 C/ 2 l = — (0.93172)f2---22.V^i^-l -14.60295 eV = -31.63849 eV 

(13.785) 

where E T (C/ 2 ) is given by Eq. (13.763) which is reiteratively matched to Eq. (13.75) within 
five-significant-figure round-off error. 

15 VIBRATION AND ROTATION OF Cl 2 

In Cl 2 , the division of the H 2 -type ellipsoidal MO between the two Cl3sp 3 HOs and the 
hybridization must be considered in determining the vibrational parameters. One approach is 
to use Eq. (13.761) for the force constant and r 3sp3 given by Eq. (13.758) for the distance 

parameter of the central force in Eq. (11.213) since the iJ 2 -type ellipsoidal MO is energy 
20 matched to the Cl3sp 3 HOs. With the substitution of the Cl 2 parameters in Eqs. (11.213- 
1 1.217), the angular frequency of the oscillation is 
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0.93172 



(0.75) 



K 3 + <? 



0.93172 



(0.75) 



2 8th? 0 (0.93172) 8^g 0 (0.93172a 0 + 1.87817a 0 ) 



35 



(13.786) 



= 1.01438X 10 14 radls 
where c' is given by Eq. (13.767), and the reduced mass of 35 C7 2 is given by: 

m,m 2 _(35)(35), 



(13.787) 



m 1 +m 2 35 + 35 p 

where m p is the proton mass. Thus, during bond formation, the perturbation of the orbit 
5 determined by an inverse-squared force results in simple harmonic oscillatory motion of the 
orbit, and the corresponding frequency, co(Q), for 35 C/ 2 given by Eqs. (11.136), (11.148), 
and (13.786) is 



co 



(0) 



= m = 301.19^ =L01438X 10 h radiamls 



(13.788) 



where the reduced nuclear mass of 35 C7 2 is given by Eq.(13.787) and the spring constant, 
10 A: (0), given by Eqs. (1 1.136) and (13.786) is 

k(0) = 301.19 Nrn x (13.789) 
The 35 C/ 2 transition-state vibrational energy, E vib (0) or co e , given by Planck's equation (Eq. 
(11.127)) is: 

E vib (0) = co e = ha> = M. 01438 X 10 14 radls = 0.06677 eV = 538.52 cm' 1 (13.790) 
15 <a e , from the experimental curve fit of the vibrational energies of 35 C7 2 is [28] 

a> e = 559.7 cm- 1 (13.791) 
Using Eqs. (13.112-13.118) with E vib (0) given by Eq. (13.790) and D 0 given by Eq. 
(13.807), the 35 CZ 2 o = 1 -> o = 0 vibrational energy, £ v ,. 6 (l) is 

JE W6 (1) = 0.0659 eV (531.70 cm" 1 ) (13.792) 

20 The experimental vibrational energy of 35 C/ 2 using co e and a e x e [28] according to K&P [15] 
is 
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E vib (1) = 0.0664 eV (535.55 cm' 1 ) (13.793) 

Using Eq. (13.113) with E vlb (l) given by Eq. (13.792) and D 0 given by Eq. (13.807), 
the anharmonic perturbation term, co 0 x 0 , of 35 Cl 2 is 

a) Q x 0 =3.41 cm' 1 (13.794) 
5 The experimental anharmonic perturbation term, a> 0 x 0 , of 35 C/ 2 [28] is 

d) 0 x 0 = 2.68 cm' 1 (13.795) 

The vibrational energies of successive states are given by Eqs. (13.790), (13.112), and 
(13.794). 

Using Eqs. (13.133-13.134) and the internuclear distance, r = 2c\ and reduced mass of 35 C/ 2 
10 given by Eqs. (13.768) and (13.787), respectively, the corresponding B e is 

B e = 0.2420 cm' 1 (13.796) 
The experimental B e rotational parameter of 35 C/ 2 is [28] 

B e =0.2440 cm' 1 (13.797) 

15 THE DOPPLER ENERGY TERMS OF C/ 2 

The equations of the radiation reaction force of the symmetrical C/ 2 MO are the given by 
Eqs. (11.231-11.233) with the substitution of the Cl 2 parameters and the substitution of the 

force factor of Eq. (13.761). The angular frequency of the reentrant oscillation in the 
transition state is 



20 co = 



(0.75) e~ 



0.93172 



- — AnS ^ =6.3 141 8 X 10 15 rod Is (13.798) 



m e 

where a is given by Eq. (13.766). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K = ha> - M. 6. 3 141 8 A' 10 15 rod Is = 4.15610 eV (13.799) 

In Eq. (1 1.181), substitution of the total energy of C/ 2 , E T (C/ 2 ) , (Eq. (13.764)) for , the 

25 mass of the electron 5 m e , for M , and the kinetic energy given by Eq. (13.799) for E K gives 
the Doppler energy of the electrons for the reentrant orbit: 



WO 2007/051078 



PCTYUS2006/042692 



256 



E n = E, 



2E 



Mc 2 



4= -31.63537 eV A 



2e ^ l56l0eV K-Q. l2 759eV 



(13.800) 



mc 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of Cl 2 due to 
the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the 
5 electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 
Eq. (13.800) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational 
energy of C7 2 . Using the experimental 35 C/ 2 w e of 559.7 cm -1 (0.06939 eV) [28] for E mb 
of the transition state, E 0SC (^ 5 Cl 2 ) is 



10 



Ksc ( 35 C/ 2 ) = E D + E Kvlb = E D + 

E osc (* 5 Cl 2 ) = -0.1 2759 eF+-(0.06939 eF) = -0.09289 eV 



(13.801) 
(13.802) 



15 



TOTAL AND BOND ENERGIES OF Cl 2 

E T+osc ( 35 G/ 2 ) , the total energy of the 3s C/ 2 radical including the Doppler term, is given by the 

sum of E r (C/ 2 ) (Eq. (13.764)) and E osc ( 35 C7 2 ) given by Eq. (13.802): 

E T+osc ( 35 C/ 2 ) = V e +.T + V m+ V p+ E Coulomb {Cl,3sp>) + E osc ( 35 C/ 2 ) ^ ^ 

= E T (Cl 2 ) + E osc ( 35 Cl 2 ) 



-14.60295 eV 



M 



2h\ 



0.93172 



(0.75) 



"A 



2 Ans^a 



m,, 



m e c 



1 . Ik 

+—K\— 

2 AJ jj, 



= -31.63537 eF-0.12759 eV +-h\— 

2 V/^ 

(13.804) 

From Eqs. (13.801-13.804), the total energy of 35 C/ 2 is 
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Et«~ ( 35a 2 ) = -3 1.63537 eV + E osc ( 35 Cl 2 ) 

= -31.63537 eF-0.12759 eF+-^(0.06939 eV) (13.805) 
= -31.72826 eV 

where the experimental <o c (Eq. (13.791)) was used for the h^- term. 

The Cl 2 bond dissociation energy, E D ( 35 C/ 2 ) , is given by the difference between the 

total energies of the two Cl3sp 3 HOs and £ r+osc ( 35 C/ 2 ) : 

5 E D ( 35 C/ 2 ) = 2E Couhmb (Cl,3sp>)-E T+osc ( 35 C/ 2 ) (13.806) 

E Coulomb (Cl,3sp 3 ) is given by Eq. (13.759); thus, the 35 C7 2 bond dissociation energy, 

E D ( 35 C/ 2 ) , given by Eqs. (13.759) and (13.805-13.806) is 

Ed ( 35 C/ 2 ) = -2(14.60295 eV)- E T , OSO ( 35 Cl 2 ) 

= -29.20590 eF-(-31.72826 £?F) (13.807) 
= 2.52236 eF 

The experimental 35 C/ 2 bond dissociation energy is [49] 
10 E D ( 35 CI 2 ) = 2.51412 eV (13.808) 

The results of the determination of bond parameters of Cl 2 are given in Table 13.1. 
The calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

15 

CARBON NITRIDE RADICAL 

The carbon nitride radical can be formed by the reaction of carbon and nitrogen atoms: 

C + N-+CN (13.809) 
The bond in carbon nitride radical comprises a H 2 -type molecular orbital (MO) with two 
20 paired electrons. The force balance equations and radii, r 6 and r 7 , of the 2p shell of C and 
N are derived in the Six-Electron Atoms section and Seven-Electron Atoms section, 
respectively. With the formation of the H 2 -type MO by the contribution of a 2p electron 
from each of the C and N atoms, a diamagnetic force arises between the remaining 2p 
electrons of each atom and the H 2 -type MO. This force from each atom causes the H 2 -type 
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MO to move to greater principal axes than would result with the Coulombic force alone. But, 
the integer increase of the central field and the resulting increased Coulombic as well as 
magnetic central forces on the remaining 2p electrons of each atom decrease the radii of the 
corresponding shells such that the energy minimum is achieved that is lower than that of the 
5 reactant atoms. The resulting electron configuration of CN is 

Cls 2 N\s 2 C2s 2 N2s 2 C2p x N2p 2 a 2 ^ N where a designates the # 2 -type MO, and the orbital 

arrangement is 



a state 

n 

2p state 

t u 



0 0 

(13.810) 

2s state 

u n 



Is state 

n n 

C N 

10 

The carbon nitride radical is predicted to be weakly paramagnetic . 

FORCE BALANCE OF THE 2p SHELL OF THE CARBON ATOM OF THE 

CARBON NITRIDE RADICAL 

15 For the C atom, force balance for the outermost 2p electron of CN (electron 5) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
interactions between electron 5 and the 2s -shell electrons due to spin and orbital angular 
momentum. The forces used are derived in the Six-Electron Atoms section. The central 
Coulomb force on the outer-most 2p shell electron of CN (electron 5) due to the nucleus 

20 and the inner four electrons is given by Eq. (10.70) with the appropriate charge and radius: 

(Z-4)e 2 (13.811) 
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for r > r 4 . The 2p shell possess an external electric field given by Eq. (10.92) for r > r 5 . 

The single unpaired carbon 2p electron gives rise to a diamagnetic force on the <j - 
MO as given by Eqs. (13.835-13.839). The corresponding Newtonian reaction force cancels 
^diamagmtic > of Eq. (10.82). The energy is minimized with conservation of angular momentum. 
5 This condition is met when 

^diamagnetic = 0 (13.812) 

And* K,a g 2 corresponding to the maximum orbital angular momentum of the three 2p 
orbitals given by Eq. (10.89) is 

1 3h 2 



F = - 

mag 2 r-r 2 

Z m e r 5 r 3 



J s(s + 1)1 



(13.813) 



10 The electric field external to the 2p shell given by Eq. (10.92) for r > r 5 gives rise to 

a second diamagnetic force, F diamagtjetic 2 , given by Eq. (10.93). F diamagm , c 2 due to the binding 
of the p-orbital electron having an electric field of +1 outside of its radius is : 



diamagnetic 2 



Z-5 
Z-4 



1- 



'■?(> + l)i r 



(13.814) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to 
15 the sum of the electric (Eq. (13.811)) and diamagnetic (Eqs. (13.812) and (13.814)), and 
paramagnetic (Eq. (13.813)) forces as follows: 



(Z-4)e 2 



+ - 



3h 2 



Zm e r 5 r 3 



Z-5 
Z-4 



1- 



^-ioV^(7ri) 



(13.815) 



h l 

Substitution of v 5 = (Eq. (1.56)) and s = - into Eq. (13.815) gives: 

m„r K 2 



h z _(Z-4)e 



e'S 
2 



3h 2 



4ne 0 r 2 



Zm e r 5 r 3 



Z-5 
Z-4 



1- 



r 5 4 m e 



20 The quadratic equation corresponding to Eq. (13.816) is 



m,, 



Z-5 
Z-4 



(Z-4> 2 + 3fi 2 



4ws n 



Zm e r 3 \j4 j 



(Z-4)e 2 3h 2 



4ns n 



Zm e r 3 V 4 



= 0 



(13.816) 
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The solution of Eq. (13.817) using the quadratic formula is: 



a n 



(Z-4) + 



3^3 



\ ±a o 



Z2n 



3 J 




'(Z-4) + M] 



20S 



Z-5 
Z-4 



1- 



(Z-4) + 



3>/3 



Z2k 



(13.817) 



(13.818) 



r 3 in units of a 0 

The positive root of Eq. (13.818) must be taken in order that r 5 >0. Substitution of 



5 -2. = 0.84317 (Eq. (10.62) with Z = 6) into Eq. (13.818) gives 



r 5 = 0.88084a 0 



(13.819) 



FORCE BALANCE OF THE 2p SHELL OF THE NITROGEN ATOM OF 
THE CARBON NITRIDE RADICAL 

10 For the N atom, force balance for the outermost 2p electron of CN (electron 6) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
interactions between electron 6 and the other 2p -shell as well as the 2s -shell electrons due 
to spin and orbital angular momentum. The forces used are derived in the Seven-Electron 
Atoms section. The central Coulomb force on the outer-most 2p shell electron of CN 

15 (electron 6) due to the nucleus and the inner five electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 



F, 



ele 



4xe 0 r 6 



2 *r 



(13.820) 



for r>r 5t The 2p shell possess an external electric field given by Eq. (10.92) for r > r 6 . 

The forces to determine the radius of the N2p shell of N in CN are the same ias 
20 those of N in N 2 except that in CN there is a contribution from the Newtonian reaction 
force that arises from the single unpaired carbon 2 p electron. The energy is minimized with 
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conservation of angular momentum. This condition is met when F rftoJ c of N in CN is 
canceled by the cr -MO -reaction force. Eq. (13.622) becomes 

^diamagnetic ~ 0 (13.821) 

And, F mag 2 corresponding to the conserved orbital angular momentum of the three orbitals 
5 given by Eq. (10.89) is 
1 3ft 2 



F„,„„,=- 



->0 + l)i r 



(13.822) 



10 



mag 2 rjr 2 

Z m e r 6 r 3 

The electric field external to the 2p shell given by Eq. (10.92) for r > r 6 gives rise to 
a second diamagnetic force, F dtamagnelic 2 , given by Eq. (10.93). F dtamagnelic 2 due to the binding 
of the p-orbital electron having an electric field of +1 outside of its radius is 

"Z-6" 



F, 



diamagnetic 2 



Z-5 



V 2 y 



-^-loV^+l)^ (13.823) 

The TV forces F e/e , F mag 2 , F diamagnetlc 2 , and F„, ag 3 of C7V are the same as those of N 2 
given by Eqs. (13.621) and (13.623-13.624), respectively. In both cases, the contribution of a 
2p electron from the N atom in the formation of the a MO gives rise to a paramagnetic 
force on the remaining two 2p electrons that pair. Thus, the force, F mag 3 of CN , given by 
15 Eq. (13.625) is 

h 2 



F 



mag 3 



(13.824) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (13.820)) and diamagnetic (Eqs. (13.821) and (13.823)), and 
paramagnetic (Eqs. (13.822) and (13.824)) forces as follows: 



20 



3h 2 



(Z-5)e 2 

4 xs 0 r 2 Zm e r 2 r 3 



Z-6 
Z-5 



1- 



V2 



V 



^ioV^+i)+-^ T V^TI) 



4m e r 6 



(13.825) 



% 1 
Substitution of v 6 = (Eq. (1.56)) and s = - into Eq. (13.626) gives: 



n 2 



h 2 



l e'6 



4m e r* 



3 _ (Z-5)e 2 



3h 2 



Zm e r 6 r 3 Al 4 



Z-6 
Z-5 



2 ) r 6 m e 



(13.826) 
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The quadratic equation corresponding to Eq. (13.826) is 



m\ 8 



(Z~5)e 2 
4a»„ 



3h 2 



Zm e r 3 V 4 j 



r* -- 



Z-6 
Z-5 



-if 



V2" 



v 6 



r 3 10 



(Z-5)e 2 ^ 3ft 2 



Zm e r 3 \ 4 j 



= 0 



The solution of Eq. (13.827) using the quadratic formula is: 



1- 




(2-5) + 



3a/3 



Z2r, 



3 7 



Z2r 3y 
^Z-6^ 



20V3 



+- 



lL Z-5 , 
V 1 - J v 



1- 



I 



(Z-S) + 



3a/T 
Z2n 



(13.827) 



(13.828) 



r 3 m units of a Q 

The positive root of Eq. (13.828) must be taken in order that r 6 >0. Substitution of 



= 0.69385 (Eq. (10.62) with Z = 7 ) into Eq. (13.828) gives 



r 6 = 0.763 66a 0 



(13.829) 



10 ENERGIES OF THE 2/> SHELLS OF THE CARBON AND NITROGEN 
ATOMS OF THE CARBON NITRIDE RADICAL 

The central forces on the 2p shell of the C and JV atoms are increased with the formation 
of the a MO which reduces each shell's radius and increases its total energy. The 
Coulombic energy terms of the total energy of the C and N atoms at the new radii are 
15 calculated and added to the energy of the a MO to give the total energy of CN . Then, the 
bond energy is determined from the total CN energy. 

The radius r 6 of the carbon atom before bonding is given by Eq. (10.122): 
r 6 =1.20654a 0 (13.830) 
Using the initial radius r 6 of the C atom and the final radius r 5 of the C2p shell of CN (Eq. 
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(13.819)) and by considering that the central Coulombic field decreases by an integer for 
each successive electron of the shell, the sum E T (CN,C2p). of the Coulombic energy 
change of the C2p electron is determined using Eq. (10.102): 

E T (CN,C2p) = ^ Z " n > 2 f---1 = -(13.60580 eF)(0.30647)(2) = -8.33948 eV 
5 (13.831) 

The radius r 7 of the nitrogen atom before bonding is given by Eq. (10.142); 
r 7 =0.93084a 0 (13.832) 
Using the initial radius r 7 of the TV atom and the final radius r 6 of the Nip shell of CN 
(Eq. (13.829)) and by considering that the central Coulombic field decreases by an integer for 
10 each successive electron of the shell, the sum E T (CN,N2p) of the Coulombic energy 
change of the N2p electron is determined using Eq. (10.102): 



1 



V r 6 r 7 J 



= -(13.60580 er)(0.23518)(2 + 3) (13.833) 
= -15.99929 eV 

FORCE BALANCE OF THE a MO OF THE CARBON NITRIDE RADICAL 

15 The diamagnetic force V diamagfteticMm for the a -MO of the CN molecule due to the two paired 
electrons in the Nip shell given by Eq. (13.633) with n e = 2 is: 

F 5! £>i (13.834) 

'diamagneticMOl ~ 2 m # 2 £ 2 * 

The force ~F diamagnetlcM02 is given by Eq. (13.634) except that the force is the summed over the 
individual diamagnetic-force terms due to each component of angular momentum j acting 
20 on the electrons of the er -MO from each atom having a nucleus of charge Z ; at one of the 
foci of the <t-MO: 



F =V fe-l^ DU (13.835) 

Using Eqs. (11.200), (13.633-13.634), and (13.834-13.835), the force balance for the a -MO 
of the carbon nitride radical comprising carbon with charge Z x = 6 and - h and 
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— h and nitrogen with Z 2 =7 and |Z 3 | = % is 



h 2 



m e a 2 b 2 



D = 



-£> + - 



fc 2 



2ma 2 b 2 



D- 



-^1 ^1 ^2 



ft 2 



2m„a 2 b 2 



D 



(13.836) 



h 2 



ma 2 b 2 



D = 



%7te^ab 7 



2 + — + J - L + — 
Zj Zj Z 2 



-jD- 



1 V4 1 

Zj Z, Z 2 



fc 2 



2m„a 2 b 2 



■D 



h 2 



2ma 2 b 2 



D = 



8ft£ 0 ab 



-D 



a = 



2 + — + J - L + — 
Zj Z, Z 2 



On 



Substitution of Z! = 6 and Z 2 = 7 into Eq. (13.839) gives 

a = 2.45386« 0 = 1 .29853 X 1 (T 10 m 
Substitution of Eq. (1 3 .840) into Eq. (1 1 .79) is 

c' = 1.10767a 0 =5.86153 X l(T n m 
10 The internuclear distance given by multiplying Eq. (13.841) by two is 

2c' = 2.21534a n =i:i7231X 10 -10 m 



(13.837) 



(13.838) 



(13.839) 



The experimental bond distance from Ref. [28] is 

2c' = 1.17181 X 10 -10 m 
Substitution of Eqs. (13.840-13.841) into Eq. (11.80) is 
15 Z> = c = 2.18964tf 0 =1.15871 X 10~ w m 

Substitution of Eqs. (13.840-13.841) into Eq. (11.67) is 
e = 0.45140 

Using the electron configuration of CN (Eq. (13.810), the radii of the Cls = 0.17113a 0 (Eq. 
(10.51)), C2s = 0.84317a 0 (Eq. (10.62)), C2p = 0.88084« 0 (Eq. (13.819)), Ms = 0.14605a 0 
20 (Eq. (10.51)), N2s = 0.693 85a 0 (Eq. (10.62)), and N2p = 0.763 66a 0 (Eq. (13.829)) shells 



(13.840) 
(13.841) 
(13.842) 

(13.843) 
(13.844) 
(13.845) 
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and the parameters of the a MO of CN given by Eqs. (13.3-13.4), (13.840-13.842), and 
(13.844-13.845), the dimensional diagram and charge-density of the CN MO are shown in 
Figures 27 and 28, respectively. 

5 SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE 
CARBON NITRIDE RADICAL 

The energies of the CN a MO are given by the substitution of the semiprincipal axes (Eqs. 
(13.840-13.841) and (13.844)) into the energy equations (Eqs. (11.207-11.212)) of H 2 : 

V = =?£_ln = -23.90105 eV (13.846) 



8Ke 0 yla 2 -b 2 a~4a 2 -b 2 



10 



5 0 

V = f -loopsocy (13.847) 



T = y fafl + ^zgL-Agynno^ (13.848) 

2ma4a 1 -b 1 a-y/a 2 -b 2 



Vm = -ft 2 ]n a + Ja 2 -b 2 __ nA ^ oV (13.849) 

4m e ayla 2 -b 2 a-y[a 2 -b 2 

E T = V e + T + V m +V p (13.850) 
Substitution of Eqs. (11.79) and (13.846-13.849) into Eq. (13.850) gives 



15 E T (CN,a) = 



e 2 



8**, 



2 



2 a 

a — 



J=,-i 



-9.18273 (13.851) 



2 

where E T (CN,a) is the total energy of the a MO of CN . The sum, £ r (CiV), of 

E T {CN,C2p), the C2p AO contribution given by Eq. (13.831), E r {CN,N2p), the N2p 

AO contribution given by Eq. (13.833), and E T (CN,cr), the a MO contribution given by 

Eq. (13.851) is: 

E T {CN) = £ r (Ctf, C2p) rt- £ r (CAT, JV2/>) + £ r ( JV 2 , c) 
20 =-8.33948 eF-15.99929 eF-9.18273 eV (13.852) 

= -33.52149 eV 
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VIBRATION OF CN 

The vibrational energy levels of CN may be solved by determining the Morse potential 
curve from the energy relationships for the transition from a C atom and JV atom whose 
parameters are given by Eqs. (10.115-10.123) and (10.134-10.143), respectively, to a C atom 
5 whose parameter r 5 is given by Eq. (10.819), a N atom whose parameter r 6 is given by Eq. 
(13.829), and the a MO whose parameters are given by Eqs. (13.840-13.842) and (13.844- 
13.845). As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 
10 (K&P) [15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 
perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 

THE DOPPLER ENERGY TERMS OF THE CARBON NITRIDE RADICAL 
15 The equations of the radiation reaction force of CN are the same as those of H 2 with the 
substitution of the CN parameters. Using Eqs. (1 1 .23 1-1 1 .233), the angular frequency of the 
reentrant oscillation in the transition state is 



e 2 



co = ]j—-±— =1.07550 X 10 16 rad/s (13.853) 

where a is given by Eq. (13.840). The kinetic energy, E K , is given by Planck's equation 
20 (Eq. (11.127)): 

Eg. =hco = h\. 07550 X 10 16 radls = 7.07912 eV (13.854) 

In Eq. (11.181), substitution of E T [CN) for E^ , the mass of the electron, m e , for M , and 

the kinetic energy given by Eq. (13.854) for E K gives the Doppler energy of the electrons of 
the reentrant orbit: 



E B , S,.Jf§- - -33.59603 *v f< 7 ™f ^ - -0.17684 eV (13.855) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the CN MO 
due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation 
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of the electrons and nuclei, E osc 9 is given by the sum of the corresponding energies, E D given 
by Eq. (13.855) and E Kvib9 the average kinetic energy of vibration which is 1/2 of the 
vibrational energy. Using the experimental CN co e of 2068.59 cm" 1 (0.25647 eV) [28] for 
E Kvib of the transition state, E osc {CN) is 



E 0 sc {CN) = E D + E Kvib = E D + 

E osc (CN) = -0.17684 eV + -(0.25647 eV) = -0.04860 eV 

2 



(13.856) 
(13.857) 



TOTAL AND BOND ENERGIES OF THE CARBON NITRIDE RADICAL 
E T+osc (CN) , the total energy of CN including the Doppler term, is given by the sum of 
10 E T (CN) (Eq. (13.852)) and E osc (CN) given by Eq. (13.857): 

Et+osc (CN) = V e +T + V m +V p +E T (CN, C2p) + E T (CN, N2p) + E osc (CN) 

= E T (CN,<r) + E T (CN,C2p) + E r (CN,N2p) + E osc (CN) (13.858) 
= E T (CN) + E osc (CN) 
'( f 



E T+osc ( CN ) = 



- e 



2-i^|ln 

2 a 



a- 



-1 



^ (Z - ri)e 



( 



1 + 



27^ 


e 2 






m e c 2 



1+ k 

+—hj— 

2 ^ju 



1 k 

= -33.52149 eF- 0.17684 eV + -h.l— 

2 Vy" 

From Eqs. (13.856-13.859), the total energy of the CN MO is 
E T+osc (CN) = -33.52149 e r + £ osc (CiV) 

= -33.52149 eF- 0.17684 + ^(0.25647 
= -33.56970 



(13.859) 



(13.860) 
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where the experimental co e was used for the h \— term. 

The CN bond dissociation energy, E D (CN), is given by the difference between the 
sum of the energies of the C and N atoms and E T+0SC (CN) : 

E D (CN) = E(C) + E(N)-E T+0SC (CN) (13.861) 
5 where the energy of a carbon atom is [6] 

E(C) = -1 1.26030 eV (13.862) 
and the energy of a nitrogen atom is [6] 

E(N) = -14.53414 eV (13.863) 

Thus, the CN bond dissociation energy, E D (CN) , given by Eqs. (13.860-13.863) is 

E D (CN) = -(1 1.26030 eV + 14.53414 eV)-E T+osc (CN) 
10 = -25.79444 eV - (-33.56970 eV) (13.864) 

= 7.77526 eV 

The experimental CN bond dissociation energy is [50] 

E D29S (CN) = 7.7731 eV (13.865) 
The results of the determination of bond parameters of CN are given in Table 13.1. The 
calculated results are based on first principles and given in closed-form, exact equations 
15 containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

CARBON MONOXIDE MOLECULE 

The carbon monoxide molecule can be formed by the reaction of carbon and oxygen atoms: 
20 C + O-+CO (13 . 866) 

The bond in the carbon monoxide molecule comprises a double bond, a i^-type molecular 
orbital (MO) with four paired electrons. The force balance equation and radius r 6 of the 2p 
shell of C is derived in the Six-Electron Atoms section. The force balance equation and 
radius r 8 of the 2p shell of O is derived in the Eight-Electron Atoms section. With the 
25 formation of the H 2 -type MO by the contribution of two 2p electrons from each of the C 
and O atoms, a diamagnetic force arises between the remaining outer shell atomic electrons, 
the 2s electrons of C and the 2p electrons of O, and the H 2 -type MO. This force from C 



WO 2007/051078 PCT/US2006/042692 

269 

and O causes the H 2 -type MO to move to greater principal axes than would result with the 
Coulombic force alone. But, the factor of two increase of the central field and the resulting 
increased Coulombic as well as magnetic central forces on the remaining 02p electrons 
decrease the radius of the corresponding shell such that the energy minimum is achieved that 
5 is lower than that of the reactant atoms. The resulting electron configuration of CO is 
C\s 2 0\s 2 C2s 2 02s 2 02p 2 a A c0 where or designates the # 2 -type MO, and the orbital 
arrangement is 

a state 

t i t 4- 

2p state 

n 

0 

2s state 

H H (13.867) 

Is state 

n n 

c o 



Carbon monoxide is predicted to be diamagnetic in agreement with observations [42]. 

10 

FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOM OF THE 
CARBON MONOXIDE MOLECULE 

For the O atom, force balance for the outermost 2p electron of CO (electron 6) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
15 interactions between electron 6 and the other 2p electron as well as the 2s -shell electrons 
due to spin and orbital angular momentum. The forces used are derived in the Eight-Electron 
Atoms section. The central Coulomb force on the outer-most 2p shell electron of CO 
(electron 6) due to the nucleus and the inner five electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

20 F ele = {Z ~ 5) f i r (13.868) 
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for r > r 5 The 2p shell possess a +2 external electric field given by Eq. (10.92) for r > r 6 . 
The energy is minimized with conservation of angular momentum. This condition is met 
when the diamagnetic force, F dlamas „ ellc , of Eq. (10.82) due to the p -orbital contribution is 

given by: 

h 2 [3. 



= -1 -]—^4^TY)i r = 



(13.869) 



And, F 2 corresponding to the conserved spin and orbital angular momentum given by Eq. 



(10.157) is 



V mag 2 



1 2h 2 



(13.870) 



The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to 
10 a second diamagnetic force, ¥ diamagnelic 2 , given by Eq. (10.93). ¥ diamagmic 2 due to the binding 
of the p-orbital electron having an electric field of +2 outside of its radius is : 



^diamagnetic 2 



Z-6 
Z-5 



1- 



V 



nh 2 



m e r 6 



-10^(s + l)i r 



(13.871) 



In addition, the contribution of two 2p electrons in the formation of the cr molecular 
orbital (MO) gives rise to a paramagnetic force on the remaining paired 2p electrons. The 



15 force F mag 3 is given by Eq. (13 .625) wherein the radius is r 6 



F. 



ft 1 



mag 3 



4m e r 6 - 



(13.872) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (13.868)) and diamagnetic (Eqs. (13.869) and (13.871)), and 
paramagnetic (Eqs. (13.870) and (13.872)) forces as follows: 



20 
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2h 2 



Zm e rfc 



Z-6 
Z-5 



1- 



V2 
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(13.873) 



J 



Substitution of v 6 = — (Eq. (1.56)) and s = ^ into Eq. (13.873) gives: 
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The quadratic equation corresponding to Eq. (13.874) is 



8 J 
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rAOj- 



(Z-5)e 2 ( 1 
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= 0 



The solution of Eq. (13.875) using the quadratic formula is: 




On 



1- 



8 



v M 12 Z 



^ U2 Zj2r 3y 



20^3 



/r Z-6^ 



Z-5 



1- 
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12 Z; 2r 3 



(13.874) 



(13.875) 



(13.876) 



r 3 in units of a 0 

The positive root of Eq. (13.876) must be taken in order that r 6 >0. Substitution of 



^- = 0.59020 (Eq. (1 0.62) with Z = 8 ) into Eq. (1 3.876) gives 



r 6 =0.68835a 0 



(13.877) 



10 ENERGIES OF THE 2s AND 2p SHELLS OF THE CARBON ATOM AND 
THE 2p SHELL OF THE OXYGEN ATOM OF THE CARBON MONOXIDE 
MOLECULE 

With the formation of the H 2 -type MO by the contribution of two 2p electrons from the C 
atom, the remaining outer-shell atomic electrons comprise the 2s electrons, which are 
15 unchanged by bonding with oxygen. However, the total energy of the CO molecule, which 
is subtracted from the sum of the energies of the carbon and oxygen atoms to determine the 
bond energy, is increased by the ionization energies of C + and 0 + given by Eqs. (10.113- 
10.114) and (10.152-10.153), respectively. Experimentally, the energies are [6] 

E(ionization; C + ) = 24.38332 eV (13.878) 
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EQonization; 0 + ) = 35.11730 eV (13.879) 
In addition, the central forces on the 2p shell of the O atom are increased with the 
formation of the a MO, which reduces the shell's radius and increases its total energy. The 
Coulombic energy terms of the total energy of the O atom at the new radius are calculated 
5 and added to the ionization energies of C + and <9 + , and the energy of the a MO to give the 
total energy of CO . Then, the bond energy is determined from the total CO energy. 
The radius r 8 of the oxygen atom before bonding is given by Eq. (10, 162): 

>8= a o (13.880) 
Using the initial radius r 8 of the O atom and the final radius r 6 of the Olp shell (Eq. 
10 (13.877)) and by considering that the central Coulombic field decreases by an integer for 
each successive electron of the shell, the sum E T (0,2p) of the Coulombic energy change of 
the Olp electrons of the O atom is determined using Eq. (10.102): 



\ r 6 V %J 



»=4 8^ 0 

= -(13.60580 er) (0.45275) (3 + 4) (13.881) 
= -43.11996 eV 

15 FORCE BALANCE OF THE a MO OF THE CARBON MONOXIDE 
MOLECULE 

The force balance can be considered due to a second pair of two electrons binding to a 
molecular ion having +2e at each focus and a first bound pair. Then, the forces are the same 
as those of a molecule ion having -he at each focus. The diamagnetic force ^ diamagneticMO \ for 
20 the a -MO of the CO molecule due to the two paired electrons in each of the C2s and 02 p 
shells is given by Eq. (13.633) with n e = 2 : 

h 2 

^diamagmticMOl ~ ~Z 2~7T^<? (13.882) 

Zm e a b 

The force F diamagnetjcM02 is given by Eqs. (13.634) and (13.835) as the sum of the contributions 
due to carbon with Z = Z x and oxygen with Z = Z 2 . V diamagmticMOl for CO with \L\ = h is 



x diamagneticMOl 



— + — 



h 



2 



2m a 2 b 2 



Dif (13.883) 



WO 2007/051078 



PCTYUS2006/042692 



273 



The force balance equation for the a -MO of the carbon monoxide molecule given by Eqs. 
(11.200), (13.633-13.634), and (13.882-13.883) is 



h 2 



m e a 2 b 2 
ma 2 b 2 



D = 



%7te Q ab 2 



£>+■ 



h 2 



2m e a 2 b 2 



D- 



£>=- 



%7re 0 ab 



1 1 

-+- 



r 

1 + 

h 2 



1 1 

— v — 

z x z, 



2/y 



2m.a 2 b 2 



D 



2 J 



o 1 1 

2 + — + — 



a = 



o 1 1 

2 + — + — 

, Z, z, 



2m e a 2 b 2 
\ 



87ve 0 ab 



2m e a 2 b 2 
-D 



D 



2 7 



Substitution of Z, = 6 and Z 2 = 8 into Eq. (13.887) gives 



a = 2.29167a 0 = 1.21270 X 10 



-10 



m 



Substitution of Eq. (13.888) into Eq. (1 1.79) is 
10 c' = 1.07044a 0 = 5.66450 X 10 _n m 

The internuclear distance given by multiplying Eq. (13.889) by two is 



2c' = 2.14087« n = 1.13290 JST 10 



-10 



m 



The experimental bond distance is [28] 
2c' = 1.12823 X 10" 10 m 
15 Substitution of Eqs. (13.888-13.889) into Eq. (1 1.80) is 



b = c = 2.02630a n = 1.07227 X 10 



-10 



m 



(13.884) 
(13.885) 
(13.886) 
(13.887) 

(13.888) 
(13.889) 
(13.890) 

(13.891) 
(13.892) 
(13.893) 



Substitution of Eqs. (13.888-13.889) into Eq. (11.67) is 
e = 0.46710 

Using the electron configuration of CO (Eq. (13.867)), the radii of the Cls = 0.171 13a 0 (Eq. 
20 (10.51)), C2.y = 0.843 17a 0 (Eq. (10.62)), Ols = 0.12739a 0 (Eq. (10.51)), 02s = 0.59020a 0 
(Eq. (10.62)), and 02p = 0.6883 5a 0 (Eq. (13.877)) shells and the parameters of the a MO 
of CO given by Eqs. (13.3-13.4), (13.888-13.890), and (13.892-13.893), the dimensional 
diagram and charge-density of the CO MO are shown in Figures 29 and 30, respectively. 
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SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE 
CARBON MONOXIDE MOLECULE 

The energies of the CO a MO are given by the substitution of the semiprincipal axes (Eqs. 
5 (13.888-13.889) and (13.892)) into the energy equations (Eqs. (1 1.207-1 1.212)) of H 2 except 
that the terms based on charge are multiplied by four and the kinetic energy term is multiplied 
by two due to the cr -MO double bond with two pairs of paired electrons: 

V. =2 2 ^_in^^2 = -102.97635 eV (13.894) 

%7tsja 2 -b 2 a -y/a 2 -b 2 

V p = 2 2 ?L== = 50.84210 eV (13.895) 

B7ts 0 yja -b 

10 T = 2 f in^±^lz£ = ii.23379 g r (13.896) 

2m e ay/a 2 -b 2 a -yja 2 -b 2 

4m e ay}a 2 -b 2 a-yja 2 -b 2 
E T =V e +T + V m +V p (13.898) 
Substitution of Eqs. (11.79) and (13.894-13.897) into Eq. (13.898) gives 



E t (CO,ct) = - 



-e 2 



f 

a + 
8 In 



a — 



J=-4 



-52.13425 eV (13.899) 



2 

15 where E r (CO,cr) is the total energy of the cr MO of CO. The total energy of CO, 
E T (CO), is given by the sum of E (ionization; C + ) , the energy of the second electron of 
carbon (Eq. (13.878)) donated to the double bond, E(ionization; 0 + ) , the energy of the 
second electron of oxygen (Eq. (13.879)) donated to the double bond, E T (0,2p) , the 02p 
AO contribution due to the decrease in radius with bond formation (Eq. (13.881)), and 

20 E T (CO, a) , the a MO contribution given by Eq. (13.899): 

E T (CO) = Eiionization; C + ) + EQonization; 0 + ) + E T (0, 2p) + E T (CO, cr) 

= 24.38332 eF + 35.11730 eF-43. 11996 eK-52.13425 (13.900) 
= -35.75359 eV 
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VIBRATION OF CO 

The vibrational energy levels of CO may be solved by determining the Morse potential curve 
from the energy relationships for the transition from a C atom and O atom whose 
parameters are given by Eqs. (10.1 15-10.123) and (10.154-10.163), respectively, to a C atom 

5 whose parameter r 4 is given by Eq. (10.61), an O atom whose parameter r 6 is given by Eq. 
(13.877), and the a MO whose parameters are given by Eqs. (13.888-13.890) and (13.892- 
13.893). As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 

10 (K&P) [15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 
perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 

THE DOPPLER ENERGY TERMS OF THE CARBON MONOXIDE 
15 MOLECULE 

The equations of the radiation reaction force of carbon monoxide are the same as those of H 2 
with the substitution of the CO parameters except that there is a factor of four increase in the 
central force in Eq. (1 1 .23 1) due to the double bond. Using Eqs. (1 1 .23 1-1 1 .233), the angular 
frequency of the reentrant oscillation in the transition state is 



Ae 2 



*™s£L = 2.38335 X 10 16 rod Is (13.901) 



20 oo = 

m e 

where a is given by Eq. (13.888). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K = ^o = ^2.38335 X 10 16 rod Is = 15.68762 eV (13.902) 
In Eq. (11.181), substitution of E T {CO) for E hv , the mass of the electron, m e , for M , and 
25 the kinetic energy given by Eq. (13.902) for E K gives the Doppler energy of the electrons of 
the reentrant orbit: 



5 - -35.75359 eV ]M^62eV) = „ 
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In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the CO MO 
due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation 
of the electrons and nuclei, E os0 , is given by the sum of the corresponding energies, E D given 
5 by Eq. (13.903) and E Kvlb , the average kinetic energy of vibration which is 1/2 of the 
vibrational energy. Using the experimental CO co e of 2169.81 cm' 1 (0.26902 eV) [28] for 
E Kvtb of the transition state, E \ sc (CO) per bond is 



{CO) = E D +E Kvlb = E D + |*J^ 



(13.904) 



E ' osc (CO) = -0.280 16 eV + — (0.26902 eV) = -0.1 4564 e V 

2 



(13.905) 

10 Since the or MO bond is a double bond with twice a many electrons as a single bond, 
E\ sc (CO) is multiplied by two to give 

Ksc (CO) = -0.29129 eV (13.906) 



TOTAL AND BOND ENERGIES OF THE CARBON MONOXIDE 
15 MOLECULE 

E T+0SC (CO) , the total energy of CO including the Doppler term, is given by the sum. of 

E T (CO) (Eq. (13.900)) and E osc (CO) given by Eq. (13.906): 

'V e +T + V m +V p + Eiionization; C + ) 
j-EQonization; 0 + ) + E T (0, 2p) + E osc (CO) 
■ E T [CO,cr) + EQonization; C + ) + E (ionization; O*)^ 
<+ E T (Oap) + E 0 sc(CO) 
= E T (CO) + E OSC {CO) 



E T+osc (CO) = 



(13.907) 
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Sxs n »- 



81n- 



aa n 



a- 



aa n 



--4 



■ E {ionization; C + ) 



+E {ionization; Q + )- ^ 



(Z~k> 2 f 1 1 



0,n=4 



7e r sy 



H 



2fr 



11 



4e 2 



Aizejcr 



mc 



+ 2 



2 V/-. 



(13.908) 



= -35.75359 eV -2(0.28016 eV) + 2( -h 



From Eqs. (13.906-13.908), the total energy of the CO MO is 
^ (CO) = -35.75359 eV + E osc (CO) 

= -35.75359 eV + (-0.29129 eV) 
= -36.04488 eV 



(13.909) 



where the experimental co e was used for the % \ — term. 

5 The CO bond dissociation energy, E D (CO) , is given by the difference between the 

sum of the energies of the C and O atoms and E T+osc (CO) : 

E D (CO) = E(C) + E(O)-E T+0SC (CO) (13.910) 
where the energy of a carbon atom is [6] 

E(C) = -1 1.26030 eV (13.911) 
1 0 and the energy of an oxygen atom is [6] 

E(0) = -13.61806 eV (13.912) 
Thus, the CO bond dissociation energy, E D (CO) , given by Eqs. (13.909-13.912) is 

E D (CO) = -(11.26030 <?F + 13.61806 eV)-E T+0SC (CO) 

= -24.87836 eV - (-36.04488 eV) (13.913) 
= 11.16652 eV 
The experimental CO bond dissociation energy is [49] 
15 E D29S (CO) = 11.1 5696 e V (13.914) 
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The results of the determination of bond parameters of CO are given in Table 13.1. The 
calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

5 

NITRIC OXIDE RADICAL 

The nitric oxide radical can be formed by the reaction of nitrogen and oxygen atoms: 

N + 0->NO (13.915) 
The bond in the nitric oxide radical comprises a double bond, a H 2 -type molecular orbital 

10 (MO) with four paired electrons. The force balance equation and radius r 7 of the 2p shell of 
N is derived in the Seven-Electron Atoms section. The force balance equation and radius r 8 
of the 2p shell of O is derived in the Eight-Electron Atoms section. With the formation of 
the H 2 -type MO by the contribution of two 2p electrons from each of the N and O atoms, 
a diamagnetic force arises between the remaining outer shell atomic electrons, the 2s and 

15 2p electrons of N and O ? and the # 2 -type MO. This force from N and O causes the H 2 - 
type MO to move to greater principal axes than would result with the Coulombic force alone. 
But, the factor of two increase of the central field and the resulting increased Coulombic as 
well as magnetic central forces on the remaining N and O electrons decrease the radii of the 
corresponding shells such that the energy minimum is achieved that is lower than that of the 

20 reactant atoms. The resulting electron configuration of NO is 

Nls 2 01s 2 N2s 2 02s 2 N2p 1 02p 2 o- 4 N , 0 where a designates the # 2 -type MO, and the orbital 
arrangement is 
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cr state 

2p state 

t n 



0 0 

0 t+ (13-916) 

2s state 



Is state 



TV O 

Nitric oxide is predicted to be weakly paramagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE 2p SHELL OF THE NITROGEN ATOM OF 
5 THE NITRIC OXIDE RADICAL 

For the TV atom, force balance for the outermost 2p electron of NO (electron 5) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
interactions between electron 5 and the 2s -shell electrons due to spin and orbital angular 
momentum. The forces used are derived in the Seven-Electron Atoms section. The central 
10 Coulomb force on the outer-most 2p shell electron of NO (electron 5) due to the nucleus 
and the inner four electrons is given by Eq. (10.70) with the appropriate charge and radius: 

F,.=£^l., (13.917) 

for r > r 4 . The 2p shell possess a +2 external electric field given by Eq. (10.92) for r > r 5 . 
The energy is minimized with conservation of angular momentum. This condition is met 
15 when the magnetic forces of N in NO are the same as those of TV" in the nitrogen molecule 
with r 5 replacing r 6 and with an increase of the central field by an integer. The diamagnetic 
force, F diamagneUc , of Eq. (10.82) due to the ^-orbital contribution is given by Eq. (13.622) 
with r 5 replacing r 6 : 



diamagnetic 



\3j 



h 2 i h 2 h 

V^ + l)ir = - " 2 (13-918) 



4m e rfr 3 12ra e r 5 r 3 V 4 r 



20 And, F 2 corresponding to the conserved orbital angular momentum of the three orbitals is 
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also the same as that of N 2 given by Eq. (13.623) with r 5 replacing r t 
1 3ft 2 



F. 



(13.919) 



— 2 Zm.r s a r, 

The electric field external to the 2p shell given by Eq. (10.92) for r>r s gives rise to 
a second diamagnetic force, F dtamagnetic 2 , given by Eq. (10.93). F dlamagnelta 2 due to the binding 
5 of the p-orbital electron having an electric field of +2 outside of its radius follows from Eq. 
(13.624): 



^diamagnetic 2 



Z-5 
Z-4 



-i/ 



V2' 



nft 2 



m e r 5 



T 10^(^+l)i r 



(13.920) 



In addition to the N forces F ele , F diamagnelic , F mag 2 , and F diamggmllc 2 of NO being the same as 
N 2 given by Eqs. (13.621-13.624), respectively, F e!e , F mag2 , and F dl . amagMfi „. c 2 are also the 
10 same as those of CN (Eqs. (13.820) and (13.822-13.823)). In the N 2 and CN cases, the 
contribution of a 2j9 electron from the N atom in the formation of the <r MO gives rise to 
an additional paramagnetic force on the remaining two 2p electrons that pair. However, the 
force, F mag 3 , is absent in NO since the single outer electron is unpaired. 

The radius of the 2p shell is calculated by equating the outward centrifugal force to 
15 the sum of the electric (Eq. (13.917)) and diamagnetic (Eqs. (13.918) and (13.920)), and 
paramagnetic (Eq. (13.919)) forces as follows: 

h 2 r~, 3ft 2 



m e v 2 5 



( Z-4)e 2 
ns 0 r 2 

' Z-5 " 
Z-4 



\2m e r 2 r 3 



V 



+■ 



Zm e r 2 r 3 



v 2 ; 



r 5 m e 



(13.921) 



ft 1 
Substitution of v, = (Eq. (1.56)) and s = - into Eq. (13.921) gives: 



m e r 5 



h 2 (Z-4)e 2 



- 3 Ane^l I2m e r 2 r 3 "V 4 ' Zm,r 2 r, V 4 



-+• 



2 
3ft 2 



VS '3 



Z-5 
Z-4 



1- 



V2" 



^io' 3 



r 5 V 



20 



(13.922) 



The quadratic equation corresponding to Eq. (13.922) is 
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r 5 -7 



h 2 



m„ 



Z-5 
Z-4 



1- 



V2" 



(Z-4)e 2 f 1 3 ^ 7* 2 /3 ^ V * 



r 3 10J- 
\4 



(Z-4)e 2 



V12 ZJm e r 3 V4 
The solution of Eq. (13.923) using the quadratic formula is: 



2 ^ 



12 Z J m e r 3 V 4 



= 0 



(Z-4)- 



3 + a 



12 Z 



j2r 3 



1 



(Z-4)- 



12 Z) 2r 3 



3 ;J 



20V3 



+- 



Z-5 
Z-4 



1- 



(Z-4)- 



12 zj2r 3 



(13.923) 



(13.924) 



r 3 in units of a Q 

5 The positive root of Eq. (13.924) must be taken in order that r 5 >0. Substitution of 



= 0.69385 (Eq. (10.62) with Z = 7) into Eq. (13.924) gives 



r 5 = 0.7484 la 0 



(13.925) 



FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOM OF THE 

10 NITRIC OXIDE RADICAL 

For the O atom, force balance for the outermost 2 p electron of NO (electron 6) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to : 
interactions between electron 6 and the other 2p electron as well as the 2s -shell electrons^ 
due to spin and orbital angular momentum. The forces used are derived in the Eight-Electrori 

15 Atoms section. The central Coulomb force on the outer-most 2p shell electron of NO 
(electron 6) due to the nucleus and the inner five electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 



_(z-sy 

b ele 



4ne 0 r 6 



(13.926) 
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for r>r Su The 2p shell possess an external electric field of +2 given by Eq. (10.92) for 
r > r 6 , The energy is minimized with conservation of angular momentum. This condition is 
met when the diamagnetic force, F aamagfteUc 9 of Eq. (10.82) due to the p -orbital contribution 
is given by: 



diamagnetic 



2\ h 2 



4m e r 6 2 r 3 



2h 2 



I2m e r 2 r 3 ^4 r 



(13.927) 



And, ¥ mag 2 corresponding to the conserved spin and orbital angular momentum given by 
Eqs. (10.157) and (13.670) is 



1 2h 2 



(13.928) 



- 2 Zm e r 2 r 3 

The electric field external to the 2p shell given by Eq. (10.92) for r > r 6 gives rise to 
10 a second diamagnetic force, ¥ diamagnelic 2 , given by Eq. (10.93). ¥ diamagmlic 2 due to the binding 
of the p-orbital electron having an electric field of +2 outside of its radius is : 



v diamagnetic 2 



Z-6 
Z-5 



1- 



V2 



rJt 



^10^ + 1)^ 



(13.929) 



In addition, the contribution of two 2p electrons in the formation of the cr MO gives 
rise to a paramagnetic force on the remaining paired 2p electrons. The force F mog 3 is given 
15 by Eq. (13.625) wherein the radius is r 6 : 

h 2 



F, 



mag 3 



4m e r 6 



(13.930) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to 
the sum of the electric (Eq. (13.926)) and diamagnetic (Eqs. (13.927) and (13.929)), and 
paramagnetic (Eqs. (13.928) and (13.930)) forces as follows: 



20 



(Z-5)e 2 
4ae 0 r 2 
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r 3 h 2 



4™e 



4m e r* 



(13.931) 



Substitution of v 6 = (Eq. (1.56)) and s = - into Eq. (13.931) gives: 
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The quadratic equation corresponding to Eq. (13.932) is 



t-7 



I 8 



m, 



Z-6 
Z-5 



1- 



V2" 
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(Z-5)e 2 
K 4xs 0 



2} ft 2 



12 Z J m e r 3 V 4 
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12 ZJ m e r 3 \ 4 



= 0 



The solution of Eq. (13.933) using the quadratic formula is: 



a 0 \ 1- 



(Z-5)- 



2 2^\S 
12 ZJ2r 3 



■±a n 



3 J 
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Z-6 
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12 Z; 2?: 
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=■ 



(13.932) 



(13.933) 



(13.934) 



r 3 in units of a 0 

The positive root of Eq. (13.934) must be taken in order that r 6 >0. Substitution of 



^- = 0.59020 (Eq. (10.62) with Z = 8) into Eq. (13.934) gives 



a n 



r 6 = 0.70460a 0 



(13.935) 



10 ENERGIES OF THE 2p SHELLS OF THE NITROGEN ATOM AND 
OXYGEN ATOM OF THE NITRIC OXIDE RADICAL 

With the formation of the H 2 -type MO by the contribution of two 2p electrons from each of 
the N and O atoms, the total energy of the NO molecule, which is subtracted from the sum 
of the energies of the nitrogen and oxygen atoms to determine the bond energy, is increased 
15 by the ionization energies of and 0 + given by Eqs. (10.132-10.133) and (10.152- 
10.153), respectively. Experimentally, the energies are [6] 

EQonization; N+) = 29.6013 eV (13.936) 
EQonization; 0 + ) = 35.11730 eV (13.937) 
In addition, the central forces on the 2p shells of the N and O atoms are increased 
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with the formation of the cr MO which reduces each shell's radius and increases its total 
energy. The Coulombic energy terms of the total energy of the N and O atoms at the new 
radii are calculated and added to the ionization energies of N + and <9 + , and the energy of the 
cr MO to give the total energy of NO. Then, the bond energy is determined from the total 
5 NO energy. 

The radius r 7 of the nitrogen atom before bonding is given by Eq. (10.142): 

r 7 =0.93084a 0 (13.938) 

Using the initial radius r 7 of theiV atom and the final radius r 5 of the N2p shell (Eq. 

(13.925)) and by considering that the central Coulombic field decreases by an integer for 
10 each successive electron of the shell, the sum E T (N,2p) of the Coulombic energy change of 

the N2p electrons of r the JV atom is determined using Eq. (10.102): 



V r 5 V l J 



= -(13.60580 eF)(0.26186)(3) (13.939) 
= -10.68853 eV 

The radius r 8 of the oxygen atom before bonding is given by Eq. (10A62): 
r*=a Q (13.940) 
15 Using the initial radius r 8 of the O atom and the final radius r 6 of the Olp shell (Eq. 
(13.935)) and by considering that the central Coulombic field decreases by an integer for 
each successive electron of the shell, the sum E T (0,2p) of the Coulombic energy change of 
the Olp electrons of the O atom is determined using Eq. (10.102): 



„ =4 Stvs q 



V6 r %) 



= -(13.60580 eF)(0.41925)(3 + 4) (13.941) 
= -39.92918 eV 

20 

FORCE BALANCE OF THE a MO OF THE NITRIC OXIDE RADICAL 
The force balance can be considered due to a second pair of two electrons binding to a 
molecular ion having +2e at each focus and a first bound pair. Then, the forces are the same 
as those of a molecule ion having +e at each focus. The diamagnetic force V diamagneticMOl for 
25 the cr -MO of the NO molecule due to the two paired electrons in the Olp shell is given by 
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h 2 



diamagneiicMOl 



2m„a 2 b 



2 h 2 »h 



(13.942) 



^ diamagmticMO 2 

of the nitric oxide radical comprising nitrogen with charge Z, =7 and \L\ = h 



and \L 2 \ = A-h and oxygen with Z 2 = 8 and |Z 3 | = h is given by the corresponding sum of the 



'4 

5 contributions. Using Eq. (13.835), F diamagnelicM02 for NO is 

h 2 



diamagmticMO 2 



1 )/4 1 

Zi z, z 2 



2ma 2 b 2 Di * 



(13.943) 



J 



The general force balance equation for the <t-MO of the nitric oxide radical given by Eqs. 
(11.200), (13.633-13.634), and (13.942-13.943) is the same as that of CN (Eq. (13.836)): 



* 2 . D= ^ D+ _^ D _ 



m e a b 



2t2 



$7t£ 0 ab 2 ' 2m e a 2 b 2 



i 1 \4 1 

1 + — + JL - L + — 

Zj Z 1 Z 2 



ft 2 



2ma 2 b 2 



D 



(13.944) 



10 



h 2 e 2 
H -D= 6 „ D- 



m.a b 



2 z.2 



%7ve 0 ab 



1 V4 1 

Z\ z x Z 2 



h 2 



2ma 2 b 2 



D 



(13.945) 



2+ ± + l4 + J_ 

Z-y Z-y 



2m e a 2 b 2 8ae 0 ab 2 



D 



(13.946) 



a = 



z, z, z 2 



Substitution of Z x = 7 and Z 2 = 8 into Eq. (13.947) gives 

« = 2.39i58a 0 = 1.26557 J5f 10" 10 m 
15 Substitution of Eq. (13.948) into Eq. (1 1.79) is 

c' = 1.09352cr 0 =5.78666 X 10" 11 m 
The internuclear distance given by multiplying Eq. (13.949) by two is 



(13.947) 



(13.948) 
(13.949) 
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2c' = 2.18704a 0 =1.15733 JT 10" 10 m (13.950) 
The experimental bond distance is [28] 

2c' = 1.1 5077 JST 10" 10 m (13.951) 
Substitution of Eqs. (13.948-13.949) into Eq. (11.80) is 
5 b = c = 2.12693a 0 =1.12552 X 10 -10 m (13.952) 

Substitution of Eqs. (13.948-13.949) into Eq. (11.67) is 

e = 0.45724 (13.953) 
Using the electron configuration of NO (Eq. (13.916)), the radii of the Mi = 0.14605tf 0 (Eq. 
(10.51)), N2s = 0.69385a 0 (Eq. (10.62)), iV2 j p = 0.74841« 0 (Eq. (13.925)), Ols = 0.1273 9a 0 
10 (Eq. (10.51)), O2s = 0.59020a 0 (Eq. (10.62)), and 02p = 0.70460« 0 (Eq. (13.935)) shells 
and the parameters of the cr MO of NO given by Eqs. (13.3-13.4), (13.948-13.950), and 
(13.952-13.953), the dimensional diagram and charge-density of the NO MO are shown in 
Figures 3 1 and 32, respectively. 

15 SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE NITRIC 
OXIDE RADICAL 

The energies of the NO cr MO are given by the substitution of the semiprincipal axes (Eqs. 
(13.948-13.949) and (13.952)) into the energy equations (Eqs. (11.207-11.212)) of H 2 except 
that the terms based on charge are multiplied by four and the kinetic energy term is multiplied 
20 by two due to the a -MO double bond with two pairs of paired electrons: 



V e =2 2 ^L^^+^lziL = -98.30623 eV (13.954) 



2 

V p = 2 2 = 49.76880 eV (13.955) 

8ft£ 0 V a —b 



T = 2 ^L_ln^4==4 = 10 - 27631 eV 03-956) 

2m ay} a 2 -b 2 a-yja 2 -b 2 



V m = 2 2 ~f 2 ln " + f^ = -10.27631 eV (13.957) 
Am e a4a L -b 1 a-yja 2 -b 2 

25 E T =V e +T + V m +V p (13.958) 

Substitution of Eqs. (11.79) and (13.954-13.957) into Eq. (13.958) gives 



WO 2007/051078 



PCTYUS2006/042692 



287 



E T (NO,a) = ' 



8bi 



«+1 


l aa o 
2 




\aa Q 
2 



r~4 



= -48.53743 eV 



(13.959) 



where E T (NO,cr) is the total energy of the <r MO of NO. The total energy of NO, 
E T [NO), is given by the sum of E (ionization; 7V + ), the energy of the second electron of 
nitrogen (Eq. (13.936)) donated to the double bond, EQonization; O*) , the energy of the 
5 second electron of oxygen (Eq. (13.937)) donated to the double bond, E T (N,2p), the N2p 
AO contribution due to the decrease in radius with bond formation (Eq. (13.939)), 
E T (0,2p), the 02p AO contribution due to the decrease in radius with bond formation 
(Eq. (13.941)), and E T [NO,cr), the a MO contribution given by Eq. (13.959): 

f E (ionization; N + ) + EQonization; 0 + )^ 
+E T (N,2p) + E T (0,2p) + E T (NO,cx)j 
/29.6013eF + 35.11730eF ^ 
^-10.68853 eF-39.92918 e^-48.53743 eVj 



E T (NO) = 



(13.960) 



= -34.43653 eV 



10 



VIBRATION OF NO 

The vibrational energy levels of NO may be solved by determining the Morse potential 
curve from the energy relationships for the transition from a N atom and O atom whose 
parameters are given by Eqs. (10.134-10.143) and (10.154-10.163), respectively, to a TV 

15 atom whose parameter r 5 is given by Eq. (13.925), an O atom whose parameter r 6 is given 
by Eq. (13.935), and the a MO whose parameters are given by Eqs. (13.948-13.950) and 
(13.952.-13.953). As shown in the Vibration of Hydrogen-type Molecular Ions section, the 
harmonic oscillator potential energy function can be expanded about the internuclear distance 
and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and 

20 Porter (K&P) [15] and after Eq. (1 1.134). Treating the Maclaurin series terms as anharmonic 
perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 
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THE DOPPLER ENERGY TERMS OF THE NITRIC OXIDE RADICAL 
The equations of the radiation reaction force of nitric oxide are the same as those of H 2 with 
the substitution of the NO parameters except that there is a factor of four increase in the 
central force in Eq. (11.231) due to the double bond. Using Eqs. (11.231-11.233) and 
5 (13.901), the angular frequency of the reentrant oscillation in the transition state is 



co = 



4e 2 



4-7££ Ct* 

m ° = 2.23557 A- 10 16 radls (13.961) 

where a is given by Eq. (13.948). The kinetic energy, E K9 is given by Planck's equation 
(Eq. (11.127)): 

E K =ha> = H2.23557X 10 16 radls = 14.71493 eV (13.962) 

10 In Eq. (11.181), substitution of E T {NO) for E hv , the mass of the electron, m e , for M, and 

the kinetic energy given by Eq. (13.962) for E K gives the Doppler energy of the electrons of 
the reentrant orbit: 



= - \2E K nA An ^ n r r 2e(l4.71493 eV) 

E D ~ Ehv^r^ = -34.43653 eVj—^—— 2 J - = -0.26134 eV (13.963) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
15 transition state at their corresponding frequency. The decrease in the energy of the NO MO 
due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation 
of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given 
by Eq. (13.963) and E Kvib9 the average kinetic energy of vibration which is 1/2 of the 
vibrational energy. Using the experimental NO co e of 1904.20 cm~ x (0.23609 eV) [28] for 
20 E Kvib °f transition state, E \ sc [NO) per bond is 

E\ sc {NO) = E D -f E Kvib = E D +^hj£ . (13.964) 

E'o*[NO) = -0.26134 eV + ^(0.23609 eV) = -0.14329 eV (13.965) 

Since the a MO bond is a double bond with twice a many electrons as a single bond, 
E ' osc [NO) is multiplied by two to give 

25 _ E osc (NO) = -0.28658 eV (13.966) 
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TOTAL AND BOND ENERGIES OF THE NITRIC OXIDE RADICAL 
e t+ 0 sc{N°)> th e total energy of NO including the Doppler term, is given by the sum of 
E T (NO) (Eq. (13.960)) and E osc (NO) given by Eq. (13.966): 

r V e + T + V m +V p + EQonization; N + ) + EQonization; O*)^ 
+E T (N, 2p) + E T (0, 2p) + E BSC (NO) 



E T+osc (NO) = 



_ r E T (NO,a) + EQonization; 7V + ) + E (ionization; 0 + )^ 
~ K +E T (N, 2p) + E T (0, 2p) + E osc (NO) 
= E T (NO) + E osc (NO) 

2 a- 



E T+osc ( NO ) = 



— e 



81n- 



a — 



r-4 



+E ( ionization; N + ) + E( ionization; 0 + ) 



■z 

^ iV>=4 



4 (Z-n)e 2 f 1 0_ £ ^ Z ~ n ^ 2 



8?re n 



0,n=4 %7ZS a 



V 7 6 r 8 J J 





4e 2 


2h\, 


4as 0 a 3 



1 + 2 



mc 



+ 2 



= -34.43653 eV -2(0.26134 eV) + 2( -fi 

I 2 \fi 



(13.967) 



(13.968) 



From Eqs. (13.966-13.968), the total energy of the NO MO is 
E T+osc (NO) = -34.43653 eV + E osc (NO) 

= -34.43653 eV + (-0.28658) (13.969) 
= -34.72312 eV 

ft" 

where the experimental co e was used for the h — term. 

10 The NO bond dissociation energy, E D (NO), is given by the difference between the 

sum of the energies of the N and O atoms and E T+osc (NO) : 

E D (NO) = E(N) + E(0)-E T+osc (NO) (13.970) 

where the energy of a nitrogen atom is [6] 
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E(N) = -14.53414 eV (13.871) 
and the energy of an oxygen atom is [6] 

E(p) - -13.61806 eV (13.972) 

Thus, the NO bond dissociation energy, E D {NO), given by Eqs. (13.969-13.972) is 

E D (NO) = - (14.53414 eV + 13.61806 eV)~E T + 0SQ (NO) 
5 =-28.15220 eF-(-34.72312 eV) (13.973) 

= 6.57092 eV 

The experimental NO bond dissociation energy is [49] 

E D29S (NO) = 6.5353 eV (13.974) 
The results of the determination of bond parameters of NO are given in Table 13.1. The 
calculated results are based on first principles and given in closed-form, exact equations 
10 containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 



Table 13.1. The calculated and experimental bond parameters of H* 9 £> 3 + , OH , OD , H 2 0, 
D 2 0, NH, ND 9 NH 2 , ND 29 NH 3 , M) 3 , CH , CD, CH 2 , CH 3 , CH 4 , N 2 , 0 2 , F 29 Cl 29 
15 CN , CO, and NO. 



Parameter 



H 3 Bond Energy 
D 3 Bond Energy 
OH Bond Energy 
OD Bond Energy 
OH Bond Length 
OD Bond Length 
OH Vibrational Energy 
OD Vibrational Energy 
OH co e 

OD w„ 



OH co e x e 



OD co e x e 



Calculated 



4.373 eV 

4.374 eV 

4,4104 eV 
4.4687 eV 
0.971651 A 
0.971651 A 
0.4367 eV 
0.3219 eV 

3696.38 cm' 1 

2689.51 cm' 1 

87.18 cm' 1 



46.75 cm 



-l 



Experimental 



4.373 eV 

4.4117 eV 
4.454 eV 
0.971 A 
0.971 A 
0.4424 eV 
0.3263 eV 

3735.21 cm 



-l 



-l 



2720.9 cm 
82.81 cm' 1 



44.2 cm 



-l 



Ref. for Exp. 



OH B 0 



18.835 cm 



-l 



18.871 cm 



8 

22 

23 

13 

13 
16-17 
16-17 

14 

14 

14 

14 

14 
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Parameter 


Calculated 


Experimental 


Ref. for Exp. 


OD B e 


9.971 cm' 1 


10.01 cm~ x 


14 


H 2 0 Bond Energy 


5,1059 eV 


5.0991 eV 


26 


D-O Bond Energy 


5.178 eV 


5.191 eV 


31-32 


H 2 Q O-H Bond Length 


0.971574 A 


0.970 ± 0.005 A 


23 


D 2 0 O-D Bond Length 


0.971574 A 


0.970 ± 0.005 A 


23 


H 0 O H — H Distance 


1.552 A 


1.55 ±0.01 A 


13 


D 2 0 D — D Distance 


1.552 A 


1.55 ±0.01 A 


13 


H 2 0 Bond Angle 


106° 


lUo 


Zj 


D 2 0 Bond Angle 


106° 


106° 


23 


NH Bond Energy 


3.47530 eV 


3.47 eV 


30 

it 


ND Bond Energy 


3.52556 eV 


3.5134 eV 


31 


NH Bond Length 


1.04262 A 


1.0362 A 


28 


ND Bond Length 


1.04262 A 


1.0361 A 


28 


NH Vibrational Energy 


u.jojoi ev 


0 eV 


28 


A/ 7~) ViT-vraHnnal Pff^rQ'V 


0.28583 eV 


0.28690 eV 


28 


NH co e 


3284.58 cm' 1 


3282.3 cm' 1 


28 


ND a> e 


2398.72 cm~ l 


2398 cm" 1 


28 


NH co e x e 


86.37 cm' 1 


78.4 cm" 1 


28 


ND o> e x e 


47.40 cm' 1 


42 cm" 1 


28 


NH B e 


16.495 cm" 1 


16.993 cm" 1 


28 


ND B e 


8.797 cm" 1 


8.7913 cm' 1 


28 


NH 2 Bond Energy 


3.9323 eV 


3.9461 eV 


35 


ND 2 Bond Energy 


3.9401 eV 


3.9362 eV 


33-35 


NH 2 Bond Length 


1.04262 A 


1.0240 A 


32 


ND 0 Bond Length 


1.04262 A 






Nff Rond Anffle 


105.97 


103.3° 


32 


ND 2 Bond Angle 


105.97 






NH 3 Bond Energy 


4.57913 eV 


4.60155 eV 


37 


ND 3 Bond Energy 


4.64499 eV 


4.71252 eV 


37 
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parameter 


Calculated 


Experimental 


Ref. for E 


NH 3 Bond Length 


1.0368 A 


1.012 A 


32 


7VD 3 Bond Length 


1.0368 A 






NH S Bond Angle 


106.67 


106.67° 


36 


ND 3 Bond Angle 


106.67 


106.70 


36 


CH Bond Energy 


3.47404 eV 


3.47 eV 


14 


CD Bond Energy 


3.51673 eV 


3.52 eV 


14 


CH Bond Length 


1.1183 A 


1.1198 A 


14 


CD Bond Length 


1.1183 A 


1.118 A 


14 


CH Vibrational Energy 


\).JDo/y ev 


UJjooj c V 

f 


14 


CD Vibrational Enerev 


0.25173 eV 


0.25189 eV 


14 


CH co e 


2865.86 cm" 1 


2861.6 cm" 1 


14 


CD co e 


2102.97 cm' 1 


2101.0 cm" 1 


14 


CH co e x e 


66.624 cm~ X 


64.3 cm" 1 


14 


CD co e x e 


36.335 cm' 1 


34 J cm' 1 


14 


CH B e 


14.498 cm" 1 


14.457 cm" 1 


14 


CD B e 


7.807 cm" 1 


7.808 cm" 1 


14 


CH 2 Bond Energy 


4.36968 eV 


4.33064 eV 


39 


CH 2 Bond Length 


1.1067 A 


l.lll A 


38 


CH n Bond Angle 


100.22 


102.4° 


38 


CH % Bond Energy 


4.70075 eV 


4.72444 eV 


40 


CH^ Bond Length 


1.1029 A 


1,079 A 


38 


CH, Bond Angle 


100.70° 






CH A Bond Energy 


4.4900 eV 


4.48464 eV 


40 


CH 4 Bond Length 


1.1010 A 


1.087 A 


41 


CH A Bond Angle 


109.5° 


109.5° 


41 




9.71181 eV 


9.756 eV 


43 


N 2 Bond Length 


1.0955 A 


1.094 A 


43 


0 2 Bond Energy 


5.10711 eV 


5.11665 eV 


46 


0 2 Bond Length 


1.20862 A 


1.20752 A 


28 
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Parameter 


V^CUvUlAlvU 


Th "VTA 1*1 TM »t"» +o 1 

nxp er jtmeniai 


Ret. tor Exp. 


F 2 Bond Energy 


1.62168 eV 


1.606 eV 


48 


F 2 Bond Length 


1.41114 A 


1.41193 A 


28 


Cl 2 Bond Energy 


2.52236 eV 


2.51412 eV 


49 


C/ 2 Bond Length 


1.988 A 


1.988 A 


28 


CL CO 

2 e 


538.52 cm 


559.7 cm 


28 


Cl 2 co e x e 


3.41 cnr 1 


2.68 cmT 1 


28 


Cl 2 B e 


0.2420 cm' 1 


0.2440 cm~ x 


28 


CN Bond Energy 


7.77526 eV 


7.7731 eV 


50 


CN Bond Length 


1.17231 A 


1.17181 A 


28 


CO Bond Energy 


11.16652 eV 


11.15696 eV 


49 


CO Bond Length 


1.13290 A 


1.12823 A 


28 


NO Bond Energy 


6.57092 eV 


6.5353 eV 


49 


NO Bond Length 


1.15733 A 


1.15077 A 


28 
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Section III 

MORE POLYATOMIC MOLECULES AND HYDROCARBONS 

Additional polyatomic molecules can be solved using the same principles as those used to 
5 solve hydrogen molecular ions and molecules wherein the hydrogen molecular orbitals (MOs) 
and hydrogen atomic orbitals serve as basis functions for the MOs. The MO must (1) be a 
solution of Laplace's equation to give a equipotential energy surface, (2) correspond to an 
orbital solution of the Newtonian equation of motion in an inverse-radius-squared central 
field having a constant total energy, (3) be stable to radiation, and (4) conserve the electron 

1 0 angular momentum of h . Energy of the MO must be matched to that of the outermost atomic 
orbital of a bonding heteroatom in the case where a minimum energy is achieved with a direct 
bond to the AO. Alternatively, the MO is continuous with the AO containing paired electrons 
that do not particpate in the bond. Rather, they only provide a means for the energy matched 
MO to form a continuous equipotential energy surface. In the case that an independent MO is 

15 formed, the AO force balance causes the remaining electrons to be at lower energy and a 
smaller radius. In another case, the atomic orbital may hybridize in order to achieve a bond at 
an energy minimum, and the sharing of electrons between two or more such orbitals to form a 
MO permits the participating hybridized orbitals to decrease in energy through a decrease in 
the radius of one or more of the participating orbitals. Representative cases were solved. 

20 Specifically, the results of the determination of bond parameters of carbon dioxide (C0 2 ), 
nitrogen dioxide (N0 2 \ ethane (CH 3 CH 3 \ ethylene (CH 2 CH 2 ), acetylene (CHCH), 
benzene (C 6 H 6 % propane (C 3 H^) y butane (C 4 # 10 ), pentane {C 5 H l2 \ hexane (QF 14 ) ? 
heptane (C 7 H l6 \ octane (C S H IS ), nonane (C 9 H 2Q ), decane (C lQ H 21 \ undecane (C U H 2A % 
dodecane (C 12 # 26 ), and octadecane (C 18 # 38 ) are given in Table 14.1. The calculated results 

25 are based on first principles and given in closed-form, exact equations containing 
fundamental constants only. The agreement between the experimental and calculated results 
is excellent. 



CARBON DIOXIDE MOLECULE 

30 The carbon dioxide molecule can be formed by the reaction of carbon monoxide and an 
oxygen atom: 
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co+o^co 2 (14A) 

Each equivalent bond in the carbon dioxide molecule comprises a double bond that is energy- 
matched to the filled C2s orbital. Each such bond comprises 75% of a H 2 -type MO with 
four paired electrons as a basis set such that three electrons can be assigned to each C = O 
5 bond. Thus, the two C2p electrons combine with the four 02p electrons, two from each 
O, as a linear combination to form the two C = 0 bonds of C0 2 . The force balance 
equation and radius r 8 of the 2p shell of O is derived in the Eight-Electron Atoms section. 
With the formation of the # 2 -type MOs by the contribution of two 2p electrons from each 
of the two O atoms, a factor of two increase of the central field on the remaining 02p 
10 electrons arises. The resulting increased Coulombic as well as magnetic central forces 
decrease the radii of the 02p shells such that the energy minimum is achieved that is lower 
than that of the reactant atoms. The resulting electron configuration of C0 2 is 
C\s 2 O x \s 2 0 2 \s 2 C2s 2 0{ls 2 0 2 2s 2 0 where the subscripts designate the O 

atom, 1 or 2, a designates the H 2 -type MO, and the orbital arrangement is 

a state 

2p state 

H U 



15 0 



2s state 

n n n 



(14.2) 



Is state 

n n n 



o c o 

Carbon dioxide is predicted to be diamagnetic in agreement with observations [1]. 

FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOM OF THE 
CARBON DIOXIDE MOLECULE 
20 For each O atom, force balance for the outermost 2p electron of C0 2 (electron 6) is 
achieved between the centrifugal force and the Coulombic and magnetic forces that arise due 
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to interactions between electron 6 and the other 2p electrons as well as the 2s -shell 
electrons due to spin and orbital angular momentum. The forces used are derived in the 
Eight-Electron Atoms section. The central Coulomb force on the outer-most 2p shell 
electron of CO (electron 6) due to the nucleus and the inner five electrons is given by Eq. 
5 (10.70) with the appropriate charge and radius: 

F e/e =^^li, (14.3) 



for r > r 5 The 2p shell possess a +2 external electric field given by Eq. (10.92) for r > r 6 . 
The energy is minimized with conservation of angular momentum. This condition is met 
when the diamagnetic force, F diamagnelic , of Eq. (10.82) due to the p -orbital contribution is 

10 given by: 

2h 2 



L diamagnetic 



3 J Am c r;}\ 



e'6 T 3 



3. 



(14.4) 



12m e r 6 2 r 3 \4 r 

where s = V2. And, F wag2 corresponding to the conserved spin and orbital angular 
momentum given by Eq. (10.157) is 



F, 



mag 2 



1 2ft 2 
Z m e r 2 r 3 



(14.5) 



15 The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to 

a second diamagnetic force, F dimnagnelic2 , given by Eq. (10.93). F diamagnelic 2 due to the binding 
of the p-orbital electron having an electric field of +2 outside of its radius is : 



diamagnetic 2 



Z-6 
Z-5 



1- 



r,h 2 



m e r 6 



■10^0 + 1)*, 



(14.6) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to 
20 the sum of the electric (Eq. (14.3)) and diamagnetic (Eqs. (14.4) and (14.6)), and 
paramagnetic (Eq. (14.5)) forces as follows: 



m y 6 _ (z-5v 



2h 2 



47te Q r 6 



\2m e r 6 r 3 



+ - 



2fi 2 



Zm e r 6 r 3 



Z-6 
Z-5 



V 



■ioV*(*+i) 



(14.7) 



h 1 
Substitution of v 6 = (Eq. (1.56)) and j = - into Eq. (14.7) gives: 



WO 2007/051078 



PCTYUS2006/042692 



h 2 _(Z-5)e 2 



2h 2 



m e r 6 



4x£ 0 r 2 



I2m e r 2 r 3 
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2h 2 
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Z-6 
Z-5 



>l2 



p e V 4 



(14.8) 



The quadratic equation corresponding to Eq, (14.8) is 



^1 
7W„ 



Z-6 
Z-5 



1- 



M0, 



(Z-5)e 2 

4^ n 



2^ fc 2 



12 Z)m e r 3 



\ r 6~ 



(Z-5)e 2 
4n:e n 



2\ h 2 



12 Z ) m c r 3 



(14.9) 



5 The solution of Eq. (14.9) using the quadratic formula is: 



(Z-5)- 



12 ZJ 2r 3 



3y 



(Z-5)- 



^__2_^V3 N 
.12 Zj2r 3 



20V3 



Z-6 
Z-5 



3 /y 



(14.10) 



(2-5)- 



2__ 2^|V| 
12 Z J 2r 3 



r 3 m w»to of a 0 

The positive root of Eq. (14.10) must be taken in order that r 6 >0. Substitution of 



= 0.59020 (Eq. (10.62) with Z = 8) into Eq. (14.10) gives 



a, 



r 6 =0.74776a 0 



(14.11) 



10 



ENERGIES OF THE 2s AND 2p SHELLS OF THE CARBON ATOM AND 
THE 2 P SHELL OF THE OXYGEN ATOMS OF THE CARBON DIOXIDE 
MOLECULE 

Consider the determination of the total energy of C0 2 from the reaction of a carbon atom 
15 with two oxygen atoms. With the formation of the H 2 -type MO by the contribution of two 
2p electrons from the C atom, the remaining outer-shell atomic electrons comprise the 2s 
electrons which are unchanged by bonding with two oxygen atoms. However, the total 
energy of the CO z molecule, which is subtracted from the sum of the energies of the oxygen 
atom and carbon monoxide molecule to determine the O-CO bond energy, is increased by 
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the ionization energies of C, C + , O, and 20 + given by Eqs, (14.12-14.15), respectively. 

Experimentally, the energies are [2] 

E(ionization; C) = 1 1 .26030 eV (14. 12) 

EQonization; C + ) = 24.38332 eV (14.13) 
5 E(ionization; O) = 13.61806 eV (14.14) 

EQonization; 0 + ) = 35. 11730 eV (14.15) 
In addition, the central forces on the 2p shell of the O atom are increased with the 

formation of the a MO which reduces the shell's radius and increases its total energy. The 

Coulombic energy terms of the total energy of each O atom at the new radius are calculated 
10 and added to the ionization energies of C 9 C + , O, and 20 + , and the energy of the a MO to 

give the total energy of C0 2 . Then, the bond energy is determined from the total C0 2 

energy. 

The radius r 8 of each oxygen atom before bonding is given by Eq. (10.162): 
^8=^o (14.16) 
15 Using the initial radius r s of each O atom and the final radius r 6 of the Olp shell (Eq. 
(14.1 1)) and by considering that the central Coulombic field decreases by an integer for each 
successive electron of the shell, the sum E T (0,2p) of the Coulombic energy change of the 
02p electrons of each O atom is determined using Eq. (10.102): 



n=4 &7££ 0 



V r 6 . V ZJ 



= -(13.60580 eK)(0.33733)(3 + 4) (14.17) 
= -32.12759 eV 

20 

FORCE BALANCE OF THE a MO OF THE CARBON DIOXIDE 
MOLECULE 

As in the case of H 2 9 the cr MO is a prolate spheroid with the exception that the ellipsoidal 
MO surface cannot extend into the C atom for distances shorter than the radius of the C2s 
25 shell; nor, can it extend into the O atom for distances shorter than the radius of the 02p 
shell. Thus, the MO surface of each C = O bond comprises a prolate spheroid that bridges 
and is continuous with the 25- and 2p shells of the O and C atoms whose nuclei serve as 
the foci. The energy of each prolate spheroid is matched to that of the C2s and 02p shells. 
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As in the case of previous examples of energy-matched MOs such as OH and NH , the 
C = 0-bond MO must comprise 75% of a i^-type ellipsoidal MO in order to match 
potential, kinetic, and orbital energy relationships. However, the paired electrons of the C2s 
and 02p shells are not involved in bonding. Rather, the AOs permit a continuous surface 
5 comprising the two C-O -bond MOs having six paired electrons, two from each of the C 
and the two O atoms: 

2(0.75 H 2 MO) -» C0 2 MO (14.18) 

10 The force balance of the C0 2 MO is determined by the boundary conditions that arise from 
the linear combination of orbitals according to Eq. (14.18) and the energy matching condition 
between the carbon and oxygen components of the MO. 

Similar to the OH and H 2 0 cases given by Eqs. (13.57) and (13.162), the i^-type 
ellipsoidal MO comprises 75% of the C0 2 MO; so, the electron charge density in Eq. (1 1.65) 

15 is given by -0.75e . Thus, k' of the each H 2 -type-ellipsoidal-MO component of the C0 2 
MO is given by Eq. (13.59). The distance from the origin of each C = 0 -bond MO to each 
focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The 
length of the semiminor axis of the prolate spheroidal C = 0 -bond MO b = c given by Eq. 
(13.62). The eccentricity, e, is given by Eq. (13.63). Then, the solution of the semimajor 

20 axis a allows for the solution of the other axes of the prolate spheroidal and eccentricity of 
the C0 2 MO. 

The energy components of V e , V p , T , V m , and E T of the C0 2 a MO are the same as 
those of OH given by Eqs. (13.67-13.73), except that the terms based on charge are 
multiplied by four and the kinetic energy term is multiplied by two due to each a -MO double 
25 bond: 



E T (C = 0,cr)= ^ 



8tts 0 c ' 



y2j a-c' 



(14.19) 



where E T (C = O, a) is the total energy of each C = 0 a MO of C0 2 . The total energy of a 
# 2 -type ellipsoidal MO is given by Eqs. (11.212) and (13.75). A minimum energy is 
obtained when each double bond of the cr MO of C0 2 comprises the energy equivalent of 
30 four H 2 -type ellipsoidal MOs. For each C = 0 bond to match the energy of the C2s orbital, 



WO 2007/051078 



PCTYUS2006/042692 



304 

the ionization energy of C and C + (Eqs. (14.12-14.13)) must be added for each bond of the 
double bond. Thus, the total energy of each C = O -bond MOs is 



E T (C = 0,cr) = 2 



f r 
2 



e 



Sns 0 a 0 



272-72+^- 
2 



<J2\ 72 + 1 



-PA 



In 



V2-1 



-72 



^+E (ionization; C) + Eiionization; C + ) 
= 2(2(-3 1.63536831 eV) + 11.26030 eV + 24.38332 eV) 
= -55.25423 eV 
E T (C = 0,a) given by Eq. (14.19) is set equal to Eq. (14.20): 



(14.20) 



4e 2 



3V a + c* , 

— In 1 

2) a-c' 



= e55.25423 eV 



(14.21) 



From the energy relationship given by Eq. (14.21) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CO, MO can be solved. 
Substitution of Eq. (13.60) into Eq. (14.21) gives 



E T (C = 0,cr) = 



4e 2 



Sxe n ^ 



a- 



ln- 



2aa n 



a- 



2aa n 



= e55. 25423 eV 



(14.22) 



10 The most convenient way to solve Eq. (14.22) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 1.80703a n =9.56239 X 10" 11 



m 



Substitution of Eq. (14.23) into Eq. (13.60) is 



c' = 1.09758a n =5.80815 X 10 



-11 



m 



1 5 The internuclear distance given by multiplying Eq. (14.24) by two is 



2c' = 2.19516a n =1.16163 X 10 



-10 



m 



(14.23) 



(14.24) 



(14.25) 



The experimental bond distance is [3] 

2c' = 1.1600X 10 -10 m (14.26) 

Substitution of Eqs. (14.23-14.24) into Eq. (13.62) is 
20 Z> = c = 1.43550a 0 =7.59636 X 10 -11 m (14.27) 

Substitution of Eqs. (14.23-14.24) into Eq. (13.63) is 

e = 0.60740 (14.28) 
The C and O nuclei comprise the foci of each H 2 -type ellipsoidal MO defined as 

0 = C = 0. Consider the left-hand C-O bond of the two equivalent bonds in the absence 
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of the right-hand bond. The parameters of the point of intersection of the H 2 -type ellipsoidal 
MO and the C2s AO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar 
intersection angle 0' is given by Eq. (13.261) where r n =r 4 =0.843 17a 0 is the radius of the 
C2s shell. Substitution of Eqs. (14.23-14.24) into Eq. (13.261) gives 

5 0' = 54.53° (14.29) 

Then, the angle 0 C2xAO the radial vector of the C2s AO makes with the internuclear axis is 

$ C2sAO =180° -54.53° = 125.47° (14.30) 
as shown in Figure 33. The distance from the point of intersection of the orbitals to the 
internuclear axis must be the same for both component orbitals. Thus, the angle cot = 0 HiMO 

10 between the internuclear axis and the point of intersection of the H 2 -type ellipsoidal MO 
with the C2s radial vector obeys the following relationship: 

r 4 sm0 C2sAO = 0.84317a 0 sin6> C2i ^ = &sin0^ o (14.31) 

such that 

, Q.84317q 0 sing C2rfO , 0.84317* 0 sinl25.47° 4 _ 

1 5 with the use of Eq. (14.30). Substitution of Eq. (14.27) into Eq. (14.32) gives 

0 H2MO =28.58° (14-33) 
Then, the distance d H2MO along the internuclear axis from the origin of # 2 -type ellipsoidal 
MO to the point of intersection of the orbitals is given by 

^H 2 MO= aCOS0 H 2 MO (14.34) 

20 Substitution of Eqs. (14.23) and (14.33) into Eq. (14.34) gives 

d HiMO = 1. 58687a 0 =8.39737 X 10" n m (14.35) 

The distance d C2sAO along the internuclear axis from the origin of the C atom to the point of 
intersection of the orbitals is given by 

d =d -c' (14.36) 

25 Substitution of Eqs. (14.24) and (14.35) into Eq. (14.36) gives 

d C2sAO = 0.48929a 0 = 2.58922 X 10"" m (14.37) 
The C and O nuclei comprise the foci of each H 2 -type ellipsoidal MO defined as 
0-C = 0. Consider the right-hand C = O bond of the two equivalent bonds. The 
parameters of the point of intersection of the iiT 2 -type ellipsoidal MO and the 02p AO are 



WO 2007/051078 PCTYUS2006/042692 

306 

given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle d x is given by 
Eq. (13.261) where r n =r 6 =0.74776a 0 is the radius of the 02p shell. Substitution of Eqs. 
(14.23-14.24) into Eq. (13.261) gives 

= 30.18° (14.38) 
5 Then, the angle 0 O2pAO the radial vector of the 02p AO makes with the internuclear axis is 

Ooipao =180° -30. 18° = 149.82° (14.39) « 

as shown in Figure 33. The distance from the point of intersection of the orbitals to the 
internuclear axis must be the same for both component orbitals. Thus, the angle cot = & HiMO 

between the internuclear axis and the point of intersection of the H 2 -type ellipsoidal MO 
10 with the 02p radial vector obeys the following relationship: 

r 6 sin 0 O2pAO = 0.74776a 0 sin 6 02pAO = b sin e^ MO (14.40) 
such that 

a 0-74776g 0 sinfl O2MO . 0.74776a 0 sin 149.82° „ A „. 
0 h 2 mo= s1xi £ — = sm 1 °— (14.41) 

with the use of Eq. (14.39). Substitution of Eq. (14.27) into Eq. (14.41) gives 
15 0^=15.18° (14.42) 

Then, the distance d HiMO along the internuclear axis from the origin of H 2 -type ellipsoidal 
MO to the point of intersection of the orbitals is given by 

d H 2 uo = a cos 9 HiMO (14.43) 
Substitution of Eqs. (14.23) and (14.42) into Eq. (14.43) gives 
20 d H lM o =l-74396« 0 =9.22862 X 10 -11 m (14.44) 

The distance d Q2pAO along the internuclear axis from the origin of each O atom to the point 
of intersection of the orbitals is given by 

d 2pAo=d Hz Mo-c' (14.45) 
Substitution of Eqs. (14.24) and (14.44) into Eq. (14.45) gives 
25 d o2 P Ao = 0.64637a 0 = 3.42047 X 10~ n m (14.46) 

As shown in Eq. (14.18), each C = O bond comprises a factor of 0.75 of the charge- 
density of double that of the iJ 2 -type ellipsoidal MO. Using the electron configuration of 
C0 2 (Eq. (14.2)), the radii of the C\s = 0.171 13a 0 (Eq. (10-51)), C2s = 0.843 17a 0 (Eq. 
(10.62)), Ols = 0.12739a 0 (Eq. (10.51)), Q2s = 0.59020« 0 (Eq. (10.62)), and 
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02p = 0.74776a 0 (Eq. (14.1 1)) shells and the parameters of the a MO of C0 2 given by Eqs. 
(13.3-13.4), (14.23-14.25), and (14.27-14.28), the dimensional diagram and charge-density of 
the C0 2 MO are shown in Figures 33 and 34, respectively. 



5 SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE 
CARBON DIOXIDE MOLECULE 

The energies of the C0 2 or MO are given by the substitution of the semiprincipal axes (Eqs. 
(14.23-14.24) and (14.27)) into the energy equations of OH (Eqs. (13.67-13.73)), except that 
the terms based on charge are multiplied by four and the kinetic energy term is multiplied by 



10 two due to each a -MO double bond 

-2e 2 



■<8 



In a ^^- = -104.83940 eV 



V P = 2 " r— 

8ft£ 0 V a 2 —b 1 



8xe 0 Ja 2 -b 2 a-4a 2 -b 2 
= 49.58464 eV 



= 2 m 



T = 2 



h 2 



4j2m e ayla 2 -b 2 a-ja 2 -b 2 

a + \[a 



ln a + V7^ = i4 ^ o438gF 



15 



y m = * { 1) ~f ^f~# = -14-50438 eV 
\*)Am e a4a 2 -b 2 a-4a 2 -b 2 

E T =V e +T + V m +V p 

Substitution of Eqs. (13.60) and (14.47-14.50) into Eq. (14.51) gives 

"a! 



(14.47) 

(14.48) 

(14.49) 

(14.50) 
(14.51) 



E T {C = 0,a) = V e +T + V m +V p = 



-4e^ 



2aa n 



a- 



2aa n 



-1 



= -55.25476 eV 



(14.52) 

where E T (C = 0,a) is the total energy of each C = 0 a MO of C0 2 given by Eq. (14.19) 
20 which is reiteratively matched to Eq. (14.20) within five-significant-figure round off error. 

The total energy of C0 2 , E T (C0 2 ), is given by the sum of E{jonization\ C) and 
EQonization; C + ) , the sum of the energies of the first and second electrons of carbon (Eqs. 
(14.12-14.13)) donated to each double bond, the sum of EQonization; O) and two times 
EQonization; O*) , the energies of the first and second electrons of oxygen (Eqs. (14.14- 
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14.15)) donated to the double bonds, two times E T (0,2p) , the 02 p AO contribution due to 
the decrease in radius with the formation of each bond (Eq. (14.17)), and two times 
E T (C = 0,a), the a MO contribution given by Eq. (14.22): 

' EQonization; C) + E (ionization; C + ) + EQonization; O)^ 
+2E(ionization; 0 + ) + 2E T (0, 2p) + 2E T (C = O, a) 
fl 1 .26030 eV + 24.38332 eV + 13.61 806 eV^\ 
+2(35.11730 cF) + 2(-32. 12759 eF) 



E T {C0 2 ) = 



-2 



4e 2 



2aa n 



a- 



2aa n 



ril.26030^F + 24.38332eF+13.61806eF 
= [+2(35.11730eK) + 2(-32.12759eF)-2(55.25423 eV) 

= -55.26841 eV 



(14.53) 



VIBRATION OF C0 2 

The vibrational energy levels of C0 2 may be solved by determining the Morse potential 
curve from the energy relationships for the transition from a C atom and two O atoms whose 
parameters are given by Eqs. (10.115-10.123) and (10.154-10.163% respectively, to a C atom 

10 whose parameter r 4 is given by Eq. (10.61), two O atoms whose parameter r 6 is given by Eq. 
(14.11), and the a C0 2 MO whose parameters are given by Eqs. (14.23-14.25) and (14.27- 
14.28). As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic 
oscillator potential energy function can be expanded about the internuclear distance and 
expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter 

15 (K&P) [4] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic 
perturbation terms of the harmonic states, the energy corrections can be found by perturbation 
methods. 



THE DOPPLER ENERGY TERMS OF THE CARBON DIOXIDE 
20 MOLECULE 

The equations of the radiation reaction force of carbon dioxide are the same as those of OH 
with the substitution of the C0 2 parameters except that there is a factor of four increase in the 
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central force in Eq. (13.140) due to the double bond. Using Eqs. (13.140-13.142), the angular 
frequency of the reentrant oscillation in the transition state is 



co = 



4(0.75)e 2 



A. rep h 3 

- =4.16331 X 10 15 rod Is (14.54) 



where b is given by Eq. (14.27). The kinetic energy, E K , is given by Planck's equation (Eq. 
5 (11.127)): 

E K = hco = h4A633\X 10 16 rad I s = 27.40365 eV (14.55) 

In Eq. (11.181), substitution of E r (C0 2 )/2 for E hv , the mass of the electron, m e , for M , 

and the kinetic energy given by Eq. (14.55) for E K gives the Doppler energy of the electrons 
of the reentrant orbit: 



10 E D ~E hv 



V 



] 2Er 2^(27.40365 eV) 

=*L = -27.63421 eVA—± 5 - 1 = -0.28619 eV (14.56) 

Mc* \ m e c l 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The transition state comprises O — CO, 
oxygen binding to CO . Vibration of the linear XYZ-molecular transition state corresponds 
to o 3 [5] with the maximum kinetic energy localized to the nascent C-O bond. In this case, 

15 the kinetic energy of the nuclei is the maximum for this bond. Thus, E Kvib is the vibrational 
energy. The decrease in the energy of the C0 2 MO due to the reentrant orbit in the transition 
state corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given 
by the sum of the corresponding energies, E D given by Eq. (14.56) and E Kvib , the vibrational 
energy. Using the experimental C0 2 E vib (o 3 ) of 2349 cm" 1 (0.29124 eV) [6] for E Kvib of 
20 the transition state, E OS0 [CO 2 ) is 

Eosc {C0 2 ) = E D + E Kvib =E D + E vib (14.57) 
E 0 sc {C0 2 ) = -0.28619 eV + 0.29124 eV = 0.00505 eV (14.58) 



WO 2007/051078 



PCTYUS2006/042692 



310 

TOTAL AND BOND ENERGIES OF THE CARBON DIOXIDE MOLECULE 
4-(C0 2 ), the total energy of C0 2 including the Doppler term, is given by the sum of 
E r (C0 2 ) (Eq. (14.53)) and E osc (C0 2 ) given by Eq. (14.58): 

r 2(V t +T+V H +V p )+ E(ionization; C) 
E t + o S c(C0 2 )= +E(ionizatiorr, C + ) + E(ionization; 0) + 2E (ionization; 0 + ) 
+2E r (0,2p) + E 0SC (C0 2 ) 

^2E T (C = 0,a) + E(ionization; C) + Eiionization; C + )^ 
+E(ionization; 0) + 2E(ionization; 0 + ) (14.59) 
+2E T (0,2p) + E osc {C0 2 ) 

= E T (C0 2 ) + E osc (C0 2 ) 

U r r a \\ a' 



^T+osc 



(co 2 ) = 



-Ae 7 



flm 



a- 



\2aa n 



a- 



2aa n 



.-1 



+ E (ionization; C) 



+E(iomzation; C + ) + E (ionization; O) 

(Z - ri)e 

0,n=4 



+2E(ionization; 0*) — 2 ^ 



5 „ „^f l 



\ r 6 



1+ 



1 



2h' 



4(0.75)< 



m 



+ E vib 



2 I m e c* 
= -55.26841 eV - 0.28619 eV + E vib 

(14.60) 

From Eqs. (14.57-14.60), the total energy of the C0 2 MO is 

Et+osc (C0 2 ) = -55.25476 eV + E osc (C0 2 ) 

= -55.25476 eV + 0.00505 eV (14.61) 
= -55.26336 eV 

where the experimental E vlb was used. 
10 As in the case of the dissociation of the bond of the hydroxyl radical, an oxygen atom 

is formed with dissociation of C0 2 . O has two unpaired electrons as shown in Eq. (13.55) 
which interact to stabilize the atom as shown by Eq. (10.161-10.162). The lowering of the 
energy of the reactants decreases the bond energy. Thus, the total energy of oxygen is 
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reduced by the energy in the field of the two magnetic dipoles given by Eq. (7.46) and Eq. 
(13.101): 

Eimagnetid) = 2n ^ff = = 0A 1441 eV (14 62) 

The C0 2 bond dissociation energy, E D (C0 2 ) , is given by the sum of the energies of the CO 
5 and the O atom minus the sum of E T+osc (C0 2 ) and E(magnetic) : 

Ed (C0 2 ) = E(CO) + E(0)-(E(magnetic) + E T + osc (C0 2 )) (14.63) 
The energy of an oxygen atom is given by Eq. (14.14) and E T (CO) is given by the sum of the 

experimental energies of C (Eq. (14.12)) 5 O (Eq. (14.14)) 5 and the negative of the bond 
energy of CO (Eq. (13.914)): 
10 E(CO) = -\ 1.26030 eK-13.618060eF-ll. 15696 eV = -36.03532 eV (14.64) 

The energy of O is given by the negative of the corresponding ionization energy given in Eq. 
(4.14). Thus, the C0 2 bond dissociation energy, E D (C0 2 ), given by the Eqs. (4.14) and 
(14.61-14.64) is 

E D (C0 2 ) = -(36.03532 eF>13.618060 eV)~(E(magnetic) + E T+osc (C0 2 )) 

=-49.65338 eF-(0.11441 eV -55.26336 eV) (14.65) 
= 5.49557 eV 

15 The experimental C0 2 bond dissociation energy is [7] 

E D 298 (C0 2 ) = 5.516 eV (14.66) 
The results of the determination of bond parameters of C0 2 are given in Table 14.1. The 

calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
20 calculated results is excellent. 



NITROGEN DIOXIDE MOLECULE 

The nitrogen dioxide molecule can be formed by the reaction of nitric oxide and an oxygen 
atom: 

25 NO + 0-^N0 2 (14.67) 

The bonding in the nitrogen dioxide molecule comprises two double bonds, each a H 2 -type 
MO with four paired electrons wherein the central N atom is shared by both bonds such that 
six electrons can be assigned to the two N -O bonds. Thus, two N2 p electrons combine 
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with the four 02p electrons, two from each O, as a linear combination to form the two 
overlapping N = O bonds of N0 2 . The force balance equation and radius r 7 of the 2 p shell 
of N is derived in the Seven-Electron Atoms section. The force balance equation and radius 
r 8 of the 2p shell of O is derived in the Eight-Electron Atoms section. With the formation 
5 of each of the two H 2 -type MOs by the contribution of two 2p electrons each from the N 
and O atoms, a diamagnetic force arises between the remaining outer shell atomic electrons, 
the 2s and 2p electrons of N and O, and the H 2 -type MO. This force from N and O 
causes the # 2 -type MO to move to greater principal axes than would result with the 
Coulombic force alone. But, the factor of two increase of the central field and the resulting 
10 increased Coulombic as well as magnetic central forces on the remaining N and O electrons 
decrease the radii of the corresponding shells such that the energy minimum is achieved that 
is lower than that of the reactant atoms. The resulting electron configuration of N0 2 is 
N\s 2 O x \s 2 0 2 \s 2 N2s 2 0{2s 2 0 2 2s 2 N2p l O{2p^ where the subscripts designate the 

O atom, 1 or 2, <j designates the H 2 -type MO, and the orbital arrangement is 

15 

a state 
t I t I t_k 

2p state 



n 


t 


n 


0 


0 


0 




2s state 




n 


n 


U 




Is state 
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n 


n 


o 


N 


o 



Nitrogen dioxide is predicted to be weakly paramagnetic in agreement with observations [1]. 
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FORCE BALANCE OF THE 2p SHELL OF THE NITROGEN ATOM OF 
NITROGEN DIOXIDE 

For the N atom, force balance for the outermost 2p electron of N0 2 (electron 5) is achieved 
between the centrifugal force and the Coulombic and magnetic forces that arise due to 
5 interactions between electron 5 and the 2s -shell electrons due to spin and orbital angular 
momentum. The forces used are derived in the Seven-Electron Atoms section. The central 
Coulomb force on the outer-most 2p shell electron of NO (electron 5) due to the nucleus 
and the inner four electrons is given by Eq. (10.70) with the appropriate charge and radius: 
(Z-4)e 2 . 

F - = ^r- < 14 - 69 > 

10 for r > r 4 . The 2p shell possess a +2 external electric field given by Eq. (10.92) for r > r 5 . 
The energy is minimized with conservation of angular momentum. This condition is met 
when the magnetic forces of N in N0 2 are the same as those of N in NO . They are also 
the same as those of N in the nitrogen molecule with r 5 replacing r 6 and with an increase of 
the central field by an integer. The diamagnetic force, V agaagMtfc , of Eq. (10.82) due to the p- 

1 5 orbital contribution is given byEq.(13.918): 



diamagnetic 



n 2 r^-7z. h 2 3 



\3)Am e r 2 r 3 v ~ v ~ ~'~ T I2m e r 2 r 3 A[4~ r 



+ = ~ ~r~~~i \ l~K (14.70) 



And, F mag 2 corresponding to the conserved orbital angular momentum of the three orbitals is 
also the same as that of N0 2 given by Eq. (13.919): 

F -*= (I4 - 71) 

20 The electric field external to the 2p shell given by Eq. (10.92) for r > r s gives rise to 

a second diamagnetic force, ¥ diamagnetic 2 , given by Eq. (10.93). F dlamagnelic 2 due to the binding 

„ of the p-orbital electron having an electric field of +2 outside of its radius is given by Eq. 
(13.920): 



diamagnetic 2 



Z-5 



1- 

V 2 , 



2 



m e r 5 4 



10^0? + l)i r (14.72) 



_Z-4. 

25 The radius of the 2p shell is calculated by equating the outward centrifugal force to 

the sum of the electric (Eq. (14.69)) and diamagnetic (Eqs. (14.70) and (14.72)), and 
paramagnetic (Eq. (14.71)) forces as follows: 
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(Z-4)e 2 



h 2 



4ns 0 r 2 \2m e r 2 r % 



+- 



3h 2 



Zmjir 



5 '3 



Z-5 
Z-4 



1- 



r s m e 



(14.73) 



h l 
Substitution of v 5 =-^- (Eq. (1.56)) and s = - into Eq. (14.73) gives: 



m e r 5 



h 2 (Z-4)e 2 



m e r 5 



47ts 0 r 5 \2m e r 5 r 3 V 4 Zmr 2 r 3 \ 4 



3r 



Z-5 
Z-4 



The quadratic equation corresponding to Eq. (14.74) is 



m,. 



Z-5 
Z-4 



(Z-4)e 2 (I 3)h 



Ane n 



12 Z)m e r^Aj 



r 5 4 m e 



v 2 



3*-10J- 



(14.74) 



(Z-4)e 2 (1 3 



12 Z J w c r 3 V 4 



= 0 



(14.75) 



The solution of Eq. (14.75) using the quadratic formula is: 



( Z -4)-| -1-2^ 
1 12 ZJ2r 3 j 



(Z-4)- 



20>/3 



_fj__ 



12 ZJ 2n 



f 


"Z 


-5" 


1- 

V 


4i] 




V 




-4_ 


2 J 


J 



(14.76) 



n =■ 



I 



(Z-4)- 



12 Z J 2r 3 



r 3 /« wwto of a Q 

The positive root of Eq. (14.76) must be taken in order that r 5 >0. Substitution of 



10 = 0.69385 (Eq. (10.62) with Z = 7 ) into Eq. (14.76) gives 



a, 



r s = 0.7484 la 0 



(14.77) 



FORCE BALANCE OF THE 2p SHELL OF EACH OXYGEN ATOM OF 
NITROGEN DIOXIDE 
15 For each O atom, force balance for the outermost 2p electron of N0 2 (electron 6) is 
achieved between the centrifugal force and the Coulombic and magnetic forces that arise due 
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to interactions between electron 6 and the other 2p electron as well as the 2 s -shell electrons 

due to spin and orbital angular momentum. The forces used are derived in the Eight-Electron 

Atoms section. The central Coulomb force on the outer-most 2p shell electron of N0 2 

(electron 6) due to the nucleus and the inner five electrons is given by Eq. (10.70) with the 

5 appropriate charge and radius: 

(Z-5)e 2 (1478) 
e!e 4^ 0 r 6 2 r 

for r > r 5 The 2p shell possess an external electric field of +2 given by Eq. (10.92) for 
r > r 6 . The energy is minimized with conservation of angular momentum. This condition is 
met when the magnetic forces of O in N0 2 are the same as those of O in NO. The 
10 diamagnetic force, F dfamagnellc , of Eq. (10.82) due to the ;? -orbital contribution given by Eq. 

(13.927) is 

And, F mag 2 corresponding to the conserved spin and orbital angular momentum given by Eq. 

(13.928) is 



.2 



15 (14 - 80) 

The electric field external to the 2p shell given by Eq. (10.92) for r > r 6 gives rise to 
a second diamagnetic force, T diamagnetlc 2 , given by Eq. (10.93). ? diamagnetic 2 due to the binding 
of the p-orbital electron having an electric field of +2 outside of its radius given by Eq. 
(13.929) is 

Z-6 " 
Z-5. 

In addition, the contribution of two 2p electrons in the formation of the a MO gives 
rise to a paramagnetic force on the remaining paired 2p electrons. The force F mag 3 is given 
byEq. (13.930) is 

F__.=-^- r> /J5Ti)l r (14-82) 



20 ^diamagnetic 2 



V^l-^10V^(^l)i r (14.81) 

. 2 )m e r 6 



mag 3 



4m e r 6 



25 The radius of the 2p shell is calculated by equating the outward centrifugal force to 

the sum of the electric (Eq. (14.78)) and diamagnetic (Eqs. (14.79) and (14.81)), and 
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paramagnetic (Eqs. (14.80) and (14.82)) forces as follows: 



2h 2 



\z-sy 

4as n r? 12m e r 6 V 3 



Zm e r 6 r 3 



V 



Z-6 
Z-5 



nh 2 



, f, 1 . 

10^+1)+- — jM s+r > 



4 m * 



4m e r 6 



f" 1 

Substitution of v 6 = — (Eq. (1 .56)) and s = - into Eq. (14.83) gives: 



(14.83) 



ti 2 



h 2 



fj (Z-5)e 2 



2h 2 



mA 4mjl\A Anejl l2m e rfcV4 Zm e r 2 r 3 V 4 



1 + 2h2 



Z-6 
Z-5 



1- 



V2' 



r 6 4 m, 



. 4 
(14.84) 



The quadratic equation corresponding to Eq. (14.84) is 



m 



2 \_J£ 

8 



Z-6 
Z-5 



1- 



>/2 



r,10 



(Z-5)e 
v 4^ 0 



2 'A_AlJ*!_ 1 

12 zjmj^A 



J \ 



(Z-5)e 2 



2 2^\ h 



12 Z) m e r z \ 4 



= 0 



The solution of Eq. (14.85) using the quadratic formula is: 



a. 



1- 



10 



(Z-5)- 



\2 _ _2 
12 Z 



V3 



-±a n 



1- 



8 



\ 2 



20V3 



Z-61^ V2 



Z-5_ 



12 Z J 2r, 



(Z-5)- 



3^ 



(14.85) 



(14.86) 



r 3 in awte of a 0 

The positive root of Eq. (14.86) must be taken in order that r 6 > 0 . Substitution of 



^- = 0.59020 (Eq. (10.62) with Z = 8) into Eq. (14.86) gives 



r 6 = 0.70460a 0 



(14.87) 



15 ENERGIES OF THE 2 P SHELLS OF THE NITROGEN ATOM AND 
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OXYGEN ATOMS OF NITROGEN DIOXIDE 

Consider the determination of the total energy of N0 2 from the reaction of a nitrogen atom 
with two oxygen atoms. With the formation of each # 2 -type MO by the contribution of two 
2p electrons from each of the N and the two O atoms, the total energy of the N0 2 
5 molecule, which is subtracted from the sum of the energies of the nitrogen and oxygen atoms 
to determine the bond energy, is increased by the ionization energies of N , N + , O , and 20* 
given by Eqs. (14.88-14.91), respectively. Experimentally, the energies are [2] 

E(ionization\ N) = 14.53414 eV (14.88) 
EQonization; N + ) = 29.6013 eV (14.89) 
10 E(ionization; O) = 13.61806 eV (14.90) 

E{ionization\ 0 + ) = 35.11730 eV (14.91) 
In addition, the central forces on the 2p shells of the N and O atoms are increased 
with the formation of the a MOs which reduces each shell's radius and increases its total 
energy. The change per bond is the same as that of NO since the final radii given by Eq. 
15 (14.77) and (14.87) are the same for NO and N0 2 . The Coulombic energy terms of the total 
energy of the N and O atoms at the new radii are calculated and added to the ionization 
energies of N , N* , O, and 2<T, and the energy of the a MOs to give the total energy of 
N0 2 . Then, the bond energy is determined from the total N0 2 energy. 

The radius r 7 of the nitrogen atom before bonding is given by Eq. (10.142): 
20 r 7 =0.93084a 0 (14.92) 

Using the initial radius r 7 of the TV atom and the final radius r 5 of the N2p shell (Eq. 
(14.77)) and by considering that the central Coulombic field decreases by an integer for each 
successive electron of the shell, the sum E T (N,2p) of the Coulombic energy change of the 
N2p electrons of the N atom is determined using Eq. (10.102): 



\ r 5 r 7 J 



„=4 87Z£- 0 

25 =-(13.60580 eF)(0.26186)(3) (14.93) 

= -10.68853 eV 

The radius r 8 of the oxygen atom before bonding is given by Eq. (10.162): 

r s = «o (14.94) 
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Using the initial radius r 8 of the O atom and the final radius r 6 of the 02p shell (Eq. 
(14.87)) and by considering that the central Coulombic field decreases by an integer for each 
successive electron of the shell, the sum E T (0,2p) of the Coulombic energy change of the 
02p electrons of the O atom is determined using Eq. (10.102): 

5 (7 _^( X X \ 



n=4 O7ta 0 



V r 6 r & J 



5 =(13.60580 eF)(0.41925a" 1 )(3 + 4) (14.95) 

= -39.92918 eV 

FORCE BALANCE OF THE a MO OF NITROGEN DIOXIDE 
The force balance can be considered due to a second pair of two electrons binding to a 
molecular ion having +2e at each focus and a first bound pair. Then, the forces are the same 
10 as those of a molecule ion having -he at each focus. The diamagnetic force F diamagfjeticMO i f° r 
each a -MO of the N0 2 molecule due to the two paired electrons in the 02p shell is given 
by Eq. (13.633) with n e =2: 

h 2 

^ diamagneticMOX ~ 2 777 tf 2 & 2 (14.96) 

This is also the corresponding force of NO given by Eq. (13.942). F diamagneticMQ2 of the 

15 nitrogen dioxide molecule comprising nitrogen with charge Z 1 ~7 and \L l \ = h and 

[3" . . 

\L J = A— h and the two oxygen atoms, each with Z,=8 and \L 3 \ = ti is given by the 
v 4 

corresponding sum of the contributions. Using Eq. (13.835), V diamagne t icM o2 f° r N0 2 ^ s 



F 

diamagneticMO 2 



1 V4 2 



2m B a b 



2 —,Di, (14.97) 



Z l Z l Z 2 

J 

This is also the corresponding force of NO given by Eq. (13.943) except the term due to 
20 oxygen is twice that of NO due to the two oxygen atoms of N0 2 . The general force balance 

equation for the <j -MO of the nitrogen dioxide molecule given by Eqs. (1 1 .200), and (14.97- 

2 

14.98) is also the same as that of CN (Eq. (14.836)) except for the doubling of the — term 
due to the two oxygen atoms: 
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5 Substitution of Z x = 7 and Z 2 = 8 into Eq. (14.101) gives 
a = 2.5 1658a 0 =1.33171 X 10" 10 m 
Substitution of Eq. (14.102) into Eq. (1 1.79>is 



c' = 1.12173a. =5.93596 X 10" n 



m 



10 



The internuclear distance given by multiplying Eq. (14.103) by two is 

2c' = 2.24347a 0 =1.18719X 10" 10 m 
The experimental bond distance is [3] 



2c' = 1.193 X10 



■10 



m 



Substitution of Eqs. (14.102-14.103) into Eq. (1 1.80) is 



b = c = 2.25275a n =1.19210X 10 - 



-10 



m 



(14.98) 



(14.99) 



(14.100) 



(14.101) 



(14.102) 
(14.103) 
(14.104) 
(14.105) 
(14.106) 
(14.107) 



15 Substitution of Eqs. (14.102-14.103) into Eq. (1 1.67) is 
e = 0.44574 

The bonding in the nitrogen dioxide molecule comprises two double bonds, each a 
H 2 -type MO with four paired electrons wherein the central N atom is shared by both bonds 
such that six electrons can be assigned to the two N = O bonds. Thus, two N2p electrons 
20 combine with the four 02p electrons, two from each O , as a linear combination to form the 
two overlapping N = 0 bonds of N0 2 . Using the electron configuration of N0 2 (Eq. 
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(14.68)), the radii of the Nls = 0.14605a 0 (Eq. (10.51)), N2s = 0.693 85a 0 (Eq. (10.62)), 
^2^ = 0.74841^ (Eq. (14.77)), Ols = 0.12739tf 0 (Eq. (10.51)), 02s = 0.59020a 0 (Eq. 
(10.62)), and 02^ = 0.70460^ (Eq. (14.87)) shells and the parameters of the <? MOs of 
N0 2 given by Eqs. (13.3-13.4), (14.102-14.104), and (14.106-14.107), the dimensional 
5 diagram and charge-density of the N0 2 MO are shown in Figures 35 and 36, respectively. 

SUM OF THE ENERGIES OF THE a MOs AND THE AOs OF NITROGEN 
DIOXIDE 

The energies of each N0 2 a MO are the same as those of NO (Eqs. (13.954-13.958)). They 
10 are given by the substitution of the semiprincipal axes (Eqs. (14.102-14.103) and (14.106)) 
into the energy equations (Eqs. (11.207-11.212)) of H 2 except that the terms based on charge 

are multiplied by four and the kinetic energy term is multiplied by two due to the a -MO 
double bond with two pairs of paired electrons: 

V e =2 2 ~Y In a + y J° 2 - b2 =-93.03032 eV (14.108) 

S7T£ 0 yJa 2 —b 2 a-yja 2 —b 2 

2 

15 V p =2 2 . = 48.51704 eV (14.109) 

8ns Q V a 2 —b 2 

T = 2 y In a + y J"j^_ =9.24176 eV (14.110) 

2m e ay/a 2 —b 2 a — yja 2 —b 2 

V m =2 2 ~f la a + ^^Iz^l _ -9.241 76 eV (14.111) 

Am e a-\ja 2 —b 2 a — -\Ja 2 —b 2 

E T =V e +T + V m +V p (14.112) 

Substitution of Eqs. (11.79) and (14.108-14.111) into Eq. (14.112) gives 



20 E T (N = 0,cr) = — 6 



2 



81n- 



aa 0 



= -44.51329 eV (14.113) 



2 

where E T (N = 0,cr) is the total energy of each cr MO of N0 2 . The total energy of N0 2 , 
E T (N0 2 ), is given by the sum of EQonization; N) and E(ionization; iV + ) , the sum of the 
energies of the first and second electrons of nitrogen (Eqs. (14.88-14.89)) donated to each 
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double bond, the sum of E (ionization; O) and two times Eiionization; 0 + ) , the energies of 
the first and second electrons of oxygen (Eqs. (14.90-14.91)) donated to the double bonds, 
E T (N,2p), the N2p AO contribution due to the decrease in radius with the formation of 
each bond (Eq. (14.93)), two times E r (0,2p), the Olp AO contribution due to the 
5 decrease in radius with the formation of each bond (Eq. (14.95)), and two times 
E T (N = 0,cr) , the a MO contribution given by Eq. (14.1 13): 

' Eiionization; N) + E(ionizatidn; N + ) N 
E T [N0 2 )= +E(ionization; 0) + 2 Eiionization; Q + ) + E T (N,2p) 
^+2E T (0,2p) + 2E T (N = O, a) 
( 14.53414 eV + 29.6013 eF + 13.61806 eV 
+2 (35.1 1730 eV) + (-1 0.68853) + 2 (-39.9291 8 eV) 



J 



+2 



a- 



81n- 



a — 



J) 



14.53414 eF + 29.6013 er + 13.61806 eV 
+2(35.11730 eF) + (-10.68853) 
^+2(-39.92918 eV) + 2(^44.5 1329 eV) 
= -51.58536 eV 



(14.114) 



VIBRATION OF N0 2 

10 The vibrational energy levels of N0 2 may be solved by determining the Morse potential 
curve from the energy relationships for the transition from a N atom and two O atoms 
whose parameters are given by Eqs. (10.134-10.143) and (10.154-10.163), respectively, to a 
N atom whose parameter r 5 is given by Eq. (14.77), two O atoms whose parameter r 6 is 
given by Eq. (14.87), and the a MOs whose parameters are given by Eqs. (14.102-14.104) 

15 and (14.106.-14.107). As shown in the Vibration of Hydrogen-type Molecular Ions section, 
the harmonic oscillator potential energy function can be expanded about the internuclear 
distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus 
and Porter (K&P) [4] and after Eq. (11.134). Treating the Maclaurin series terms as 
anharmonic perturbation terms of the harmonic states, the energy corrections can be found by 

20 perturbation methods. 
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THE DOPPLER ENERGY TERMS OF NITROGEN DIOXIDE 
The equations of the radiation reaction force of nitrogen dioxide are the same as those of NO 
with the substitution of the N0 2 parameters. Using Eq. (13.961), the angular frequency of 
5 the reentrant oscillation in the transition state is 



4e 2 



G) = \\ °—= 2.071 10 X 10 16 rod Is (14.115) 

Where a is given by Eq. (14.102). The kinetic energy, E K , is given by Planck's equation (Eq. 
(11.127)): 

E K =hco = h2.Ql\\0X 10 16 rad/s = 13.63231 eV (14.116) 

10 In Eq. (11.181), substitution of E T (N0 2 )/2 for E hv , the mass of the electron, m e , for M , 

and the kinetic energy given by Eq. (14.1 16) for E K gives the Doppler energy of the electrons 
of the reentrant orbit: 



F v \ 2e k « rr 2e(l3.63231 eV) 
d = E ^J^ = -25.79268 e V A-±——- 2 1 = -0.18840 eV (14.117) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
15 transition state at their corresponding frequency. The transition state comprises O — NO , 
oxygen binding to NO. As in the case of O9 2 bond formation, vibration in the transition 
state corresponds to u 3 [5] with the maximum kinetic energy localized to the nascent N-O 
bond. In this case, the kinetic energy of the nuclei is the maximum for this bond. Thus, 2?„ ., 
is the vibrational energy. The decrease in the energy of the N0 2 MO due to the reentrant 
20 orbit in the transition state corresponding to simple harmonic oscillation of the electrons and 
nuclei, E osc , is given by the sum of the corresponding energies, E D given by Eq. (14.1 17) and 
4a> the vibrational energy. Using the experimental N0 2 E vib (o 3 ) of 
1618 cm- 1 (0.20061 eV) [6] for E Kvib of the transition state, E osc {N0 2 ) is 

E BS c {N0 2 ) = E D + E Kvlb =E D + E vib (14. 1 1 8 ) 

25 £ OJC (M? 2 ) = -0.1 8840 eF + 0.20061 eK = 0.01221 eV (14.119) 
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TOTAL AND BOND ENERGIES OF NITROGEN DIOXIDE 

Et +0 sc[N0 2 ), the total energy of N0 2 including the Doppler term, is given by the sum of 

E T (N0 2 ) (Eq. (14.114)) and E osc (N0 2 ) given by Eq. (14.119): 

'2 (V e + T + V m + V p ) + E(ionization; N) + EQonization; N*) 
+E (ionization; O) + 2E(ionization; 0 + ) 
+E T (N,2p) + 2E T (0,2p) + E 0S c (N0 2 ) 

r 2E T {N-0 > ct) + E(ionization; N) + E (ionization; N + )^ 
^(ionization; 0) + 2E(ionization; 0 + ) (14.120) 
+E T (N, 2p) + 2E T (0, 2p) + E osc {NO, ) j 

= E T (N0 2 ) + E osc (N0 2 ) 

7 ( . f r— \\ 

a + y 



E T+osc {N0 2 ) = 



— e 



8^ » 



81n- 



a- 



--4 



J J 



E(ionization\ N) + E(ionization; N + ) 
+E(ionization\ O) + 2E(ionization; <9 + ) 



-s^[4--ri-2i: 

y N,n=4 



(Z-ri)e 2 



0,«=4 



S7TS n 



1 1 



\ r 6 r 8j 



1 + 



2%\ 



4e 2 



Ane„a 



m„ 



+ E 



vib 



J 



(14.121) 



= -51.58536 eK-0.18840eF-h£ w , ' 

From Eqs. (14.1 19-14.121), the total energy of the N0 2 MO is 

E T + osc (N0 2 ) = -51.58536 eV + E osc (N0 2 ) 

= -51.58536 eF + 0.01221 eV (14.122) 
= -51.57315 eV 

where the experimental E vib was used. 

As in the case of the dissociation of the bond of the hydroxyl radical, an oxygen atom 

10 is formed with dissociation of N0 2 . O has two unpaired electrons as shown in Eq. (13.55) 

which interact to stabilize the atom as shown by Eq. (10.161-10.162). The lowering of the 
energy of the reactants decreases the bond energy. Thus, the total energy of oxygen is 
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reduced by the energy in the field of the two magnetic dipoles given by Eq. (7.46) and Eq. 
(13.101): 

Eimagnetic) = 2 ^ff = ^4 = q 11441 eV (14.123) 

The N0 2 bond dissociation energy, E D (N0 2 ) , is given by the sum of the energies of the 
5 NO and the O atom minus the sum of E T+0SC (N0 2 ) and E(rnagnetic) : 

E D (NO 2 ) = E(NO) + E(O)-(E(magnetic) + E T+0sc (NO 2 )) (14.124) 
The energy of an oxygen atom is given by the negative of Eq. (14.90), and E r (NO) is given 
by the sum of the experimental energies of N (negative of Eq. (14.88)), O, and the negative 
of the bond energy of NO (Eq. (13.974)): 
10 E(NO) = -14.53414 eF-13.618060 eF-6.53529 = -34.68749 eV (14.125) 

Thus, the N0 2 bond dissociation energy, E D (N0 2 ), given by Eqs. (4.90) and (14.112- 
14.125) is 

E d {N0 2 ) = - (34.68749 eV + 13.61 8060 eV) - {E(magnetic) + E T+osc ( N0 2 )) 

= -48.30555 eV-(0.1 1441 eF-51.57315 eF) (14.126) 
= 3.15319 eV 
The experimental N0 2 bond dissociation energy is [7] 

15 E D298 (N0 2 ) = 3.161eV (14.127) 



BOND ANGLE OF NO. 



2 



The N0 2 MO comprises a linear combination of two N = 0 -bond MOs. A bond is also 
possible between the two O atoms of the N = 0 bonds. Such 0 = 0 bonding would 
20 decrease the N = O bond strength since electron density would be shifted from the N = O 
bonds to the 0 = 0 bond. Thus, the bond angle between the two N = O bonds is determined 
by the condition that the total energy of the H 2 -type ellipsoidal MO between the terminal O 
atoms of the N^O bonds is zero. From Eqs. (11.79) and (13.228), the distance from the 
origin to each focus of the 0 = 0 ellipsoidal MO is 



jH 2 Atvg 

The internuclear distance from Eq. (13.229) is 
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2c' = 2' aa °. 



(14.129) 



The length of the semiminor axis of the prolate spheroidal 0 = 0 MO b = c is given by Eq. 
(13.167). 

The component energies and the total energy E T of the 0 = 0 bond are given by the 
5 energy equations (Eqs. (11.207-11.212), (11.213-11.217), and (11.239)) of H 2 except that the 
terms based on charge are multiplied by four and the kinetic energy term is multiplied by two 
due to the 0 = 0 double bond with two pairs of paired electrons. Substitution of Eq. 
(14.128) into Eqs. (11.207-11.212) gives 



0 = 



2 



aa n 



81n 



a + j 


aa 0 
2 




laa Q 
2 



1+ 



2fi\^ 


4e 2 


4ne 0 a 3 




m e c 2 



i 



4e 2 



4e l 



8m r 



(14.130) 



10 From the energy relationship given by Eq. (14.130) and the relationship between the axes 
given by Eqs. (14.128-14.129) and (13.167-14.168), the dimensions of the 0 = 0 MO can be 
solved. 

The most convenient way to solve Eq. (14.130) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



15 



a = 8.3360a 0 = 4.41 12 X 10 



-10 



m 



Substitution of Eq. (14.131) into Eq. (14.128) gives 

c'=2.0416« 0 =1.0804 A' 10 -10 m 
The internuclear distance given by multiplying Eq. (14.132) by two is 



2c' = 4.083 la n =2.1607X 10 



-10 



m 



20 Substitution of Eqs. (14.131-14.132) into Eq. (14.167) gives 



b = c = 8.0821a ft = 4.2769 X 10 



-10 



m 



(14.131) 
(14.132) 
(14.133) 
(14.134) 
(14.135) 



Substitution of Eqs. (14.131-14.132) into Eq. (14.168) gives 
e = 0.2449 

From, 2c' c=c (Eq. (14.133)), the distance between the two O atoms when the total 
25 energy of the corresponding MO is zero (Eq. (14.130)), and 2c'„ =0 (Eq. (14.104)), the 
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internuclear distance of each N = 0 bond, the corresponding bond angle can be determined 
from the law of cosines. Using, Eqs. (13.240-13.242), the bond angle 0 between the N = 0 
bonds is 

Q = cog _ 1 f 2(2.24347) 2 ~(4.083l) 2 > 
[ 2(2.24347) 2 ; 

= cos" 1 (-0.6562) (14.136) 
-131.012° 

5 The experimental angle between the N -O bonds is [3] 

# = 134.1° (14.137) 
The results of the determination of bond parameters of N0 2 are given in Table 14.1. 
The calculated results are based on first principles and given in closed-form, exact equations 
containing fundamental constants only. The agreement between the experimental and 
10 calculated results is excellent. 

ETHANE MOLECULE (CH 3 CH 3 ) 

The ethane molecule CH 3 CH 3 is formed by the reaction of two methyl radicals: 

CH 3 +CH 3 ^CH 3 CH 3 (14.138) 

15 CH 3 CH 3 can be solved using the same principles as those used to solve C77 3 , wherein the 
2s and 2p shells of each C hybridize to form a single 2sp 3 shell as an energy minimum, 
and the sharing of electrons between two C2sp 3 hybridized orbitals (HOs) to form a 
molecular orbital (MO) permits each participating hybridized orbital to decrease in radius and 
energy. First, two sets of three H atomic orbitals (AOs) combine with two sets of three 

20 carbon 2sp 3 HOs to form two methyl groups comprising a linear combination of six diatomic 
H 2 -type MOs developed in the Nature of the Chemical Bond of Hydrogen-Type Molecules 
and Molecular Ions section. Then, the two CH 3 groups bond by forming a H 2 -type MO 
between the remaining C2sp 3 HO on each carbon. 



25 FORCE BALANCE OF THE C-C -BOND MO OF ETHANE 

CH 3 CH 3 comprises a chemical bond between two CH 3 radicals wherein each methyl 
radical comprises three chemical bonds between carbon and hydrogen atoms. The solution of 
the parameters of CH 3 is given in the Methyl Radical (CH 3 ) section. Each C-H bond of 
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CH 3 having two spin-paired electrons, one from an initially unpaired electron of the carbon 
atom and the other from the hydrogen atom, comprises the linear combination of 75% H 2 - 
type ellipsoidal MO and 25% C2sp 3 HO. The proton of the H atom and the nucleus of the 
C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , each of 
5 the three C- H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO 
surface cannot extend into C2sp 3 HO for distances shorter than the radius of the C2$p 3 shell 
since it is energetically unfavorable. Thus, each MO surface comprises a prolate spheroid at 
the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as 
the other focus. The electron configuration and the energy, E(c,2sp 3 } , of the C2sp 3 shell is 

10 given by Eqs. (13.422) and (13.428), respectively. The central paramagnetic force due to spin 
of each C-H bond is provided by the spin-pairing force of the CH 3 MO that has the 
symmetry of an s orbital that superimposes with the C2sp 3 orbitals such that the 
corresponding angular momenta are unchanged. 

Two CH 3 radicals bond to form CH 3 CH 3 by forming a MO between the two 

15 remaining C2$p 3 -HO electrons of the two carbon atoms. However, in this case, the sharing 
of electrons between two C2sp 3 HOs to form a molecular orbital (MO) comprising two spin- 
paired electrons permits each C2$p 3 HO to decrease in radius and energy. 

As in the case of the C-H bonds, the C-C -bond MO is a prolate-spheroidal-MO 
surface that cannot extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 

20 shell of each atom. Thus, the MO surface comprises a partial prolate spheroid in between the 
carbon nuclei and is continuous with the C2$p 3 shell at each C atom. The energy of the H 2 - 
type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the case of previous 
examples of energy-matched MOs such as those of OH, NH , CH 9 and the C = <9-bond 
MO of C0 2 , the C-C -bond MO of ethane must comprise 75% of a H 2 -type ellipsoidal MO 

25 in order to match potential, kinetic, and orbital energy relationships. Thus, the C-C-bond 
MO must comprise two C2 i yp 3 HOs and 75% of a # 2 -type ellipsoidal MO divided between 
the two C2^ 3 HOs: 



2 C2sp 3 +0.75 H 2 MO -» C — C — bond MO 



(14.139) 
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The linear combination of the # 2 -type ellipsoidal MO with each C2sp 3 HO further 
comprises an excess 25% charge-density contribution from each C2sp 3 HO to the C - C - 
bond MO to achieve an energy minimum. The force balance of the C-C -bond MO is 
5 determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (14.139) and the energy matching condition between the C2sp 3 ~HO 
components of the MO. 

Similarly, the energies of each CH 3 MO involve each C2sp 3 and each His electron 
with the formation of each C-H bond. The sum of the energies of the H 2 -type ellipsoidal 
10 MOs is matched to that of the C2sp 3 shell. This energy is determined by the considering the 
effect of the donation of 25% electron density from the two C2sp 3 HOs to the C-C -bond 
MO. The 2sp 3 hybridized orbital arrangement given by Eq. (13.422) is 



where the quantum numbers (£,rn e ) are below each electron. The total energy of the state is 
given by the sum over the four electrons. The sum E T (C,2sp 3 ) of calculated energies of C , 

C + , C 2+ , and C 3+ from Eqs. (10.123), (10.113-10.114), (10.68), and (10.48), respectively, is 

E T (C,2sp 3 ) = 64.3921 eV-h 48.3 125 eV + 24.2762 eV + 11.27671 eV 

v 1 (14.141) 

= 148.25751 eV 

20 which agrees well with the sum of 148.02532 eV from the experimental [2] values. Consider 
the case of the C2sp 3 HO of each methyl radical. The orbital-angular-momentum 
interactions cancel such that the energy of the E T {c,2sp 3 ^ is purely Coulombic. By 
considering that the central field decreases by an integer for each successive electron of the 
shell, the radius of the C2sp 3 shell may be calculated from the Coulombic energy using 

25 Eq. (10.102): 



2sp 3 state 
t t 




(14.140) 



0,0 



1,-1 1,0 



15 



5 



(Z-tt)g 2 10e 2 



= 0.91771a 0 



(14.142) 



8^? 0 (el48.25751 eV) 8^ 0 (el48.25751 eV) 
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where Z = 6 for carbon. Using Eqs. (10.102) and (14.142), the Coulombic energy 
^coulomb { c > 2s P 3 ) of the outer electron of the C2sp 3 shell is 

^.4c,2^) = i ^- = ^^- = -14.82575 eV (J4.143) 

During hybridization, one of the spin-paired 2s electrons is promoted to C2sp 3 shell as an 
5 unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(13.152) at the initial radius of the 2s electrons. From Eq. (10.62) with Z = 6 , the radius r 3 
of C2s shell is 

r 3 = 0.843 17 a 0 (14.144) 
Using Eqs. (13.152) and (14.144), the unpairing energy is 

10 Eimagnetic) = ^f'f = / 8nfi "M 2 B = 0A90B6 eV (14.145) 

m 2 (r 3 ) 3 (0.843 17 a 0 ) 3 J 

Using Eqs. (14.143) and (14.145), the energy E(c,2sp 3 ) of the outer electron of the C2sp 3 
shell is 



E(c,2sp 3 ) 



—e 2 27Tju 0 e 2 fi 2 



m z (r 3 f 

= -14.82575 eF + 0.19086 eV (14.146) 
= -14.63489 eV 

Next, consider the formation of the C-C -bond MO of ethane from two methyl 
1 5 radicals, each having a C2sp 3 electron with an energy given by Eq. (14. 146). The total energy 
of the state is given by the sum over the four electrons. The sum E T (C ethane ,2sp 3 )of 

calculated energies of C2sp 3 , C + , C 2+ , and C 3+ from Eqs. (10.123), (10.113-10.114), 
(10.68), and (10.48), respectively, is 

E r{C elhane ,2sp 3 ) = -(64.3921 eV + 48.3125 eV + 24.2762 eV + E(c,2sp 3 )) 

= -(64.3921 eF + 48.3125 eF + 24.2762 eF + 14.63489 eV)(U.U7) 
= -151.61569 eV 

20 where E[c,2sp 3 ) is the sum of the energy of C, -11.27671 eV , and the hybridization 
energy. The orbital-angular-momentum interactions also cancel such that the energy of the 
E T {C ' elhane ,2sp 3 } is purely Coulombic. 

The sharing of electrons between two C2sp 3 HOs to form a C -C -bond MO permits 
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each participating hybridized orbital to decrease in radius and energy. In order to further 
satisfy the potential, kinetic, and orbital energy relationships, each C2sp 3 HO donates an 
excess of 25% of its electron density to the C - C -bond MO to form an energy minimum. By 
considering this electron redistribution in the ethane molecule as well as the fact that the 
5 central field decreases by an integer for each successive electron of the shell, the radius 
r 3 of the C2$p 3 shell of ethane may be calculated from the Coulombic energy using 



Eq. (10.102): 



eihane2sp 2 



e 2 



£(Z-«)-0.25|- 

'u/frOQitJLJi.uiw/u/ & r j 

(14.148) 



J * ) %7vs 0 (e\5\. 61569 eV) 

9.75e 2 

~ '&w 0 (el51. 61569 eV) 
= 0.87495a 0 



Using Eqs. (10.102) and (14.148), the Coulombic energy E Coulomb (C elhane ,2sp 3 ) of the outer 
10 electron of the C2sp 3 shell is 



^Coulomb {p ethane » ^ S P ) "~ 



-e 2 



8 tvSq f* et f jane 2 S pi 



~ e2 (14.149) 



8^ 0 0.87495cr 0 



= -15.55033 eV 

During hybridization, one of the spin-paired 2s electrons is promoted to C2sp 3 shell as an 
unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(13.152). Using Eqs. (14.145) and (14.149), the energy E[C ellmie ,2sp 3 ) of the outer electron 

15 of the C2sp 3 shell is 

E ( C ethane ,2s P 3 ) = - + 7 ; 3 

= -15.55033 + 0.19086 (14.150) 
= -15.35946 eV 

Thus, E T (C-C,2sp 3 ), the energy change of each C2sp 3 shell with the formation of the 
C-C -bond MO is given by the difference between Eq. (14.146) and Eq. (14.150): 
E T ( C - C, 2sp 3 ) = E ( C elhane , 2sp 3 )-E(C,2sp 3 ) 

= -15.35946 eV -(-14.63489 eV) (14.151) 

= -0.72457 eV 
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The H 2 -type ellipsoidal MO comprises 75% of the C-C -bond MO shared between 
two C2sp 3 HOs corresponding to the electron charge density in Eq. (1 1.65) of ' e . But, 
the additional 25% charge-density contribution to the C-C -bond MO causes the electron 
charge density in Eq. (11.65) to be is given by = ^- = -0.5e . Thus, the force constant k' to 

5 determine the ellipsoidal parameter c' in terms of the central force of the foci given by Eq. 
(11.65) is 

,-,- (0-5)2g 2 



47T£ 0 



(14.152) 



The distance from the origin to each focus c' is given by substitution of Eq. (14.152) into Eq. 
(13.60). Thus, the distance from the origin of the C -C -bond MO to each focus c' is given 
10 by 



lh 2 47TS I 

= r^AW (14.153) 

V me 1 a v 



The internuclear distance from Eq. (14.153) is 



2c l = 2^(aa Q (14.154) 

The length of the semiminor axis of the prolate spheroidal C-C -bond MO b = c is given by 
15 Eq. (13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis 
a then allows for the solution of the other axes of each prolate spheroid and eccentricity of 
the C-C -bond MO. Since the C-C -bond MO comprises a H 2 -type-ellipsoidal MO that 

transitions to the C ethane 2sp 3 HO of each carbon, the energy E(C ethme9 2sp 3 '} in Eq. (14.150) 
adds to that of the H 2 -type ellipsoidal MO to give the total energy of the C — C -bond MO. 
20 From the energy equation and the relationship between the axes, the dimensions of the 
C-C -bond MO are solved. Similarly, E(C etfuaie9 2sp s ) is added to the energy of the H 2 - 

type ellipsoidal MO of each C-H bond of the methyl groups to give its total energy. From 
the energy equation and the relationship between the axes, the dimensions of the equivalent 
C-H -bond MOs of the methyl groups in ethane are solved. 
25 The general equations for the energy components of V e , V p , T 9 V m9 and E T of the 

C-C -bond MO are the same as those of the CH MO as well as each C-H -bond MO of 
the methyl groups except that energy of the C ethane 2sp 3 HO is used. Since the prolate 
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spheroidal # 2 -type MO transitions to the C elhatK 2sp 3 HO of each carbon and the energy of 
the C ellmm 2sp 3 shell must remain constant and equal to the E(C ethane ,2sp 3 ) given by Eq. 
(14.150), the total energy E T (C-C,cr) of the a component of the C-C -bond MO is given 
by the sum of the energies of the orbitals corresponding to the composition of the linear 
5 combination of the C ethane 2sp 3 HO and the # 2 -type ellipsoidal MO that forms the a 
component of the C-C -bond MO as given by Eq. (14.139) with the electron charge 
redistribution. Using Eqs. (13.431) and (14.150), E T (C-C,cr) is given by 

E T (C - C, a) = E T + E (C ethane ,2sp 3 ) 



%7ie 0 c ' 



(0,1771)1 2-I^Vf±£U 



-15.35946 eV 



(14.155) 



To match the boundary condition that the total energy of the entire the #2 -type ellipsoidal 
10 MO is given by Eqs. (1 1 .212) and (13.75), E T (C - C, a) given by Eq. (14.155) is set equal to 
Eq. (13.75): 



E T (C-C,cx) = - 



-15.35946 eV 



(14.156) 



= -31.63536831 eV 

From the energy relationship given by Eq. (14.156) and the relationship between the axes 
given by Eqs. (14.153-14.154) and (13.62-13.63), the dimensions of the C-C-bond MO can 
15 be solved. 

Substitution of Eq. (14.153) into Eq. (14.156) gives 



(0.9,771)1 2-iA) 



In 



-1 



= el6.27589 



(14.157) 



a — yjcta 0 

The most convenient way to solve Eq. (14.157) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

20 a = 2.10725a 0 = 1,11511 X \QT W m (14.158) 
Substitution of Eq. (14.158) into Eq. (14.153) gives 

c' = 1. 45 164a 0 =7.68173 X 10" 11 m (14.159) 
The internuclear distance given by multiplying Eq. (14.159) by two is 



2c' = 2.90327« 0 = 1.53635 X 10" 10 m 



(14.160) 



25 The experimental bond distance is [3] 
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Id = : 1.5351 X 10 -10 m (14.161) 
Substitution of Eqs. (14.158-14.159) into Eq. (13.62) gives 

6 = c = 1.52750flo =8.08317X 10" 11 m (14.162) 
Substitution of Eqs. (14.158-14.159) into Eq. (13.63) gives 
5 e = 0.68888 (14.163) 

The nucleus of the C atoms comprise the foci of the H 2 -type ellipsoidal MO. The 
parameters of the point of intersection of the iJ 2 -type ellipsoidal MO and the C elhane 2sp 3 HO 
are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle 0' is 
given by Eq. (13.261) where r n =r tam2 ^ = 0.87495a 0 is the radius of the C ethane 2sp 3 shell. 

10 Substitution of Eqs. (14.158-14.159) into Eq. (13.261) gives 

0' = 67.33° (14.164) 
Then, the angle 6„ „ 3 the radial vector of the C2sp 3 HO makes with the internuclear 

axis is 

6 rr , 3wn =180 o -67.33 o = 112.67° (14.165) 

C "^ethane 2s P HO 

15 as shown in Figure 37. 

Consider the right-hand intersection point. The distance from the point of intersection of the 
orbitals to the internuclear axis must be the same for both component orbitals. Thus, the 
angle cot = Qc-c ethane ,H 2 Mo between the internuclear axis and the point of intersection of the H 2 - 

20 type ellipsoidal MO with the C ethme 2sp 3 radial vector obeys the following relationship: 

r o 3 sin £? ^ n 3 ^ = 0.87495a o sin6> „ „ 3r _ = 6sin0 r r H Mn (14.166) 
such that 

0.87495a n sin^ ^ „ 3rM o sndQ^n Qinll9 67° 

Oc-c^o = sin" 1 = sin- 0.87495^112.67 (M ^ 

with the use of Eq. (14.166). Substitution of Eq. (14.162) into Eq. (14.167) gives 
25 0 c-c^,h 2 mo =31-91° (14.168) 

Then, the distance d c _ c ^ H ^ MO along the internuclear axis from the origin of H 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 

d C-C„ Mm ,H,MO = aCOS0 C-C e ,^.H 2 MO (14. 169) 

Substitution of Eqs. (14.158) and (14.168) into Eq. (14.169) gives 
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d rc h mo = l-78885a 0 = 9.46617 X \QT U m (14.170) 
The distance d 3 . along the intemuclear axis from the origin of the C atom to the 

point of intersection of the orbitals is given by 

a -a _ C ' (14.171) 

5 Substitution of Eqs. (14.159) and (14.170) into Eq. (14.171) gives 

d im = 0.33721a 0 =1.78444 X 10" 11 m (14.172) 

FORCE BALANCE OF THE CH 3 MOs OF ETHANE 

Each of the two equivalent CH 3 MOs must comprise three C-H bonds with each 
10 comprising 75% of a H 2 -type ellipsoidal MO and a C2sp 3 HO as given by Eq. (13.540): 

3[l C2sp 3 + 0.75 H 2 MO] CH 3 MO (14. 173) 

The force balance of the CH 3 MO is determined by the boundary conditions that arise from 
15 the linear combination of orbitals according to Eq. (13.540) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 

/ The force constant k' to determine the ellipsoidal parameter e' of the each if 2 -type- 
ellipsoidal-MO component of the CH 3 MO in terms of the central force of the foci is given 
by Eq. (13.59). The distance from the origin of each C-if -bond MO to each focus c' is 
20 given by Eq. (13.60). The intemuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-#-bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 
the solution of the other axes of each prolate spheroid and eccentricity of each C- H -bond 
MO. Since each of the three prolate spheroidal C-H -bond MOs comprises an H 2 -type- 

25 ellipsoidal MO that transitions to the C elhone 2sp 3 HO of ethane, the energy E(C ethane ,2sp 3 ) of 
Eq. (14.150) adds to that of the three corresponding # 2 -type ellipsoidal MOs to give the total 
energy of the CH 3 MO. From the energy equation and the relationship between the axes, the 
dimensions of the CH 3 MO are solved. 



WO 2007/051078 



PCTYUS2006/042692 



335 

The energy components of V e , V p , T , and V m are the same as those of methyl radical, 
three times those of CH corresponding to the three C-H bonds except that energy of the 
C elhane 2sp 3 HO is used. Since the each prolate spheroidal # 2 -type MO transitions to the 
C ellmm 2sp 3 HO and the energy of the C elham 2sp 3 shell must remain constant and equal to the 
5 E(C elhane ,2sp 3 ) given by Eq. (14.150), the total energy E w (CH 3 ) of the CH 3 MO is given 
by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the C etham 2sp 3 HO and the three # 2 -type ellipsoidal MOs that forms the 
CH 3 MO as given by Eq. (13.540). Using Eq. (13.431), ^ (CH 3 ) is given by 

E T^CH 3 ) = E T +E{C elhme atf) 

-15.35946 eV 



3e 2 



( 0.„771)| 2-if )l-f±f;-l 



(14.174) 



10 E T (CH 3 ) given by Eq. (14.174) is set equal to three times the energy of the # 2 -type 

* ethane V -* / 

ellipsoidal MO minus two times the Coulombic energy of H given by Eq. (13.542): 

3e 2 



-15.35946 eV = -67.69450 eV 



(14.175) 

From the energy relationship given by Eq. (14.175) and the relationship between the axes 
15 given by Eqs. (13.60-13.63), the dimensions of the CH 3 MO can be solved. 
Substitution of Eq. (13.60) into Eq. (14.175) gives 



3e 2 



^ 2aa 0 

(0.9177l)(2-!-^V V^- 1 

v \ 2 a J _ 2aa 0 

a V 3 



= e52.33505 



(14.176) 



The most convenient way to solve Eq. (14.176) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

20 « = 1.64469a 0 =8.70331 X 10" 11 m (14.177) 
Substitution of Eq. (14.177) into Eq. (14.60) gives 

c' = 1.04712fl 0 =5.54111 X 10" 11 m (14.178) 
The internuclear distance given by multiplying Eq. (14. 178) by two is 

2c' = 2.09424a 0 = 1.10822 X 10" 10 m (14.179) 
25 The experimental bond distance is [3] 



WO 2007/051078 PCTYUS2006/042692 

336 

2c' = 1.0940 X 1(T 10 m (14.180) 
Substitution of Eqs. (14.177-14.178) into Eq. (14.62) gives 

6 = c = 1.26828a 0 =6.71145X 10" n m (14.181) 
Substitution of Eqs. (14.177-14.178) into Eq. (14.63) gives 
5 e = 0.63667 (14.182) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each 
H 2 -type ellipsoidal MO. The parameters of the point of intersection of the .tf 2 -type 
ellipsoidal MO and the C elhane 2sp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). 
The polar intersection angle 0' is given by Eq. (13.261) where r„ = r ihaiie2sp3 - = 0.87495a 0 is 
10 the radius of the C elhane 2sp 3 shell. Substitution of Eqs. (14.177-14.178) into Eq. (13.261) 
gives 

0' = 79.34° (14.183) 
Then, the angle 0 3 the radial vector of the C2sp 3 HO makes with the internuclear 

C-H, lhm „ 2sp HO 

axis is 

15 9 3an =180°-79.34° = 100.66° (14.184) 

c ~H ethane 2sp HO 

as shown in Figure 38. 

The distance from the point of intersection of the orbitals to the internuclear axis must be the 
same for both component orbitals. Thus, the angle cot = 0 C -H eti)ane ,H 2 Mo between the 
20 internuclear axis and the point of intersection of the H 2 -type ellipsoidal MO with the 
C eihane 2sp 3 radial vector obeys the following relationship: 

™ °c-«^*> =0 - 87495 «o^^_ 2 ^ 0 -bsine c _ H ^ 0 (14.185) 

such that 

, „ . sin - °- 87495 "° *«<~-*- ■ sin - 0.B7495. 

25 with the use of Eq. (14.184). Substitution of Eq. (14.181) into Eq. (14.186) gives 

^,^0 =42.68° (14.187) 

Then, the distance d c _ HgthamM:MO along the internuclear axis from the origin of H 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 

d c~H eihane ^Mo - * cos0 c _ ww (14.188) 
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Substitution of Eqs. (14.177) and (14.187) into Eq. (14.188) gives 

d c-H elimc ,H 2 Mo =1.20901a 0 =6.39780X 10" 11 m (14.189) 
The distance d c _ H ^ 2sp , Ho along the internuclear axis from the origin of the C atom to the 
point of intersection of the orbitals is given by 

5 d C-H cllmc 2^HO =zd C-H llham ,H 2 MO- C ' (14.190) 

Substitution of Eqs. (14.178) and (14.189) into Eq. (14.190) gives 

d c- Hl , ha ^Ho = 0-16189a 0 = 8.56687 X 10" 12 m (14.191) 

BOND ANGLE OF THE CH 3 GROUPS 
10 Each CH 3 MO comprises a linear combination of three C- H -bond MOs. Each C-H- 

bond MO comprises the superposition of a H 2 -type ellipsoidal MO and the C elhane 2sp 3 HO. 

A bond is also possible between the two H atoms of the C-H bonds. Such H-H bonding 

would decrease the C-H bond strength since electron density would be shifted from the 

C-H bonds to the H-H bond. Thus, the bond angle between the two C-H bonds is 
15 determined by the condition that the total energy of the # 2 -type ellipsoidal MO between the 

terminal H atoms of the C-H bonds is zero. From Eqs. (11.79) and (13.228), the distance 

from the origin to each focus of the H - H ellipsoidal MO is 



m e e 2 2t 

The internuclear distance from Eq. (13.229) is 



20 2c' = 2^ (14 . 193) 

The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. 
(14.62). 

The bond angle of the CH 3 groups of ethane is derived by using the orbital 
composition and an energy matching factor as in the case with the CH 3 radical. Since the 
25 two #2 -type ellipsoidal MOs initially comprise 75% of the H electron density of H 2 and 
the energy of each i^-type ellipsoidal MO is matched to that of the C etltane 2sp 3 HO, the 
component energies and the total energy E T of the H-H bond are given by Eqs. (13.67- 
13.73) except that V e , T , and V m are corrected for the hybridization-energy-matching factor 
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of 0.87495. Hybridization with 25% electron donation to the C-C -bond gives rise to the 
C elhane 2sp' HO-shell Coulombic energy E Coulomb (c elhane ,2sp 3 ) given by Eq. (14.149). The 
corresponding normalization factor for determining the zero of the total H-H bond energy 
is given by the ratio of 15.55033 eV , the magnitude of E Coulomb (C elhane ,2sp 3 ) given by Eq. 
5 (14.149), and 13.605804 eV , the magnitude of the Coulombic energy between the electron 



and proton of H given by Eq. (1.243). The hybridization energy factor C (ftaneC2sp3jTO 

e 2 e 2 

13.605804 eV 



is 



~'elhaneC2sp 3 HO 



15.55033 eV 



= 0.87495 (14.194) 



8 *V e ,,, owV 8^ 0 0.87495« 0 
Substitution of Eq. (14.152) into Eq. (13.233) with the hybridization factor of 
0.87495 gives 



10 



0 = 



— e 




2h^ 


0.75e 2 






m e c 2 



+h 



0.75e 2 



8^ 0 a 3 %7ze 0 {a + c') 



0.5m, 



(14.195) 

From the energy relationship given by Eq. (14.195) and the relationship between the axes 
given by Eqs. (14.192-14.193) and (14.62-14.63), the dimensions of the H-H MO can be 
solved. 

15 The most convenient way to solve Eq. (14.195) is by the reiterative technique using a 

computer. The result to within the round-off error with five-significant figures is 

a = 5.7000tf 0 = 3.0163 X 10 -10 m (14.196) 
Substitution of Eq. (14.196) into Eq. (14.192) gives 

c' = 1.6882a 0 =8.9335 X 10 -11 m (14.197) 
20 The internuclear distance given by multiplying Eq. (1 4. 1 97) by two is 



2c' = 3.3764a 0 = 1 .7867 X 10 



,-10 



m 



Substitution of Eqs. (14.196-14.197) into Eq. (14.62) gives 
b = c = 5.4443a n = 2.881 OX 10~ 10 



m 



(14.198) 
(14.199) 



_. zi z.vwz^ 2 

9 = cos 
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Substitution of Eqs. (14.196-14.197) into Eq. (14.63) gives 

e = 0.2962 (14.200) 
From, 2c' H _ H (Eq. (14.198)), the distance between the two H atoms when the total 
energy of the corresponding MO is zero (Eq. (14.195)), and 2c' c _ H (Eq. (14.179)), the 
5 internuclear distance of each C-H bond, the corresponding bond angle can be determined 
from the law of cosines. Using, Eq. (13.242), the bond angle Q between the C - H bonds is 

^2(2.09424) 2 -(3.3764)^ = ^ { _ Q29964) = 107>44 o (14 . 201) 
2(2.09424) 2 J 

The experimental angle between the C-H bonds is [8] 

0 = 107.4° (14.202) 
10 The CH 3 radical has a pyramidal structure with the carbon atom along the z-axis at 

the apex and the hydrogen atoms at the base in the xy-plane. The distance d orjgi „_ H from the 
origin to the nucleus of a hydrogen atom given by Eqs. (14.198) and (13.412) is 

<W*=l-94936a 0 (14.203) 

The height along the z-axis of the pyramid from the origin to C nucleus d hejgln given by Eqs. 

15 (13.414), (14.179), and (14.203) is 

<W,=0.76540* 0 (14-204) 

The angle 9 V of each C-H bond from the z-axis given by Eqs. (13.416), (14.203), and 

(14.204) is 

6 V =68.563° (14.205) 
20 The C-C bond is along the z-axis. Thus, the bond angle 9 C _ C _ H between the internuclear 
axis of the C-C bond and a iff atom of the methyl groups is given by 

9 C _ C _ H =180-9 V (14.206) 
Substitution of Eq. (14.205) into Eq. (14.206) gives 

G C _ C _ H =111.44° (14.207) 
25 The experimental angle between the C-C-H bonds is [3] 

6 C _ C _ H =111.17° (14-208) 
The CH 3 CH 2 MO shown in Figure 39 was rendered using these parameters. A minimum 
energy is obtained with a staggered configuration consistent with observations [3]. 
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The charge-density in the C-C -bond MO is increased by a factor of 0.25 with the 
formation of the C elhane 2sp 3 HOs each having a smaller radius. Using the orbital composition 
of the CH 3 groups (Eq. (14.173)) and the C-C-bond MO (Eq. (14.139), the radii of 
Cls = 0.171 13a 0 (Eq. (10.51)) and C ethane 2sp 3 = 0.87495a 0 (Eq. (14.148)) shells, and the 
5 parameters of the C-C-bond (Eqs. (13.3-13.4), (14.158-14.160), and (14.162-14.172)), the 
parameters of the C-H -bond MOs (Eqs. (13.3-13.4), (14.177-14.179), and (14.181- 
14.191)), and the bond-angle parameters (Eqs. (14.195-14.208)), the charge-density of the 
CH 3 CH 3 MO comprising the linear combination of two sets of three C-H -bond MOs and a 
C-C-bond MO bridging the two methyl groups is shown in Figure 39. Each C-H -bond 
10 MO comprises a H 2 -type ellipsoidal MO and a C ethatie 2sp 3 HO having the dimensional 
diagram shown in. Figure 38. The C-C-bond MO comprises a H 2 -type ellipsoidal MO 
bridging two C ethane 2sp 3 HOs having the dimensional diagram shown in Figure 37. 
ENERGIES OF THE CH 3 GROUPS 

The energies of each CH 3 group of ethane are given by the substitution of the semiprincipal 
15 axes (Eqs. (14.177-14.178) and (14.181)) into the energy equations of the methyl radical 
(Eqs. (13.556-13.560)), with the exception that E(C etham ,2sp 3 ) replaces E(C 9 2sp 3 ) in Eq. 
(13.560): 

V e =3(0.91771) ~Y ^W^-fr 2 = ,107,68424 eV (14.209) 

o 2 

V = f = 38.98068 eV (14.210) 

P S^y/a^b 2 

20 T = 3(0.91771) h * In ° + ^f ~ b * = 32.73700 eV (14.211) 

2m e ay/a 2 —b 2 a — ^ja 2 —b 2 

V m =3(0.91771) =^L= ln a + ^ll^i = -16.36850 eV (14.212) 

4/m W a 2 -b 2 a-^Ja 2 -b 2 



E T (CH 3 ) = - 3e * 



(0.91771) 



V 2 a j 



ln^^-1 
a — c' 



-15.35946 eV = -67.69451 eV 



(14.213) 

where E T ^ (C/7 3 ) is given by Eq. (14.174) which is reiteratively matched to Eq. (13.542) 
25 within five-significant-figure round off error. 
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VIBRATION OF THE n CH 3 GROUPS 

The vibrational energy levels of CH 3 in ethane may be solved as three equivalent coupled 
harmonic oscillators by developing the Lagrangian, the differential equation of motion, and 
5 the eigenvalue solutions [9] wherein the spring constants are derived from the central forces 
as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF THE 12 CH 3 GROUPS 
10 The equations of the radiation reaction force of the methyl groups in ethane are the same as 
those of the methyl radical with the substitution of the methyl-group parameters. Using Eq. 
(13.561), the angular frequency of the reentrant oscillation in the transition state is 

0.7Se 2 

W> 3 =2 50664X 1Q i6 md/s (14.214) 

1 m e 

where b is given by Eq. (14.181). The kinetic energy, E K , is given by Planck's equation (Eq. 
15 (11.127)): 

E e = ha> = h2.50664X 10 16 rad I s = 16.49915 eV (14.215) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each H 2 -type MO, for E^ , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (14.215) for E K gives the Doppler energy of the electrons of each of the 
20 three bonds for the reentrant orbit: 

B-B, ^^n.6 3 537evl 2 < 16A991 2 5eV K -0.25422 eV (14.216) 

D hv \Mc 2 \ m e c 2 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH 3 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
25 oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14.216) and E Kvib , the average kinetic energy of vibration which 
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is 1/2 of the vibrational energy of each C-H bond. Using co e given by Eq. (13.458) for 
E Kvib of the transition state having three independent bonds, E \ llmne OSE ( l2 CH 3 ) per bond is 



( l2 CH 3 ) = E D+ E Kvib =E D+ \h^ 



ethane osc 



(14.217) 



E \, hane osc{ n CH 3 ) = -0.25422 eF + -i(0.35532 eV) = -0.07656 eV (14.218) 



5 Given that the vibration and reentrant oscillation is for three C-H bonds, E „ 

? ethane osc 



( U CH 3 ) : 



is: 



& ethane osc ( ) "~ ^ 

= 3^-0.25422 eF + -|(0.35532 eV)j 



(14.219) 



= -0.22967 eV 



TOTAL AND DIFFERENCE ENERGIES OF THE l2 CH 3 GROUPS 
10 E elltaneT+osc ( 12 CH 3 ) , the total energy of each U CH 3 group including the Doppler term, is given 
bythesumof E^ (CH 3 ) (Eq. (14.213)) and E elhaneosc ( 12 CH 3 ) given by Eq. (14.219): 

(14.220) 



E ethaneT+0SC {CH 3 ) = V e +T + V m +V p + E{ C elhane , 2sp 3 ) + E elhane osc ( l2 CH 3 ) 



E T. lhm , ( CH 3 ) + E e,h ane osc ( i2CH 3 ) 



E. 



ethatieT+osc 



(»CH 3 ): 



-3e 2 
87ve Q c' 



(0.9177l)f2-i-^.lln^t^-] 
v \ 2 a ) a-c' 



-15.359469 eV 



J 



-3 



(31.63536831 eV)\^ 



in- 



3 e 2 



4 Ansjb 



mc 



2 \f*j 



(14.221) 



e 1 
0.25422 eV~-h — 

2 i M 



= -67.69450 eV -3 
From Eqs. (14.217-14.221), the total energy of each X2 CH 3 is 
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( i2 CH 3 ) = -67.69450 e V + E elham osc ( 12 CH 3 ) 



= -67.69450 eF-3^0.25422 eV -^(0.35532 eV)j (14.222) 



= -67.92417 eV 

where <o e given by Eq. (13.458) was used for the term. 

The total energy for each methyl radical given by Eq. (13.569) is 
E M+ose ( "CH, ) = -67.69450 e V + E M osc ( U CH 3 ) 

= -67.69450 eV-3( 0.25670 eV --(0.35532 eV)\ (14.223) 
V 2 / 

= -67.93160 eF 

5 The difference in energy between the methyl groups and the methyl radical AE T+osc ( n CH 3 ) is 
given by two times the difference between Eqs. (14.222) and (14.223): 
ae t+ osb ( U CH 3 ) = 2 (E elhaneT+0SC ( l2 CH 3 ) - E radlcalT+osc ( "C/f 3 )) 

= 2(-67.92417 eK- (-67.93 160 eV)) (14.224) 
= 0.01487 

SUM OF THE ENERGIES OF THE C-C a MO AND THE HOs OF 
10 ETHANE 

The energy components of V e , V p , T, V m , and E T of the C-C -bond MO are the same as 
those of the CH MO as well as each C-H -bond MO of the methyl groups except that 
energy of the C elham 2sp 3 HO is used. The energies of each C-C -bond MO are given by the 
substitution of the semiprincipal axes (Eqs. (14.158-14.159) and (14.162)) into the energy 
15 equations of the CH MO (Eqs. (13.449-13.453)), with the exception that E(C etha „ e ,2sp 3 ) 

replaces E(C,2sp 3 ) inEq. (13.453): 



V e = (0.91771) ~Y ln a+ 7 b * = -29.101 124 eV (14.225) 

Sxe Q yla 2 -b 2 a- Va 2 - 6 2 

2 

V = f = 9.37273 gF (14.226) 

Sns 0 yla 2 -b 2 



T = (0.91771) y ln a+ 7 = 6.90500 (14.227) 

2m p a^a 2 -b 2 a-^a 2 -b 2 
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-h 2 
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in a + ^^ =-3.45250 eV 



4m e ayja 2 -b 2 a-4a 2 -b 2 



(14.228) 



E T [C-C,cr) = - 



%7VS Q C ' 



(0.91771) 



2-- 



1 a n 



2 a 



In 



a + c' 



-1 



a — c 



-15.35946 eV = -31. 63535 eV 



(14.229) 

where E T (C-C,cr) is the total energy of the C-C a MO given by Eq. (14.155) which is 
5 reiteratively matched to Eq. (13.75) within five-significant-figure round off error. 

The total energy of the C - C -bond MO, E T [C-C), is given by the sum of two times 

E T (C-C,2sp 3 }, the energy change of each C2sp 3 shell due to the decrease in radius with 

the formation of the C-C -bond MO (Eq. (14.151)), and E T (C-C,a), the er MO 
contribution given by Eq. (14.156): 
E T (C - C) = 2E T (C - C, 2sp 3 ) + E T (C - C, a) 
r 2 (-0.72457 eV) + 



10 



(0.91771)| 2---^ 



= 2 (-0.72457 eF) + (-3L63537 eV) 



-15.35946 eV 



(14.230) 



J J 



= -33.08452 eV 



VIBRATION OF ETHANE 

The vibrational energy levels of CH 3 CH 3 may be solved as two sets of three equivalent 
coupled harmonic oscillators with a bridging harmonic oscillator by developing the 
15 Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] wherein the 
spring constants are derived from the central forces as given in the Vibration of Hydrogen- 
Type Molecular Ions section and the Vibration of Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF THE C-C -BOND MO OF ETHANE 
20 The equations of the radiation reaction force of the symmetrical C-C -bond MO are given by 
Eqs. (11.231-11.233), except the force-constant factor is 0.5 based on the force constant k y 
of Eq. (14.152), and the C-C-bond MO parameters are used. The angular frequency of the 
reentrant oscillation in the transition state is 
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0.5e 2 



co = J A7tS ° a ' = 9.55643 X 10 15 . r«f / * (14.231) 

where a is given by Eq. (14.158). The kinetic energy, E K , is given by Planck's .equation (Eq. 
(11.127)): 

E~ K = fico = ^9.55643 X 10 15 rat//* = 6.29021 (14.232) 
5 In Eq. (11.181), substitution of E T [C-C) (Eq. (14.230)) for E lw , the mass of the electron, 
w c , for M , and the kinetic energy given by Eq. (14.232) for E K gives the Doppler energy of 
the electrons of each of the three bonds for the reentrant orbit: 



E n = E^^r = -33.08450 eV J M 6 ' 29021 eV ) = -0.16416 eV (14.233) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
10 transition state at their corresponding frequency. The decrease in the energy of the C-C- 
bond MO due to the reentrant orbit of the bond in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the 
corresponding energies, E D given by Eq. (14.233) and E Kvlb , the average kinetic energy of 
vibration which is 1/2 of the vibrational energy of the C-C bond. Using the experimental 
15 C-C E vib (v 3 ) of 993 cw -1 (0.12312 eV) [10] for E Kvib of the transition state, 

Kc{C-C,cr) is 

E osc (C-C,cr) = E D+ E Kvll> =E D +U^ (14.234) 
E osc (C-C,cr) = -0.16416 eF + -(0.12312 eV) = -0.10260 eV (14.235) 

20 TOTAL ENERGIES OF THE C-C -BOND MO OF ETHANE 

E T+0SC (C-C), the total energy of the C-C -bond MO including the Doppler term, is given 
by the sum of E T [C - C) (Eq. (14.230)) and E osc (C - C, a) given by Eq. (14.235): 
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^(C-C) = F B +r + K„ + ^ + £(C^,2^ 3 ) + 2£ r (C-C,2^p 3 ) + E aK( (C-C,o-) 
= E T (C-C,a)+ 2E T (C - C, 2sp 3 ) + E osc (C-C, a) 
= E T (C-C) + E 0SC (C-C,a) 

(14.236) 

(0.9177l)^2-i-^-jln^-^-l -15.35946 eF + 2£ r (C-C,2sp 3 ) 



8?V£ 0 C ' 







F 1 ^ 












m e c 2 ) 



1 . & 

2 



= -33.08452 eV -0.16416 eV + -h\— 

2 V// 



5 From Eqs. (14.234-14.237), the total energy of the C-C -bond MO is 

E T+osc (C - C) = -3 1 .63537 eV + 2E T (C - C, 2sp 3 ) + £ osc (C - C, a) 



(14.237) 



= -3 1 .63537 eV + 2 (-0.72457 eV) - 0. 1 641 6 + ^(0. 123 12 eV) (14.238) 



= ^33.18712 eV 



where the experimental E vtb was used for the hj — term. 



BOND ENERGY OF THE C-C BOND OF ETHANE 

10 The dissociation energy of the C-C bond of CH 3 CH 3 , E D (H 3 C-CH 3 ), is given by two 
times E(c,2$p 3 ) (Eq. (14.146)), the initial energy of the C2sp i HO of each CH 3 radical 
that bond with a single C-C bond, minus the sum of AE T+osc ( U CH 3 ) (Eq. (14.224)), the 
energy change going from the methyl radicals to the methyl groups of ethane, and 
E T+osc (C-C) (Eq. (14.238)). Thus, the dissociation energy of the C — C bond of CH 3 CH 3 , 

15 is 

E D (H 3 C-CH 3 ) = 2(E (C, 2sp' )) - (AE T+osc ( l2 CH 3 ) + E T+osc (C - C)) 

= 2(-14.63489eF)-(0.01487eF-33. 18712 eV) (14.239) 
= 2(-14.63489 eV)-(33. 17225 eV) 
= 3.90247 eV 
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The experimental dissociation energy of the C - C bond of CH 3 CH 3 is [6] 

E D (H 3 C-CH 3 )^ 3.89690 eV (14.240) 
The results of the determination of bond parameters of CH 3 CH 3 are given in Table 
14.1. The calculated results are based on first principles and given in closed-form, exact 
5 equations containing fundamental constants only. The agreement between the experimental 
and calculated results is excellent. 

ETHYLENE MOLECULE ( CH 2 CH 2 ) 

The ethylene molecule CH 2 CH 2 is formed by the reaction of two dihydrogen carbide 
10 radicals: 

CH 2 +CH 2 ->CH 2 CH 2 (14.241) 
CH 2 CH 2 can be solved using the same principles as those used to solve the methane series 
CH „=ia,3A > wherein the 2s and 2p shells of each C hybridize to form a single 2sp 3 shell as 
an energy minimum, and the sharing of electrons between two C2sp 3 hybridized orbitals 

15 (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to 
decrease in radius and energy. First, two sets of two H atomic orbitals (AOs) combine with 
two sets of two carbon 2sp 3 HOs to form two dihydrogen carbide groups comprising a linear 
combination of four diatomic H 2 -type MOs developed in the Nature of the Chemical Bond of 
Hydrogen-Type Molecules and Molecular Ions section. Then, the two CH 2 groups bond by 

20 forming a H 2 -type MO between the remaining two C2sp 3 HOs on each carbon atom. 

FORCE BALANCE OF THE C = C -BOND MO OF ETHYLENE 

CH 2 CH 2 comprises a chemical bond between two CH 2 radicals wherein each radical 
comprises two chemical bonds between carbon and hydrogen atoms. The solution of the 
25 parameters of CH 2 is given in the Dihydrogen Carbide (CH 2 ) section. Each C-H bond of 
CH 2 having two spin-paired electrons, one from an initially unpaired electron of the carbon 
atom and the other from the hydrogen atom, comprises the linear combination of 75% H 2 - 
type ellipsoidal MO and 25% C2sp 3 HO. The proton of the H atom and the nucleus of the 
C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , each of 
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the two C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO 
surface cannot extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell 
since it is energetically unfavorable. Thus, each MO surface comprises a prolate spheroid at 
the H proton that is continuous with the C2$p 3 shell at the C atom whose nucleus serves as 
5 the other focus. The electron configuration and the energy, E(c>2$p 3 ) , of the C2sp 3 shell is 

given by Eqs. (13.422) and (13.428), respectively. The central paramagnetic force due to spin 
of each C-H bond is provided by the spin-pairing force of the CH 2 MO that has the 

symmetry of an s orbital that superimposes with the C2sp 3 orbitals such that the 
corresponding angular momenta are unchanged. 
10 Two CH 2 radicals bond to form CH 2 CH 2 by forming a MO between the two pairs of 

remaining C2sp 3 -HO electrons of the two carbon atoms. However, in this case, the sharing 
of electrons between four C2sp 3 HOs to form a molecular orbital (MO) comprising four 
spin-paired electrons permits each C2$p 3 HO to decrease in radius and energy. 

As in the case of the C-H bonds, the C = C -bond MO is a prolate-spheroidal-MO 

15 surface that cannot extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 
shell of each atom. Thus, the MO surface comprises a partial prolate spheroid in between the 
carbon nuclei and is continuous with the C2$p 3 shell at each C atom. The energy of the H 2 - 
type ellipsoidal MO is matched to that of the C2$p 3 shell. As in the case of previous 
examples of energy-matched MOs such as those of OH , NH , CH ' , the C = O -bond MO of 

20 C0 2 , and the C - C -bond MO of CH 3 CH 3 , the C = C -bond MO of ethylene must comprise 
75% of a i7 2 ~type ellipsoidal MO in order to match potential, kinetic, and orbital energy 
relationships. Thus, the C = C -bond MO must comprise a linear combination of two MOs 
wherein each comprises two C2,yp 3 HOs and 75% of a H 2 -type ellipsoidal MO divided 

between the C2$p 3 HOs: 

25 

2 (2 C2$p 3 + 0.75 H 2 MO) C = C - bond MO (14.242) 

The linear combination of each H 2 -type ellipsoidal MO with each C2sp 3 HO further 
comprises an excess 25% charge-density contribution from each C2sp 3 HO to the C = C - 
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bond MO to achieve an energy minimum. The force balance of the C = C -bond MO is 
determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (14.242) and the energy matching condition between the C2sp 3 -HO 
components of the MO. 

5 Similarly, the energies of each CH 2 MO involve each C2sp i and each His electron 

with the formation of each C-H bond. The sum of the energies of the if 2 -type ellipsoidal 
MOs is matched to that of the C2sp 3 shell. This energy is determined by the considering the 
effect of the donation of 25% electron density from the two pairs of C2sp 3 HOs to the 
C = C -bond MO with the formation of the C elhylene 2sp 3 HOs each having a smaller radius. 

10 The 2sp 3 hybridized orbital arrangement is given by Eq. (14.140). The sum E T (c,2sp 3 )of 
calculated energies of C , C + , C 2+ , and C 3+ is given by Eq. (14.141). The radius r 2sp3 of the 
C2sp 3 shell is given by Eq. (14.142). The Coulombic energy E Coulomb (C,2sp 3 ) and the 
energy E(c,2sp 3 ) of the outer electron of the C2sp 3 shell are given by Eqs. (14.143) and 
(14.146), respectively. 

15 Next, consider the formation of the C = C -bond MO of ethylene from two CH 2 

radicals, each having a C2sp 3 electron with an energy given by Eq. (14.146). The total energy 
of the state is given by the sum over the four electrons. The sum E T (C elhylene ,2sp 3 )of 
calculated energies of C2sp 3 , C + , C 2+ , and C 3+ from Eqs. (10.123), (10.113-10.114), 
(10.68), and (10.48), respectively, is 

E T (C elhylene ,2sp 3 ) = -(64392\ eF + 48.3125 eF + 24.2762 eV + E(C,2sp 3 )) 
20 =-(64.3921 eK + 48.3125 eF + 24.2762 eF + 14.63489 eV) 

= -151.61569 eV 

(14.243) 

where E{c,2sp 3 ) (Eq. (14.146)) is the sum of the energy of C, -11.27671 eV , and the 
hybridization energy. The orbital-angular-momentum interactions also cancel such that the 
energy of the E T if ethylem ,2sp 3 ) is purely Coulombic. 

25 The sharing of electrons between two pairs of C2sp 3 HOs to form a C = C -bond MO 

permits each participating hybridized orbital to decrease in radius and energy. In order to 
further satisfy the potential, kinetic, and orbital energy relationships, each participating 
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C2sp 3 HO donates an excess of 25% per bond of its electron density to the C = C -bond MO 
to form an energy minimum. By considering this electron redistribution in the ethylene 
molecule as well as the fact that the central field decreases by an integer for each successive 
electron of the shell, the radius f ethyhm2sp i of the C2sp 3 shell of ethylene may be calculated 

5 from the Coulombic energy using Eq. (1 0. 1 02): 



r 5 \ 2 



ethylen&sp 1 



Si p 1 9 5e 
(Z-«)~0.5 ; - - = , T = 0.85252a 0 
V„ =2 V J J8ne 0 (el51.61569eV) 8ne 0 (el51.61569 eV) 0 



(14.244) 

where Z = 6 for carbon. Using Eqs. (10.102) and (14.244), the Coulombic energy 
^coulomb [p ethyls > 2s P* ) of me outer electron of the C2sp 3 shell is 



_ 2 _ 2 

10 E r , AC,., ,2sp 3 ) = - = - = -15.95955 eF (14.245) 

*Coulo mb \ e,, V le,,e> P) , 8^ Q 0.85252« 0 ^ ' 

Dviring hybridization, one of the spin-paired 2s electrons is promoted to C2$p 3 shell as an 
unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(13.152). Using Eqs. (14.145) and (14.245), the energy E[C ethylene ,2sp 3 ) of the outer electron 

of the C2sp 3 shell is 



E{C elhylem ,2sp')=- 



-e 2 27t^e 2 h 2 

+ .2 \ 3 



%7tS 0 r e lhy le„e2sp> 

15 = -15.95955 eV + 0.19086 eV (14.246) 

= -15.76868 eV 

Thus, E T (C = C,2sp 3S J, the energy change of each C2sp 3 shell with the formation of the 
C = C -bond MO is given by the difference between Eq. (14.146) and Eq. (14.246): 
E T (C = C, 2sp 3 ) = E (C ethylem , 2sp 3 )-E(C, 2sp 3 ) 

= -15.76868 eV- (-14.63489 eV) (14.247) 
= -1.13380 eV 

As in the case of Cl 2 , each H 2 -type ellipsoidal MO comprises 75% of the C = C -bond MO 
20 shared between two C2sp 3 HOs corresponding to the electron charge density in Eq. (1 1.65) 

0 75c 

of — — . But, the additional 25% charge-density contribution to each bond of the C = C - 

— € 

bond MO causes the electron charge density in Eq. (1 1 .65) to be is given by — - -Q.5e . The 



WO 2007/051078 PCT/US2006/042692 

351 

corresponding force constant k 1 is given by Eq. (14.152). In addition, the energy matching at 
both C2$p 3 HOs further requires that k 1 be corrected by the hybridization factor given by Eq. 
(13.430). Thus, the force constant k i to determine the ellipsoidal parameter c* in terms of 
the central force of the foci (Eq. (11 .65)) is given by 

t .. c !^. Mim !^: (U.248) 

cisp ho 

The distance from the origin to each focus c* is given by substitution of Eq. (14.248) into Eq. 
(13.60). Thus, the distance from the origin of the component of the double C = C -bond MO 
to each focus c ' is given by 



c ^ Qt , = < /-^- (14.249) 



\ (Q.9177l)m e e 2 a \ 0.91771 
10 The internuclear distance from Eq. (14.249) is 



2c' = 2J 0 (14.250) 
V 0.91771 

The length of the semiminor axis of the prolate spheroidal C = C -bond MO b = c is given by 
Eq. (13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis 
a then allows for the solution of the other axes of each prolate spheroid and eccentricity of 
15 the C = C -bond MO. From the energy equation and the relationship between the axes, the 
dimensions of the C = C -bond MO are solved. 

The general equations for the energy components of V e , V p , T 9 V m ? and E T of the 

C = C -bond MO are the same as those of the CH MO except that energy of the C ethytene 2sp* 
HO is used and the double-bond nature is considered. In the case of a single bond, the prolate 
20 spheroidal H 2 -type MO transitions to the C ethylerw 2sp 2 HO of each carbon, and the energy of 

the C ethylene 2sp z shell must remain constant and equal to the E{C ethylem ,2sp 3 } given by Eq. 
(14.246). Thus, the energy E (C ethylem ,2sp > ) in Eq. (14.246) adds to that of the energies of the 
corresponding H 2 -type ellipsoidal MO. The second bond of the double C = C -bond MO 
also transitions to the C ethylem 2$p 3 HO of each C. The energy of a second H 2 -type 
25 ellipsoidal MO adds to the first energy component, and the two bonds achieve an energy 
minimum as a linear combination of the two H 2 -type ellipsoidal MOs each having the carbon 

nuclei as the foci. Each C-C -bond MO comprises the same C ethylene 2$p 3 HO shells of 
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constant energy given by Eq. (14.246). As in the case of the water, NH 2 , and ammonia 
molecules given by Eqs. (13.180), (13.320), and (13.372), respectively, the energy of the 
redundant shell is subtracted from the total energy of the linear combination of the or MO. 
Thus, the total energy E T (C = C, a) of the a component of the C = C -bond MO is given by 
5 the sum of the energies of the two bonds each comprising the linear combination of the 



'ethylene 



2sp 3 HO and the H 2 -type ellipsoidal MO as given by Eq. (14.242) wherein the E T 



terms add positively, the E{C ethylem ,2sp^ terms cancel, and the energy matching condition 
between the components is provided by Eq. (14.248). Using Eqs. (13.431) and (14.246), 
E T (C = C ? cr) is given by 



10 



2e 2 



(0.91771)| 



In 



q + c' 
a — c f 



-1 



(14.251) 



The total energy term of the double C = C -bond MO is given by the sum of the two H 2 -type 
ellipsoidal MOs given by Eq. (11.212). To match this boundary condition, E r (C = C,a) 
given by Eq. (14.251) is set equal to two times Eq. (13.75): 

2e 2 



£ r (C = C,o-) = - 



(0.9177l)(V|-^ 



In 1 



= -63.27074 eV 



(14.252) 



15 From the energy relationship given by Eq. (14.252) and the relationship between the axes 
given by Eqs. (14,249-14.250) and (13.62-13.63), the dimensions of the C = C -bond MO can 
be solved. 

Substitution of Eq. (14.249) into Eq. (14.252) gives 



2e 2 



0.91771 



(0.91771)| 2™-^|ln 



a- 



0.91771 



a — 



-1 



= e63.27074 (14.253) 



0.91771 

20 The most convenient way to solve Eq. (14.253) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

a = L47228a 0 =7.79098 X 10~ n m (14.254) 
Substitution of Eq. (14.254) into Eq. (14.249) gives 



c' = 1.26661a 0 =6.70259 X 10" u m 
25 The internuclear distance given by multiplying Eq. (14.255) by two is 



(14.255) 
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2c' = 2.53321a 0 =1.34052 X 10~ 10 m (14.256) 
The experimental bond distance is [3] 

2c' = 1.339 X 10" 10 m (14.257) 
Substitution of Eqs. (14.254-14.255) into Eq. (13.62) gives 

5 b = c = 0.75055o 0 = 3.97173 X 10"" m (14.258) 

Substitution of Eqs. (14.252-14.255) into Eq. (13.63) gives 

e = 0.86030 (14.259) 
The nucleus of the C atoms comprise the foci of the i/ 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the H 2 -type ellipsoidal MO and the C ethy!e „ e 2sp 3 HO 
10 are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle 6' is 
given by Eq. (13.261) where r n = = 0.85252a 0 is the radius of the C ethylene 2sp 3 shell. 

Substitution of Eqs. (14.254-14.255) into Eq. (13.261) gives 

6>' = 129.84° (14.260) 
Then, the angle <9 ^ „ 3 „„ the radial vector of the C2sp 3 HO makes with the internuclear 



15 axis is 



9 cc 2jD 3„ o =180°-129.84° = 50.16° (14.261) 



as shown in Figure 40. 

Consider the right-hand intersection point. The distance from the point of intersection of the 
20 orbitals to the internuclear axis must be the same for both component orbitals. Thus, the 
angle cot ~ 0 C=C ^ HiMO between the internuclear axis and the point of intersection of the H 2 - 

type ellipsoidal MO with each C eihylem 2sp* radial vector obeys the following relationship: 

r tJ n 3 sin6> „ 3Mn = 0.85252a 0 sin<9, „ 0 3 ^=6sin0 c _ c HMO (14.262) 

such that 

2S 0 -far* Q -' 85252a ° Shi0 c^2^o , 0.85252« 0 sin50.16° 

25 °c=c alvkm ,H>Mo -sm -sin - (14.26J) 

with the use of Eq. (14.261). Substitution of Eq. (14.258) into Eq. (14.263) gives 

Occ^uo =60.70° (14.264) 

Then, the distance d c=Ceth ^^ H%MO along the internuclear axis from the origin of H 2 -type 

ellipsoidal MO to the point of intersection of the orbitals is given by 
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= acos& 



(14.265) 



'ethylene *** 2 i 



Substitution of Eqs. (14.254) and (14.264) into Eq. (14.265) gives 




dc-c^wo = 0.72040a 0 = 3.81221 X KT 11 m (14.266) 
tance d c ^ 2sp , HO along the internuclear axis from the origin of the C atom to the 




10 FORCE BALANCE OF THE CH 2 MOs OF ETHYLENE 

Each of the two equivalent CH 2 MOs must comprise two C-H bonds with each comprising 
75% of a £T 2 -type ellipsoidal MO and a C2sp 3 HO as given by Eq. (13.494): 



The force balance of the CH 2 MO is determined by the boundary conditions that arise from 
the linear combination of orbitals according to Eq. (13.494) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type- 

20 ellipsoidal-MO component of the CH 2 MO in terms of the central force of the foci is given 
by Eq. (13.59). The distance from the origin of each C- H -bond MO to each focus c' is 
given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 

25 the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. From the energy equation and the relationship between the axes, the dimensions of the 
CH 2 MO are solved. 



2[l C2sp 3 +0.75 H 2 MO] -> CH 2 MO 



(14.269) 



15 



Consider the formation of the double C = C -bond MO of ethylene from two CH 2 
radicals, each having a C2sp 3 shell with an energy given by Eq. (14.146). The energy 
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components of V e , V p , T , V m , and E T are the same as those of the dihydrogen carbide 
radical, two times those of CH corresponding to the two C-H bonds, except that two times 
E T (C = C,2sp z ) is subtracted from E T (CH 2 ) of Eq. (13.495). The subtraction of the energy 

change of the C2sp 3 shells with the formation of the C = C -bond MO matches the energy of 
5 the C- H -bond MOs to the decrease in the energy of the C2sp 3 HOs. Using Eqs. (13.495) 
and (14.247), E T ^(CH 2 ) is given by 

E r al ^ ( CH 2 ) = E T + E(C, 2sp 3 ) - 2E T (C = C, 2sp 3 ) 



2e 2 



8tt£ 0 c 1 



(0 . 91771) | 



(14.270) 



-14.63489 eV- (-2.26758 eV) 

given by Eq. (14.270) is set equal to two times the energy of the if 2 -type 
ellipsoidal MO minus the Coulombic energy of H given by Eq. (13.496): 



10 



I ethy)e, 



\CH 2 ) = 



2e 2 



%7ZS 0 C X 



(0.91771) 



2-- 



1 a n 



In 



a + c' 



-1 



= -49.66493 eV 



2a) a-c* 
-14.63489 eV -(-2.26758 eV) 

(14.271) 

From the energy relationship given by Eq. (14.271) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH 2 MO can be solved. 
Substitution of Eq. (13.60) into Eq. (14.271) gives 



15 



2e 2 



8**. 



(0.91771)| 2-^|ln 



a- 



2aa n 



a- 



2aa n 



■■ e37.29762 



(14.272) 



20 



The most convenient way to solve Eq. (14.272) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

m (14.273) 

m (14.274) 

m (14.275) 



a = 1.56946a n = 8.30521 X 10' 



Substitution of Eq. (14.273) into Eq. (13.60) gives 



c' = 1.02289a n =5.41290 X 10 



The internuclear distance given by multiplying Eq. (14.274) by two is 



2c' = 2.04578a 0 = 1.08258 X 10 
The experimental bond distance is [3] 



-10 
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2c' = 1 .087 X 1(T 10 m (14.276) 
Substitution of Eqs. (14.273-14.274) into Eq. (14.62) gives 

6 = c = 1.19033a 0 = 6.29897 X l(T n m (14.277) 
Substitution of Eqs. (14.273-14.274) into Eq. (14.63) gives 

5 e = 0.65175 (14.278) 
The nucleus of the H atom and the nucleus of the C atom comprise the foci of each 

H 2 -type ellipsoidal MO. The parameters of the point of intersection of the if 2 -type 

ellipsoidal MO and the C elhyhne 2sp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). 
The polar intersection angle 6' is given by Eq. (13.261) where r„ = r elhylene2sp3 =0.85252a 0 is 

10 the radius of the C elthylene 2sp 3 shell. Substitution of Eqs. (14.273-14.274) into Eq. (13.261) 
gives 

0' = 84.81° (14.279) 
Then, the angle 6> „ „ the radial vector of the C2sp 3 HO makes with the internuclear 

C-H elhy i e „ c 2sp HO 



etltyter, 

axis is 



15 °ch 2^o =180O - 84 - 81O = 95 - 19 ° ' (14.280) 

as shown in Figure 41 . 

The distance from the point of intersection of the orbitals to the internuclear axis must be the 
same for both component orbitals. Thus, the angle cot = ^c~H cthy!en ^H 2 Mo between the 

20 internuclear axis and the point of intersection of the .ff 2 -type ellipsoidal MO with the 

C ethyhne 2sp 3 radial vector obeys the following relationship: 

r 0 3 sin<9 = 0.85252a 0 sin6> „ -> ^ un ~ & sin @q—h h mo (14.281) 

ethylene2sp 3 C~H etftykne 2sp 3 HO 0 C~H elliylet]e 2sp 5 HO C-H ,H 2 MO 

such that 

Q _ . , 0 - 85252fl ° sin ^- W ^o _ Q,85252« 0 sin95.19° 4 

25 with the use of Eq. (14.280). Substitution of Eq. (14.277) into Eq. (14.282) gives 

W~.^o= 45 - 50 ° < 14 - 283) 

Then, the distance d c „ H ^ n ^ U0 along the internuclear axis from the origin of i/ 2 -type 

ellipsoidal MO to the point of intersection of the orbitals is given by 
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d c-n cl¥lene ,n 2 Mo = a cos e c-H ah>lem ,H 1 uo (14.284) 
Substitution of Eqs. (14.273) and (14.283) into Eq. (14.284) gives 

d c-H el ,^,H 2 Mo =1.10002^ = 5.82107 X 10"" m (14.285) 
The distance d c _ H ^ 2 ^ m along the intemuclear axis from the origin of the C atom to the 
5 point of intersection of the orbitals is given by 

d C-H lllvhm Z S p i HO = d C-H sliy „ m ,H 2 MO ~ c ' (14.286) 

Substitution of Eqs. (14.274) and (14.285) into Eq. (14.286) gives 

d c-H elhylt ^Ho = 0.07713a 0 = 4.08171 X 1(T 12 m (14.287) 

10 BOND ANGLE OF THE CH 2 GROUPS 

Each CH 2 MO comprises a linear combination of two C-H -bond MOs. Each C-H -bond 
MO comprises the superposition of a # 2 -type ellipsoidal MO and the C ethylem 2sp 3 HO. A 
bond is also possible between the two H atoms of the C-H bonds. Such H-H bonding 
would decrease the C-H bond strength since electron density would be shifted from the 

15 C-H bonds to the H-H bond. Thus, the bond angle between the two C-H bonds is 
determined by the condition that the total energy of the i/ 2 -type ellipsoidal MO between the 
terminal H atoms of the C-H bonds is zero. From Eqs. (11.79) and (13.228), the distance 
from the origin to each focus of the H-H ellipsoidal MO is 

, \h 2 A7ve 0 laal 

c=a i^?Ta'H < 14 - 288 > 

20 The intemuclear distance from Eq. (13.229) is 



2^ = 2^ (14.289) 

The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. 
(14.62). 

The bond angle of the CH 2 groups of ethane is derived by using the orbital 
25 composition and an energy matching factor as in the case with the dihydrogen carbide radical 
and the CH 3 groups of ethane. Since the two i^-type ellipsoidal MOs initially comprise 
75% of the H electron density of H 2 and the energy of each i^-type ellipsoidal MO is 
matched to that of the C ethylene 2sp 3 HO, the component energies and the total energy E T of the 
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H-H bond are given by Eqs. (13.67-13 .73) except that V e9 T 9 and V m are corrected for the 
hybridization-energy-matching factor of 0.85252 . Hybridization with 25% electron donation 
to the C = C -bond gives rise to the C ethylem 2sp^ HO-shell Coulombic energy 

E couhmb ( c ethylene > 2s P 3 ) given by Eq. (14,245). The corresponding normalization factor for 
5 determining the zero of the total H-H bond energy is given by the ratio of 15.95955 eV 9 
the magnitude of E Couhmb (C eihylem asp 3 ) given by Eq. (14.245), and 13.605804 eV 9 the 

magnitude of the Coulombic energy between the electron and proton of H given by Eq. 
(1.243). The hybridization energy factor C^^^ is 



C 



8xe 0 a 0 



87T£ 0 a Q 



ethylemC2sp HO 



8^ n r , , „ 3 

u ethylenelsp* 



8^se 0 0.85252a 0 



13.605804 eV 
15.95955 eV 



= 0.85252 (14.290) 



10 Substitution of Eq. (14.290) into Eq. (13.233) or Eq. (14.195) with the hybridization 

factor of 0.85252 gives 



0: 



( 0.8S252)-'| |-|A| ta 



a — 



— 1 



2h^ 


0.75e 2 


4?re 0 a 3 




m e c z 



0.75e 2 


e 2 






0.5m n 



(14.291) 

From the energy relationship given by Eq. (14.291) and the relationship between the axes 

15 given by Eqs. (14.192-14.193) and (14.62-14.63), the dimensions of the H-H MO can be 

■j 

solved. 

The most convenient way to solve Eq. (14.291) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 6.0400a 0 = 3.1962 X 10 _1U m 
20 Substitution of Eq. (14.292) into Eq. (14.288) gives 
c' = 1.7378<i 0 = 9.1961 X 10" 11 m 
The internuclear distance given by multiplying Eq. (14.293) by two is 



(14.292) 
(14.293) 
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2c' = 3.4756a 0 = 1 .8392 X 1(T 10 m (14.294) 
Substitution of Eqs. (14.292-14.293) into Eq. (14.62) gives 

b = c = 5.7846« 0 = 3.0611 X 10 -10 m (14.295) 

Substitution of Eqs. (14.292-14.293) into Eq. (14.63) gives 
5 e = 0.2877 (14.296) 

From, 2c\_ H (Eq. (14.294)), the distance between the two H atoms when the total 
energy of the corresponding MO is zero (Eq. (14.291)), and 2c' c _ H (Eq. (14.275)), the 
internuclear distance of each C-H bond, the corresponding bond angle can be determined 
from the law of cosines. Using, Eq. (1 3.242), the bond angle G HCH between the C - H bonds 
10 is 



Q HCH = COS 1 



^2(2.04578) 2 -(3.4756) 2 ^ 



= cos -1 (- 0.443 1 8) = 1 1 6.3 1° (14.297) 



2(2.04578) 

The experimental angle between the C-H bonds is [11] 

9 HCH =116.6° (14.298) 
The C = C bond is along the z-axis. Thus, based on the symmetry of the equivalent bonds, 
15 the bond angle 6 C=C _ H between the internuclear axis of the C = C bond and a H atom of the 
CH 2 groups is given by 

q ^ _ (36Q°-& CHC ) (14.299) 



Substitution of Eq. (14.298) into Eq. (14.299) gives 

0 C+C _ H = 121.85° (14.300) 
20 The experimental angle between the C = C-H bonds is [1 1] 

and [3] 



0c=c-h =121.7° (14.301) 



0c=c-*= 121-3° (14.302) 
The C = C bond and H atoms of ethylene line in a plane, and rotation about the C-C is 
25 not possible due to conservation of angular momentum in the two sets of spin-paired 
electrons of the double bond. The CH 2 CH 2 MO shown in Figure 42 was rendered using 
these parameters. 

The charge-density in the C = C -bond MO is increased by a factor of 0.25 per bond 
with the formation of the C el/vlene 2sp 3 HOs each having a smaller radius. Using the orbital 
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composition of the CH 2 groups (Eq. (14.269)) and the C = C -bond MO (Eq. (14.242), the 

radii of Cls = 0.171 13a Q (Eq. (10.51)) and C elhyhne 2sp 3 = 0.85252a 0 (Eq. (14.244)) shells, and 

the parameters of the C = C -bond (Eqs. (13.3-13.4), (14.254-14.256), and (14.258-14.268)), 
the parameters of the C-ff-bond MOs (Eqs. (13.3-13.4), (14.273-14.275), and (14.277- 
5 14.287)), and the bond-angle parameters (Eqs. (14.297-14.302)), the charge-density of the 
CH 2 CH 2 MO comprising the linear combination of two sets of two C-H -bond MOs and a 

C = C -bond MO bridging the two CH 2 groups is shown in Figure 42. Each C -if -bond 

MO comprises a H 2 -type ellipsoidal MO and a C ei)vlene 2sp 3 HO having the dimensional 

diagram shown in Figure 41. The C = C -bond MO comprises a H 2 -type ellipsoidal MO 

10 bridging two C elhylem 2sp 3 HOs having the dimensional diagram shown in Figure 40. 



ENERGIES OF THE CH 2 GROUPS 

The energies of each CH 2 group of ethylene are given by the substitution of the semiprincipal 
axes (Eqs. (14.273-14.274) and (14.277)) into the energy equations of dihydrogen carbide 
15 (Eqs. (13.510-13.514)), with the exception that two times E T (c = C,2sp z ) (Eq. (14.247)) is 

subtracted from E T (CH 2 ) in Eq. (13.514): 

-2e 2 



20 



V e =2(0.91771) 



In " + -gZ*L -76.00757 eV 



%7us 0 ^ja 2 -Zr a-^Ja 2 -b 2 



2e 2 



8ns Q yfa 2 — b 2 



= 26.60266 eV 



T = 2(0.91771) 



In " + -/gZ = 24.21459 eV 



V n =2(0.91771) 



, m , 

2m e ayja 2 —b 2 a-yla 2 -b 2 

-n 2 



In a + J^ 1 * = -12.10730 eV 



. in . 

Am e a^a 2 — b 2 a-y/a 2 -b 2 



(14.303) 
(14.304) 
(14.305) 
(14.306) 



E T {CH 2 ) = 

^ethylene \ ^ * 

(14.307) 



__2fL r (0 .91771)f 2-I-a-V— -1 
^-14.63489. eV -(-2.26758 eV) 



= -49.66493 eV 
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where E T (CH 2 ) is given by Eq. (14.270) which is reiteratively matched to Eq. (13.496) 
within five-significant-figure round off error. 

VIBRATION OF THE l2 CH 2 GROUPS 
5 The vibrational energy levels of CH 2 in ethylene may be solved as two equivalent coupled 

harmonic oscillators by developing the Lagrangian, the differential equation of motion, and 
the eigenvalue solutions [9] wherein the spring constants are derived from the central forces 
as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 

10 

THE DOPPLER ENERGY TERMS OF THE l2 CH 2 GROUPS 
The equations of the radiation reaction force of the CH 2 groups in ethylene are the same as 
those of the dihydrogen carbide radical with the substitution of the CH 2 -group parameters. 
Using Eq. (13.5 15), the angular frequency of the reentrant oscillation in the transition state is 



0.75e 2 



= 2.75685 X 10 16 radls (14.308) 



15 co = 

m e 

where b is given by Eq. (14.277). The kinetic energy, E K , is given by Planck's equation (Eq. 
(11.127)): 

E K = tico = £2.75685 X 10 16 radls = 18.14605 eV (14.309) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
20 energy of each H 2 -type MO, for E hv , the mass of the electron, m e , for M ? and the kinetic 
energy given by Eq. (14.309) for E K gives the Doppler energy of the electrons of each of the 
two bonds for the reentrant orbit: 



E D . ^ J2% = -31.63537 ^ H^T ^ =-0-26660 eV (14.310) 

V Mc y m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
25 transition state at their corresponding frequency. The decrease in the energy of CH 2 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
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energies, E D given by Eq. (14.310) and E Kvib9 the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of each C — H bond. Using co Q given by Eq. (13.458) for 
E Kvib of the transition state having two independent bonds, E \ thylene osc ( l2 CH 2 ) per bond is 



& 'ethylene osc ( l2 ^H 2 ) " + ^Kvib " %D + ^ 



(14.311) 



5 ^ «c { 12cH z) = -0.26660 + ^(0.35532 eP) = -0.08894 eV (14.312) 

2 

vibration and reentrant oscillation is for two C-H bonds, E eihylene osc ( n CH 2 ) , 



Given that the 



is: 



E, 



ethylene osc 



2 Vi", 



= 2^-0.26660 eV + ^(0.35532 eV) 



(14.313) 



= -0.17788 eV 



10 TOTAL AND DIFFERENCE ENERGIES OF THE 12 CH 2 GROUPS 

E ethyleneT ± osc ( n CH 2 ) , the total energy of each U CH 2 group including the Doppler term, is 
given by the sum of E T ^(CH 2 ) (Eq. (14.307)) and E elhyleneosc ( 12 CH 2 ) given by Eq. 
(14.313): 

'v e +T + V m +V p +E(C,2sp 3 ) ^ 

C 2E T (C = C, 2sp 3 ) + E elhylene osc ( l2 CH 2 ) J (14.314) 

= ^L*. ( C/f 2 ) + ^ethylene osc ( "Cffj ) 



15 



E 



ethylewT+osc 



(CH 2 ). 



EethyhneT+osc ( CH 2 ) ~~ 



r -2e 2 

%7C8 0 C ' 



(0.91771)f 2-I-^lln— -1 _ 
v \ 2a) a-c' 



-14.63489 eV- (-2.26759 eF) 



-2 



(31.63536831 eV)\^ 



2h 



3 e 2 



4 Ansjb 



m„c 



= -49.66493 eF-2 0.26660 eV --%\— 
\ 2 \n 



(14.315) 
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FromEqs. (14.313-14.315), the total energy of each n CH 2 is 
K m^osc ( U CH 2 ) = -49.66493 e V + E elhylem osc ( n CH 2 ) 



r 

= -49.66493 eV~ 2 
= -49.84282 eV 



0.26660 eV - ^(0.35532 eV)j (14.316) 



where co e given by Eq. (13.458) was used for the ft^j— term. 

The total energy for each dihydrogen carbide radical given by Eq. (13.523) is 

E rad , ca! r +0 sc ( n CH 2 ) = -49.66493 eV + E radicalosc ( l2 CH 2 ) 

5 =-49.66493 -2^0.25493 --(0.35532 eVU (14.317) 

v 2 J 

= -49.81948 eV 

The difference in energy between the CH 2 groups and the dihydrogen carbide radical 
AE T+osc ( 12 C£r 2 ) is given by two times the difference between Eqs. (14.3 16) and (14.317): 

A£r+ MC ( 12CH 2 ) = 2 ( E elhy! m eT + osc ( ^^2 ) ~ E radicalT+osc ( ^^2 )) 

= 2(-49.84282 eF-(-49.81948 eV)) (14.318) 
= -0.04667 eV 

10 SUM OF THE ENERGIES OF THE C = C a MO AND THE HOs OF 
ETHYLENE 

The energy components of V e , V p , T , V m , and E T of the C = C -bond MO are the same as 
those of the CH MO except that each term is multiplied by two corresponding to the double 
bond and the energy term corresponding to the C elhylene 2sp 3 HOs in the equation for E T is 

15 zero. The energies of each C = C-bond MO are given by the substitution of the 
semiprincipal axes (Eqs. (14.254-14.255) and (14.258)) into two times the energy equations 

of the CH MO (Eqs. (13.449-13.453)), with the exception that zero replaces E(c,2sp z ) in 
Eq. (13.453): 



V e =2(0.91771) Y In", 2 b * =-102.08992 eV (14.319) 

20 v p= 2 ~ 1 =21.48386 eV (14.320) 

%7te 0 yla 2 —b 2 
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h 2 



T = 2(0.91771) " ln a + ^ b% = 34.67062 eV 

2m e a\Ja 2 -b 2 a-yja 2 -b 2 



V m =2(0.91771) 



-n 2 



Am.a-^a 2 -b 2 a-^fa 2 -b 2 



ln a + ^ a2 - b2 =-17.33531 eV 



(14.321) 
(14.322) 



E T {C = C,a) = - 



2e 2 



(0.91771) 



(~ 1 cu\ a+c' 



2 ---=2- 
2 a 



ln- 



— 1 



a—c 



= -63.27075 (14.323) 



where ^ (C = C,cx) is the total energy of the C = C a MO given by Eq. (14.251) which is 
5 reiteratively matched to two times Eq. (13.75) within five-significant-figure round off error. 

The total energy of the C = C -bond MO, E T (C = C), is given by the sum of two 

times E T (C = C, 2sp 2 ) , the energy change of each C2sp 3 shell due to the decrease in radius 
with the formation of the C = C -bond MO (Eq. (14.247)), and E T (C = C,cr), the cr MO 
contribution given by Eq. (14.252): 

E T (C = C) = 2E T (C = C, 2sp 3 ) + E T (C = C, a) 
r 2(-\. 13380 eV) + 

2e 2 T ( 
(0.91771) 



10 



^ %7tS^C ' 



2-1^ ln^-1 

2a) a — c 



(14.324) 



J// 



= 2(-L13380 eV) + (-63 .27074 e V ) 
= -65.53833 eV 



VIBRATION OF ETHYLENE 

The vibrational energy levels of CH 2 CH 2 may be solved as two sets of two equivalent 
coupled harmonic oscillators with a bridging harmonic oscillator by developing the 
15 Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] wherein the 
spring constants are derived from the central forces as given in the Vibration of Hydrogen- 
Type Molecular Ions section and the Vibration of Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF THE C = C -BOND MO OF 
20 ETHYLENE 

The equations of the radiation reaction force of the C = C -bond MO are given by Eq. 
(13.142) 5 except the force-constant factor is (0.93172)0.5 based on the force constant k' of 
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Eq. (14.248), and the C = C -bond MO parameters are used. The angular frequency of the 
reentrant oscillation in the transition state is 



0.91771 



3 



co = * o — = 4<30 680X 10 16 rod Is 



m. 



(14.325) 



where b is given by Eq. (14.258). The kinetic energy, E K , is given by Planck's equation (Eq. 
5 (11.127)): 

E K = heo = h4.3068QX 10 16 rad I s = 28.34813 eV (14.326) 
In Eq. (11.181), substitution of E T (C = C)/2 (Eq. (14.324)) for , the mass of the electron, 
m e , for M , and the kinetic energy given by Eq. (14.326) for E K gives the Doppler energy of 
the electrons of each of the two bonds for the reentrant orbit: 



10 



= \2E K Tr lie (28.3481 3 eV) 
D = *yMt? = - 76916 eV J m c i 1 = -0.34517 eV (14.327) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the C = C - 
bond MO due to the reentrant orbit of the bond in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the 
15 corresponding energies, E D given by Eq. (14.327) and E Kvjb , the average kinetic energy of 
vibration which is 1/2 of the vibrational energy of the C = C bond. Using the experimental 
C = C E vii (u 3 ) of 1443.5 cm' 1 (0.17897 eV) [12] for E mb of the transition state having 
two bonds, E' osc (C = C, <x) per bond is 



E < osc (C = C,<r) = E D+ E Kvib = E D /-^ (14.328) 



25 



E 'osc (C = C,cr) = -0.34517 eV + ^(0.17897 eV) = -0.25568 eV (14.329) 

Given that the vibration and reentrant oscillation is for two C-C bonds of the C = C double 
bond, E ethylem osc (C = C, cr) , is: 

Kwene osc (C = C,o-) = 2 E D = 2^-0.34517 + i (0.1 7897 eV)j = -0.51 136 eV 

(14.330) 
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TOTAL ENERGIES OF THE C = C -BOND MO OF ETHYLENE 

E T+osc (C = C), the total energy of the C-C -bond MO including the Doppler term, is given 

by the sum of E T (C = C) (Eq. (14.324)) and E elhylsne osc (C = C, a) given by Eq. (14.330): 

Et+osc (C = C) = V e +T + V m +V p +2E T (c = C, 2sp 3 ) + E ethylene osc (C = C,cr) 

= E T (C = C, a) + 2E T (C = C, 2sp 3 ) + E ellvlene osc (C = C, <r) (14.33 1) 

= E T (C = C)+E ethylene osc (C = C,cr) 



E T+osc ( C = C ) = 



-2e 2 



(0.91771)1 2--™^ 



In --1 

a-c 



+ 2E T [C = C,2sp 3 ) 



2k 



(0.91771)- 



2 Ansy 



mc 



+ 2 



-K- 

v 2 



(14.332) 



= -65.53833 eV -2 0.34517 eV --h\- 
l 2 V^y 



From Eqs. (14.330-14.332), the total energy of the C = C -bond MO is 

E T+0SC (C = C) = -63.27074 eV + 2E T (c = C, 2sp 3 ) + E ethylme osc (C = C, <r) 

= -63.27074 eF + 2(-l. 13380 eF)- 2^0.345 17 eK-|(0.17897 eV) 



= -66.04969 eV 



(14.333) 



where the experimental E vib was used for the ^ j~ term - 



10 

BOND ENERGY OF THE C = C BOND OF ETHYLENE 

The dissociation energy of the C = C bond of CH 2 CH 2 , E D (H 2 C = C# 2 ) , is given by four 
times E{C,2sp 3 ) (Eq. (14.146)), the initial energy of each C2sp 3 HO of each CH 2 radical 
that forms the double C = C bond, minus the sum of AE T+osc ( n CH 2 ) (Eq. (14.318)), the 
1 5 energy change going from the dihydrogen carbide radicals to the CH 2 groups of ethylene, and 
E T+osc (C = C) (Eq. (14.333)). Thus, the dissociation energy of the C = C bond of CH 2 CH 2 , 
is 
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E D (H 2 C = CH 2 ) = 4{E{casp* ))-{hE T ^ c ( l2 CH 2 ) + E T , osc (C = C)) 

= 4(-14.634$9eV)-(-^.04667 eV -66.04969 eV) (14.334) 
= 4(-14.63489eF)- (-66.09636 eK) 
-7.55681 eV 

The experimental dissociation energy of the C = C bond of CH 2 CH 2 is [7] 

E D (H 2 C - CH 2 ) = 7.5969 eV (14.335) 
The results of the determination of bond parameters of CH 2 CH 2 are given in Table 
5 14.1. The calculated results are based on first principles and given in closed-form, exact 
equations containing fundamental constants only. The agreement between the experimental 
and calculated results is excellent. 

ACETYLENE MOLECULE ( CHCH ) 
10 The acetylene molecule CHCH is formed by the reaction of two hydrogen carbide radicals: 
CH +CH ^CHCH (14.336) 
CHCH can be solved using the same principles as those used to solve the methane series 
CH^ WA as well as ethane, wherein the 2s and 2p shells of each C hybridize to form a 

single 2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp 3 
15 hybridized orbitals (HOs) to form a molecular orbital (MO) permits each participating 
hybridized orbital to decrease in radius and energy. First, two sets of one H atomic orbital 
(AO) combine with two sets of one carbon 2sp 3 HO to form two hydrogen carbide groups 
comprising a linear combination of two diatomic H 2 -type MOs developed in the Nature of 
the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section. Then, the two 
20 CH groups bond by forming a H 2 -type MO between the remaining three C2sp 3 HOs on 
each carbon atom. 

FORCE BALANCE OF THE C = C -BOND MO OF ACETYLENE 

CHCH comprises a chemical bond between two CH radicals wherein each radical 
25 comprises a chemical bond between a carbon and a hydrogen atom. The solution of the 
parameters of CH is given in the Hydrogen Carbide (CH ) section. The C-H bond of CH 
having two spin-paired electrons, one from an initially unpaired electron of the carbon atom 
and the other from the hydrogen atom, comprises the linear combination of 75% H 2 -type 
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ellipsoidal MO and 25% C2$p 3 HO. The proton of the H atom and the nucleus of the C 
atom are along each internuclear axis and serve as the foci. As in the case of H 2 , the C - H - 
bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot 
extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell since it is 
5 energetically unfavorable. Thus, the MO surface comprises a prolate spheroid at the H 
proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the 
other focus. The electron configuration and the energy, E(c,2sp 3 }, of the C2sp 3 shell is 

given by Eqs. (13.422) and (13.428), respectively. The central paramagnetic force due to spin 
of the C-H bond is provided by the spin-pairing force of the CH MO that has the 

10 symmetry of an s orbital that superimposes with the C2$p 3 orbitals such that the 
corresponding angular momenta are unchanged. 

Two CH radicals bond to form CHCH by forming a MO between the two pairs of 
three remaining C2sp 3 -HO electrons of the two carbon atoms. However, in this case, the 
sharing of electrons between two C2sp 3 HOs to form a MO comprising six spin-paired 

15 electrons permits each C2sp 3 HO to decrease in radius and energy. 

As in the case of the C-H bonds, the C = C -bond MO is a prolate-spheroidal-MO 
surface that cannot extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 
shell of each atom. Thus, the MO surface comprises a partial prolate spheroid in between the 
carbon nuclei and is continuous with the C2sp 3 shell at each C atom. The energy of the H 2 - 

20 type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the case of previous 
examples of energy-matched MOs such as those of OH 5 NH , CH , the C = O -bond MO of 
C<9 2 , the C-C-bond MO of CH 3 CH 3 , and the C = C-bond MO of CH 2 CH 2 , the C = C- 
bond MO of acetylene must comprise 75% of a H 2 -type ellipsoidal MO in order to match 
potential, kinetic, and orbital energy relationships. Thus, the C = C -bond MO must comprise 

25 a linear combination of three MOs wherein each comprises two C2sp 3 UOs and 75% of a 
H 2 -type ellipsoidal MO divided between the C2sp 3 HOs: 



3 (2C2sp 3 + 0.75 H 2 MO) -> C = C - bond MO 



(14.337) 
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The linear combination of each # 2 -type ellipsoidal MO with each C2sp 3 HO further 
comprises an excess 25% charge-density contribution from each C2sp 3 HO to the C a Q - 
bond MO to achieve an energy minimum. The force balance of the C = C -bond MO is 
determined by the boundary conditions that arise from the linear combination of orbitals 
5 according to Eq. (14.337) and the energy matching condition between the C2sp 3 -HO 
components of the MO. 

Similarly, the energies of each CH MO involve each C2sp 3 and each His electron 
with the formation of each C-H bond. The sum of the energies of the # 2 -type ellipsoidal 
MOs is matched to that of the C2sp 3 shell. This energy is determined by the considering the 

10 effect of the donation of 25% electron density from the three pairs of C2sp 3 HOs to the 
C = C-bond MO with the formation of the C^^sp 3 HOs each having a smaller radius. 
The 2sp 3 hybridized orbital arrangement is given by Eq. (14.140). The sum E T (c,2sp 3 )of 
calculated energies of C, C\ C 2+ ,and C 3+ is given by Eq. (14.141). The radius r w of the 
C2sp 3 shell is given by Eq. (14.142). The Coulombic energy E Coulomb (C,2sp 3 ) and the 

15 energy E[c,2sp 3 ) of the outer electron of the C2sp 3 shell are given by Eqs. (14.143) and 
(14.1 46), respectively. 

Next, consider the formation of the C = C -bond MO of acetylene from two CH 
radicals, each having a C2sp 3 electron with an energy given by Eq. (14.146). The total energy 
of the state is given by the sum over the four electrons. The sum E T (C acetylene ,2sp 3 }of 

20 calculated energies of C2sp 3 , C + , C 2+ , and C 3+ from Eqs. (10.123), (10.113-10.114), 
(10.68), and (10.48), respectively, is 

E T {C acetylene ,2sp 3 ) = -(64.3921 eF + 48.3125 eF + 24.2762 eV + E(c,2sp 3 )) 

= -(64.3921 eF + 48.3125 eF + 24.2762 eF + 14.63489 eV) 
= -151.61569 eV 

(14.338) 

where E(C,2sp 3 ) (Eq. (14.146)) is the sum of the energy of C, -11.27671 eV , and the 
25 hybridization energy. The orbital-angular-momentum interactions also cancel such that the 
energy of the E T (C acetylene ,2sp 3 ) is purely Coulombic. 
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The sharing of electrons between three pairs of C2sp 3 HOs to form a C = C -bond 
MO permits each participating hybridized orbital to decrease in radius and energy. In order to 
further satisfy the potential, kinetic, and orbital energy relationships, each participating 
C2sp 2 HO donates an excess of 25% of its electron density to the C = C -bond MO to form 
5 an energy minimum. By considering this electron redistribution in the acetylene molecule as 
well as the fact that the central field decreases by an integer for each successive electron of 
the shell, the radius r acetylene2sp 3 of the C2sp 3 shell of acetylene may be calculated from the 

Coulombic energy using Eq. (1 0.102): 

e 2 



acetylenelsp* J (^1 5 1.61 569 eV) 

y ' ZD * (14.339) 



8*s 0 (el 51.61 569 eV) 



= 0.83008a 0 

10 where Z = 6 for carbon. Using Eqs. (10.102) and (14.339), the Coulombic energy 
E couiomb(Pacet y ie»e> 2s P 3 ) of the outer electron of the C2sp 3 shell is 

2 2 

E r , AC „, ,2sp 3 ) = — = — = -16.39089 eV (14.340) 

Coulomb \^ acetylene ? Jr J 0 an oonno ^ ^ ^ w V / 

v y J STts.r , „ 3 8^ n 0.83008a 0 

u acetylemlsp 5 0 0 

During hybridization, one of the spin-paired 2s electrons is promoted to C2sp 3 shell as an 
unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
15 (13.152). Using Eqs. (14.145) and (14.340), the energy E(C aceiy ; ene ,2sp 3 ) of the outer 

electron of the C2sp 3 shell is 

E(C ace¥ene ,2sp*) = - — +^^ = -16.39089 + 0.19086 eF = -16.20002 e F 

(14.341) 

20 Thus, E T (C = C,2sp 3 }, the energy change of each C2sp 3 shell with the formation of the 
C = C -bond MO is given by the difference between Eq. (14.146) and Eq. (14.341): 
E T ( C - C, 2sp 3 ) = E (C acetylene , 2sp 3 )-E(C, 2sp 3 ) 

= -16.20002 eV -(-14.63489 eV) (14.342) 
= -1.56513 eV 
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As in the case of C7 2 , each H 2 -type ellipsoidal MO comprises 75% of the C s C -bond MO 
shared between two C2sp 3 HOs corresponding to the electron charge density in Eq. (11.65) 
0 75s 

of — — . But, the additional 25% charge-density contribution to each bond of the C s C - 

Q 

bond MO causes the electron charge density in Eq. (1 1 .65) to be is given by — = -0.5e . The 

5 corresponding force constant k ' to determine the ellipsoidal parameter c ' in terms of the 
central force of the foci (Eq. (11.65)) is given by Eq. (14.152). The distance from the origin 
to each focus c 1 is given by Eq. (14.153). The internuclear distance is given by Eq. (14.154). 
The length of the semiminor axis of the prolate spheroidal C s C -bond MO h = c is given by 
Eq. (13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis 
10 a then allows for the solution of the other axes of each prolate spheroid and eccentricity of 
the C s C -bond MO. From the energy equation and the relationship between the axes, the 
dimensions of the C^C -bond MO are solved. 

The general equations for the energy components of V e , V p9 T 9 V m , and E T of the 

C = C -bond MO are the same as those of the CH MO except that energy of the C acetylene 2sp 3 
15 HO is used and the triple-bond nature is considered. In the case of a single bond, the prolate 
spheroidal H 2 -type MO transitions to the C acetylene 2sp 3 HO of each carbon, and the energy of 

the C acetyhne 2sp 3 shell must remain constant and equal to the E(C acetylene9 2sp 3 } given by Eq. 
(14.391). Thus, the energy E[C acetyletieP 2sp 3 ) in Eq. (14.391) adds to that of the energies of 
the corresponding l^-type ellipsoidal MO. The second and third bonds of the triple C - C - 
20 bond MO also transition to each C acetylene 2sp 3 HO of each C . The energy of a second and a 
third H 2 -type ellipsoidal MO adds to the first energy component, and the three bonds achieve 
an energy minimum as a linear combination of the three if 2 -type ellipsoidal MOs each 
having the carbon nuclei as the foci. Each C-C -bond MO comprises the same C aceiy{em 2$p 3 
HO shells of constant energy given by Eq. (14.391). As in the case of the water, NH 29 

25 ammonia, and ethylene molecules given by Eqs. (13.180), (13.320), (13.372), and (14.251), 
respectively, the energy of the redundant shell is subtracted from the total energy of the linear 
combination of the a MO. Thus, the total energy E T (C ^ C,a) of the a component of the 
C ss C -bond MO is given by the sum of the energies of the three bonds each comprising the 
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linear combination of the C acetylem 2sp 3 HO and the H 2 -type ellipsoidal MO as given by Eq. 
(14.337) wherein the E T terms add positively and the E{C acetylene ,2sp^ term is positive due 
to the sum over a negative and two positive terms. Using Eqs. (13.431) and (14.341), 
E T (C s C, cr) is given by 

E T (C ^ C 9 cr) = E T +E(C acetylefw asp 2 y 



3e 2 



%7t£ 0 C X 



3e 2 



(0.9177l)f2-l-^V— - 1 
v \ 2 a J a-c' 

0).9177l)f2-I^V— - 1 
. \ 2 a J a-c' 



-E(C acelylene ,2sp 3 ) 
+ 16.20002 eV 



(14.343) 

The total energy term of the double C = C -bond MO is given by the sum of the three H 2 - 
type ellipsoidal MOs given by Eq. (11.212). To match this boundary condition, 
E T (C 3 C, cr) given by Eq. (14.343) is set equal to three times Eq. (13.75): 



10 E T (C = C,cr) = - 



3e 2 



(0.91771) 



2-- 



1 a n 



2 a 



In 



a+c' 
a — c' 



+16.20002 eV = -94.90610 eV 



(14.344) 

From the energy relationship given by Eq. (14.344) and the relationship between the axes 
given by Eqs. (14.153-14.154) and (13.62-13.63), the dimensions of the C = C -bond MO can 
be solved. 

15 Substitution of Eq. (14.153) into Eq. (14.344) gives 

3e 2 



8ft£ 0 «Jaa Q 



H 2 w 



aa n 



aa n 



— I 



= elll. 10613 



(14.345) 



The most convenient way to solve Eq. (14.345) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

a = 1.28714a 0 =6.81 122 X 10"" m (14.346) 
20 Substitution of Eq. (14.346) into Eq. (14.153) gives 



c' = 1.1 3452a 0 =6.00362 X 10~ n m 



The internuclear distance given by multiplying Eq. (14.347) by two is 

2c' = 2.26904a 0 = 1 .20072 X 10" 10 m 
The experimental bond distance is [3] 



25 



2c' = 1.203 X 10 



-10 



m 



(14.347) 
(14.348) 
(14.349) 
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Substitution of Eqs. (14.346-14.347) into Eq. (13.62) gives 

b = c = 0.60793a 0 =3.21704 X 10 _n m (14.350) 

Substitution of Eqs. (14.346-14.347) into Eq. (13.63) gives 

e = 0.88143 (14.351) 
5 The nucleus of the C atoms comprise the foci of the H 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the if 2 -type ellipsoidal MO and the C acetylene 2sp' 
HO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle 0' is 
given by Eq. (13.261) where r n = r acetylem2sp , =0.83008« 0 is the radius of the C acetylene 2sp 3 

shell. Substitution of Eqs. (14.346-14.347) into Eq. (13.261) gives 
10 0' = 137.91° (14.352) 

Then, the angle 6> , , n the radial vector of the C2sp 3 HO makes with the internuclear 

C=C ace iyl ene 2sp HO 

axis is 

0 n o . =180° -137.91° -42.09° (14.353) 
as shown in Figure 43. 

15 

Consider the right-hand intersection point. The distance from the point of intersection of the 
orbitals to the internuclear axis must be the same for both component orbitals. Thus, the 
angle cot = 0 n ~ „ ,, n between the internuclear axis and the point of intersection of the 

ff 2 -type ellipsoidal MO with each C acetylem 2sp 3 radial vector obeys the following 
20 relationship: 

r 3 sin<9 3 = 0.83008a 0 sin6> ,3^=6sin6L c ^ 0 (14.354) 

such that 

0,83008a n sin 6? _ . 3 „_ o R^CiORn <?in42 09° 

0c c hmo= sin" 1 - c * c ^ 2spHO = sin- 1 0.83008ab 8m42.1» 35 

with the use of Eq. (14.353). Substitution of Eq. (14.350) into Eq. (14.355) gives 
25 0 C - C HMO = 66.24° (14.356) 

Then, the distance d r _ r H Mn along the internuclear axis from the origin of H 2 -type 

° —^acetylene 2 mL/ 

ellipsoidal MO to the point of intersection of the orbitals is given by 

d^c^wo =*c°s0 CbCW _„ 2A , o (14.357) 
Substitution of Eqs. (14.346) and (14.356) into Eq. (14.357) gives 
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d c^ me , Hl Mo =0.51853fl 0 =2.74396X 10" 11 m (14.358) 
The distance <sL „ „ . along the internuclear axis from the origin of the C atom to the 

CBC„„ v , ln .2sp HO ° 

point of intersection of the orbitals is given by 

d . =c'-d nr uun (14.359) 

5 Substitution of Eqs. (14.347) and (14.358) into Eq. (14.359) gives 

d„ n , 3„ n =0.61599a 0 = 3.25966 X 10 -11 m (14.360) 



FORCE BALANCE OF THE CH MOs OF ACETYLENE 

The C-H bond of each of the two equivalent CH MOs must comprise 75% of a H 2 -type 
10 ellipsoidal MO and a C2sp 3 HO as given by Eq. (13.429): 

1 C2sp 3 + 0.75 H 2 MO -> CH MO (14.361) 

The force balance of the CH MO is determined by the boundary conditions that arise from 
15 the linear combination of orbitals according to Eq. (13.429) and the energy matching 
condition between the hydrogen and C2$p 3 HO components of the MO. 

The force constant k x to determine the ellipsoidal parameter c f of the each H 2 -type- 
ellipsoidal-MO component of the CH MO in terms of the central force of the foci is given by 
Eq. (13.59). The distance from the origin of each C -H -bond MO to each focus c f is given 
20 by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 
the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. From the energy equation and the relationship between the axes, the dimensions of the 
25 CH MO are solved. 

Consider the formation of the triple C = C -bond MO of acetylene from two CH 
radicals, each having a C2sp 3 shell with an energy given by Eq. (14.146). The energy 
components of V e 9 V p , T , V m , and E T are the same as those of the hydrogen carbide radical, 

except that two times E T (c = C,2sp 3 ) is subtracted from E T (CH) of Eq. (13.495). The 

30 subtraction of the energy change of the C2sp 3 shells with the formation of the CsC -bond 
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MO matches the energy of the C -H -bond MOs to the decrease in the energy of the C2$p 3 
HOs. Using Eqs. (13.495) and (14.342), E r (CH) is given by 

J acetylene V ' 

*W ( C// ) = E t+E(C 2sp> ) - 2E T (C m C, 2sp 3 ) 

f __£l_ [ (0 .9177l)f 

Sne 0 c' [_ \ 2 a J a-c y 

^-14.63489 eV- (-3.13026 eV) 
E T (CH) given by Eq. (14.362) is set equal to the energy of the # 2 -type ellipsoidal MO 

■^acetylene V / 

5 given by Eq. (1 3 .75): 



(14.362) 



En. 



* acetylene 



[CH) = 



%7VB 0 C X 



= -31.63537 eV 



-14.63489 eV-(-3. 13026 eF) 
(14.363) 

From the energy relationship given by Eq. (14.363) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH MO can be solved. 
10 Substitution of Eq. (13.60) into Eq. (14.363) gives 



\2aa R 



(0.91771)( 2 



a + 



2aa n 



a — 



2aa n 



r-1 



:e20. 13074 



(14.364) 



The most convenient way to solve Eq. (14.364) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 1.48719a, =7.86987X 10 



m 



15 Substitution of Eq. (14.365) into Eq. (14.60) gives 
c' = 0.99572« 0 = 5.26913 X 10 _u m 
The internuclear distance given by multiplying Eq. (14.366) by two is 

2c' = 1.99144flo -1.05383 X 10~ 10 m 
The experimental bond distance is [3] 
20 2c' = 1.060 X 10 -10 m 

Substitution of Eqs. (14.365-14.366) into Eq. (14.62) gives 

6 = c = 1.10466a 0 = 5.84561 X 10" 11 m 
Substitution of Eqs. (14.365-14.366) into Eq. (14.63) gives 
e = 0.66953 



(14.365) 
(14.366) 
(14.367) 

(14.368) 
(14.369) 
(14.370) 
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The nucleus of the H atom and the nucleus of the C atom comprise the foci of each 
#2 -type ellipsoidal MO. The parameters of the point of intersection of the H 2 -type 

ellipsoidal MO and the C acetyl(lm 2sp z HO are given by Eqs. (13.84-13.95) and (13.261- 
13.270). The polar intersection angle 9 % is given by Eq. (13.261) where 
5 r n =r m2j ^ =0.83008a 0 is the radius of the C acetylem 2sp 3 shell. Substitution of Eqs, 

(14.365-14.366) into Eq. (13.261) gives 

0'- 90.99° (14.371) 
Then, the angle 0 n TJ _ 3l _ the radial vector of the C2sp 3 HO makes with the internuclear 

C-H acet yt et}e 2sp HO 

axis is 

10 6> 3^=180°-90.99 o = 89.01° (14.372) 

C-ff acetylene 2S P HO 

as shown in Figure 43. The distance from the point of intersection of the orbitals to the 
internuclear axis must be the same for both component orbitals. Thus, the angle 
cot = 6L „ „ K4n between the internuclear axis and the point of intersection of the H ? -type 

acetylene MzMU r z. 

ellipsoidal MO with the C aceiylefie 2$p 3 radial vector obeys the following relationship: 
15 r 3 sin6> 3 = 0.83008a n sin<9 , 3„„=b$in0 r „ H mo( 14 - 373 ) 

acetylenelsp* ° X C-H acetyhm Isp^HO 0 C-H acetyUne 2sp 3 HO C~H acetyhm M 2 MO V / 

such that 

0.83008a n sin<9 „ 0 3wi 0 £1008^ RQ 01° 

Or „ HUO = sin" 1 c ~ H ^ s " HO = sin-i U.8300^ 0 sin^.Ul (14374) 

with the use of Eq. (14.372). Substitution of Eq. (14.369) into Eq. (14.374) gives 

0c-^,wo= 48.71° (14.375) 
20 Then, the distance d c _ Hac ^^ HiM0 along the internuclear axis from the origin of H 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 

d C-H ace(ykm M 2 MO = ° COS 0 C^H acety}etiet HiMO (14.376) 

Substitution of Eqs. (14.365) and (14.375) into Eq. (14.376) gives 

dc-x^Mjio = 0.98145a 0 = 5.19359 X 10" 11 m (14.377) 
25 The distance u „ 3uvn along the internuclear axis from the origin of the C atom to the 

C ~ H acetylene 2s P HO 



point of intersection of the orbitals is given by 
Substitution of Eqs. (14.366) and (14.377) into Eq. (14.378) gives 



d 3 = c } -d r „ MMn (14.378) 
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tc-R^WBo = 0-01427a 0 = 7.55329 X 10" 13 m (14.379) 
With the C = C double bond along one axis, the minimum energy is obtained with the 
C-#-bond MO at a maximum separation. Thus, the bond angle 0 CsC _ H between the 
internuclear axis of the C s C bond and the H atom of the CH groups is 
5 £>c*c-h =180° (14.380) 

The experimental angle between the C = C-H bonds is [6] 

6 CsC _ H =180° (14.381) 
The CHCH MO shown in Figure 44 was rendered using these parameters. 

The charge-density in the C = C -bond MO is increased by a factor of 0.25 per bond 

10 with the formation of the C acetylene 2sp 3 HOs each having a smaller radius. Using the orbital 
composition of the CH groups (Eq. (14.361)) and the C = C -bond MO (Eq. (14.337), the 
radii of Cls = 0.171 13a 0 (Eq. (10.51)) and C acelylene 2sp 3 = 0.83008« 0 (Eq. (14.339)) shells, 
and the parameters of the C = C -bond (Eqs. (13.3-13.4), (14.346-14.348), and (14.350- 
14.360)), the parameters of the C-i^-bond MOs (Eqs. (13.3-13.4), (14.365-14.367), and 

15 (14.369-14.379)), and the bond-angle parameter (Eqs. (14.380-14.381)), the charge-density of 
the CHCH MO comprising the linear combination of two C-H -bond MOs and a C = C- 
bond MO bridging the two CH groups is shown in Figure 44. Each C- H -bond MO 
comprises a H 2 -type ellipsoidal MO and a C acelylene 2sp 3 HO having the dimensional diagram 
shown in Figure 43. The C = C -bond MO comprises a H 2 -type ellipsoidal MO bridging two 

20 C acetyie n e2 s P 3 HOs having the dimensional diagram also shown in Figure 43. 

ENERGIES OF THE CH GROUPS 

The energies of each CH group of acetylene are given by the substitution of the 
semiprincipal axes (Eqs. (14.365-14.366) and (14.369)) into the energy equations of hydrogen 
25 carbide (Eqs. (13.510-13.514)), with the exception that two times E r (CsC,2sp 3 ) (Eq. 
(14.342)) is subtracted from E T {CH) in Eq. (13.514): 

V e =(0.91771) ~ 2 e [ ln^(4^ = -40-62396 eV (14.382) 

Strega 2 -b 2 a-yja -b 2 

V p = f , = 13.66428 eV (14.383) 
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h 2 



T = (0.91771) " ln- + ^ q2 h ' = 13.65796 

V '2m e ayja 2 -b 2 a-4a 2 -b 2 



V m =(0.91771) 



-ft 



4m e a^Ja 2 -b 2 a-~Ja 2 -b 



^ g + V a 2 Z> 2 = = _ 6 _ 82898 eF 



(14.384) 
(14.385) 



£ r (CH) = 

1 acetylene \ ' 



8^s 0 c' 



(0.91771) 



f 2 _l3.V^-i 



V 2 <z J a — c 
-14.63489 eF-(-3.13026 eV) 



= -31.63532 eV 



(14.386) 

5 where E r (CH) is given by Eq. (14.362) which is reiteratively matched to Eq. (13/75) 

1 acetylene \ ' 

within five-significant-figure round off error. 
VIBRATION OF THE n CH GROUPS 

The vibrational energy levels of CH in acetylene may be solved using the methods given in 
10 the Vibration and Rotation of CH section. 



THE DOPPLER ENERGY TERMS OF THE 12 CH GROUPS 
The equations of the radiation reaction force of the CH groups in acetylene are the same as 
those of the hydrogen carbide radical with the substitution of the CH -group parameters. 
1 5 Using Eq. (13.477), the angular frequency of the reentrant oscillation in the transition state is 



CO 



0.75e 2 



^^1= 3.08370 X 10 16 radls 



(14.387) 



where b is given by Eq. (14.369). The kinetic energy, E K , is given by Planck's equation (Eq. 
(11.127)): 

E K =hw = h3 ,08370 X 10 16 rad /* = 20.29747 eV (14.388) 
20 In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each H 2 -type MO, for E hv , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (14.388) for E K gives the Doppler energy of the electrons for the 
reentrant orbit: 



2E 



4 = -31.63537 eV. 



he (20.29747 eV) 

' mc 2 



= -0.28197 eV 



(14.389) 
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In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
5 energies, E D given by Eq. (14.389) and E Kvib , the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of each C-H bond. Using co e given by Eq. (13.458) for 

,( 12 CH) is 



E Kvtb of the transition state, E acetylem osc , 



J acetylene osc 



(»CH) = E D +E Kvib =E D+ Ult 



10 



E acetylene osc ( U CH) = -0.28197 eV + ±(0.35532 eV) = -0.10430 eV 



TOTAL AND DIFFERENCE ENERGIES OF THE 12 CH GROUPS 



(14.390) 
(14.391) 



E. 



acetyleneT+osc 



( 12 CH) , the total energy of each 12 CH group including the Doppler term, is given 



by the sum of E T ^(CH) (Eq. (14.386)) and E acelylene osc ( l2 CH) given by Eq. (14.391) 

< V e +T + V m +V p +E(C,2sp 3 ) 
-2E r (C = C, 2sp 3 ) + E acetylem osc ( n CH ) 

= E T^ tm ( CH ) + E^tylem osc ( "Cff ) 



^acetyleneT+osc 



{CH) = 



(14.392) 



E. 



'ctcetyleneT+osc 



( 12 CH) = 



15 



f -e 2 

%7VS Q c r 



(a9I7 71)| 2-^)bf5-l 



-14.63489 eF-(-3.13026 eV) 



(31.63536831 eV)\^ 



2n \ 


3 e 2 


4 4xs 0 b 3 




m e c 2 



--n.\- 
2 v 



(14.393) 



f 1 fP 

0.28197 eV--hJ~ 

2 i M 



= -31.63537 eV- 
From Eqs. (14.391-14.393), the total energy of each n CH is 
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E acely!eneT+0SC ( U CH) = -3 1 .63537 eV + E acelylene osc ( »CH ) 

= -31.63537 eF-^0.28197 eV —(035532 eV)j (14.394) 
= -31.73967 eV 

where a> e given by Eq. (13.458) was used for the h — term. 

\>" 

The total energy for each hydrogen carbide radical given by Eq. (13.485) is 
4«« { 12 CH) = -31.63537 eV + E radtcalosc ( 12 Cif ) 

= -31.63537 eF-0.24966 eF + i(0.35532 eF) (14.395) 
= -31.70737 eV 

5 The difference in energy between the CH groups and the hydrogen carbide radical 
^t+oso ( l2cH ) is given by two times the difference between Eqs. (14.394) and (14.395): 

AiW ( n CH) = 2(i^ ener+0 4-^^^ 

= 2(-31.73967 eF-(-31.70737 eV)) (14.396) 
= -0.06460 eV 

SUM OF THE ENERGIES OF THE C^C a MO AND THE HOs OF 
10 ACETYLENE 

The energy components of V e , V p , T , V m , and E T of the C s C -bond MO are the same as 
those of the CH MO except that each term is multiplied by three corresponding to the triple 
bond and the energy term corresponding to the C acety!ene 2sp 3 HOs in the equation for E T is 
positive. The energies of each C = C -bond MO are given by the substitution of the 
15 semiprincipal axes (Eqs. (14.346-14.347) and (14.350)) into three times the energy equations 
of the CH MO (Eqs. (13.449-13.453)), with the exception that E(c,2sp 3 ) inEq. (13.453) is 
positive and given by Eq. (14.341): 

V. = 3(0.91771) ~] e \ 2 hi a + ^fr% = -182.53826 eV (14.397) 

8ns 0 yja 2 -b 2 a-^ja 2 -b 2 



e 2 



V " = 3 * TTrr = 35 -97770 eV (14.398) 

Sns 0 y/a -b 
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T = 3(0.91771) 



h 2 



)n a + J*EE. . = 70.90876 eV 



2m e a4a 2 -b 2 a -4a 2 -b 2 



V m =3(0.91771) 



ln a + ^EEi = -35.45438 eV 



E T [C = C,<r) = - 



3e 2 



8^T£" 0 C ' 



Am e a4a 2 -b 2 a ~yla 2 -b 2 
(0.9177l)f2-I-^.)ln— -1 



(14.399) 
(14.400) 



a — c 



+ 16.20002 eV = -94.90616 eV 



V 2a) 

(14.401) 

5 where E T (C s C,a) is the total energy of the C s C cr MO given by Eq. (14.343) which is 
reiteratively matched to three times Eq. (13.75) within five-significant-figure round off error. 
The total energy of the C = C -bond MO, E T (Cs=C), is given by the sum of two 

times E T [C = C,2jp 3 ) , the energy change of each C2sp 3 shell due to the decrease in radius 

with the formation of the CsC-bond MO (Eq. (14.342)), and E T (C = C,a), the cr MO 
10 contribution given by Eq. (14.344): 

E T (C = C) = 2E T (c = C,2sp 3 ) + E r (C^C,a) 
/ '2(-1.56513 eF) + 

f 2e 2 



%7t£ 0 C ' 



(0.91771) 2-I^Jln^-l 



+ 16.20002 eV 



= 2(-1.56513 eV) + (-94.90610 eV) 
= -98.03637 eV 



(14.402) 



VIBRATION OF ACETYLENE 
15 The vibrational energy levels of CHCH may be solved as two equivalent coupled harmonic 
oscillators with a bridging harmonic oscillator by developing the Lagrangian, the differential 
equation of motion, and the eigenvalue solutions [9] wherein the spring constants are derived 
from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section 
and the Vibration of Hydrogen-Type Molecules section. 



20 
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THE DOPPLER ENERGY TERMS OF THE C = C -BOND MO OF 
ACETYLENE 

The equations of the radiation reaction force of the C = C -bond MO are given by Eq. 

(14.231), except that the C = C -bond MO parameters are used. The angular frequency of the 
5 reentrant oscillation in the transition state is 



co — 



O.Se 2 



m ° = 2.00186 X 10 16 radls (14.403) 

where a is given by Eq. (14.346). The kinetic energy, E K , is given by Planck's equation (Eq. 
(11.127)): 

E K =ho> = hl.OO 186 X 10 16 radls = 13.17659 eV (14.404) 
10 In Eq. (11.181), substitution of E T (C = C)/3 (Eq. (14.402)) for E lrv , the mass of the electron, 
m e , for M , and the kinetic energy given by Eq. (14.404) for E K gives the Doppler energy of 
the electrons of each of the three bonds for the reentrant orbit: 



D " "Hl^ = ~ 32,67879 eV i m c 2 = -°- 234 68 eV (14.405) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
15 transition state at their corresponding frequency. The decrease in the energy of the C = C- 
bond MO due to the reentrant orbit of the bond in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the 
corresponding energies, E D given by Eq. (14.405) and E Kvjb , the average kinetic energy of 
vibration which is 1/2 of the vibrational energy of the C = C bond. Using the experimental 
20 CsC E vib (v 3 ) of 3374 cm" 1 (0.41833 eV) [6] for E Kvlb of the transition state having three 
bonds, E' osc (C = C,cr) per bond is 



E < osc (C = C,cr) = E D + E Kvlb = E D +±h£ 



(14.406) 



E ' osc (C = C,o-) = -0.23468 eF + |(0.41833 eF) = -0.02551 eV (14.407) 

Given that the vibration and reentrant oscillation is for three C-C bonds of the C = C triple 
25 bond, E acetylem osc (C m C, cr) , is: 
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-'acetylene osc 



(C^C,cr) = 3 



2 V// 
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0.23468 eK + |(0.41833 eV)j 



= 3 

= -0.07654 eV 



(14.408) 



TOTAL ENERGIES OF THE C = C -BOND MO OF ACETYLENE 
e t + osc (C = C) , the total energy of the C m C -bond MO including the Doppler term, is given 
5 by the sum of E T (C = C) (Eq. (14.402)) and E acetyhne osc (C = C, a) given by Eq. (14.408): 

\+T + V m+ V p -E(C acelylene ,2 S p 3 ) 
[+2E T (CmC, 2sp 3 ) + E acetylene osc (C - C, cr) J 

= E T (C^C,cr) + 2E T (c = C,2sp 3 ) + E acetylene osc (C = C, cr) (14.409) 
= E T (C = C) + E acelylene osc (C ^ C, cr) 



E, 



'T+osc 



(c-c) = 



u T+osc 



(c-c) = 



-3e 2 
8kg 0 c' 



(0.91771)( 2-l-^V^±^-l 



-^(C a ^ /e „ e5 2^ 3 ) + 2^ (C = C,2sp 3 ) 



1 + 



v 



2^ 



1 



2 4;r£: a 3 



«2, 



+ 3 



(14.410) 



= -98.03637 eV-3 0.23468 eV--h — 
I 2 V/i 



From Eqs. (14.408-14.410), the total energy of the C = C -bond MO is 
Et+ osc (C - C) = -94.90610 c F + 2^ (C = C,2^ 3 ) + f ace<y/e „ e oro (C = C,<r) 

= -94.906 1 0 e V + 2 (-1 .565 1 3 eF) - 3 (^0.23468 - i (0.41 833 e K ) J 



10 



= -98.11291 



(14.411) 



where the experimental E vib was used for the ft — term. 
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BOND ENERGY OF THE C^C BOND OF ACETYLENE 

As in the case of l2 CH 2 and 14 NH 9 the dissociation of the C = C bond forms three unpaired 

electrons per central atom wherein the magnetic moments cannot all cancel. The energy per 
atom E(magnetic) is given by Eq. (13.524). Thus, the dissociation energy of the C = C 

5 bond of CHCH , E D (HC = CH) , is given by six times E(c,2sp 3 ) (Eq. (14.146)), the initial 
energy of each C2sp 3 HO of each CH radical that forms the triple C s C bond, minus the 
sum of AE T+ese { 12 CH) (Eq. (14.396)), the energy change going from the hydrogen carbide 
radicals to the CH groups of acetylene, E T + m (C = C) (Eq. (14.411)), and two times 
E(magnetic) given by Eq. (13.524). Thus, the dissociation energy of the C = C bond of 
10 CHCH, is 

E D (HC ^CH) = 6(E(C,2sp 3 ))- (aE t+osc ( l2 CH) + E T , osc (C « C) + 2E(magnetic)) 

= 6(-14.63489^F)-(-0.06460eK-98.11291 eV + 0.29606 eV) ( UAU ) 
= 6(-14.63489 eF)-(-97.88145 eV) 
= 10.07212 

The experimental dissociation energy of the C s C bond of CHCH is [7] 

E D (HC = C//) = 10.0014 eF (14.413) 
The results of the determination of bond parameters of CHCH are given in Table 
15 14.1. The calculated results are based on first principles and given in closed-form, exact 
equations containing fundamental constants only. The agreement between the experimental 
and calculated results is excellent. 

BENZENE MOLECULE (C 6 if 6 ) 

20 The benzene molecule C 6 H 6 is formed by the reaction of three ethylene molecules: 

3CH 2 CH 2 C 6 H 6 +3H 2 . (14.414) 
C 6 H 6 can be solved using the same principles as those used to solve ethylene wherein the 2s 
and 2p shells of each C hybridize to form a single 2sp 3 shell as an energy minimum, and 
the sharing of electrons between two C2sp 3 hybridized orbitals (HOs) to form a molecular 

25 orbital (MO) permits each participating hybridized orbital to decrease in radius and energy. 
Each 2sp 3 HO of each carbon atom initially has four unpaired electrons. Thus, the 6 H 
atomic orbitals (AOs) of benzene contribute six electrons and the six sp 3 -hybridized carbon 
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atoms contribute twenty-four electrons to form six C — H bonds and six C = C bonds. Each 
C -H bond has two paired electrons with one donated from the H AO and the other from 
the C2sp 3 HO, Each C = C bond comprises a linear combination of a factor of 0.75 of four 
paired electrons (three electrons) from two sets of two C2sp 3 HOs of the participating carbon 
5 atoms. Each C - H and each C = C bond comprises a linear combination of one and two 
diatomic H 2 -type MOs developed in the Nature of the Chemical Bond of Hydrogen-Type 
Molecules and Molecular Ions section, respectively. 

FORCE BALANCE OF THE C = C -BOND MO OF BENZENE 
10 C 6 H 6 can be considered a linear combination of three ethylene molecules wherein a 

C-H bond of each CH 2 group of H 2 C ~ CH 2 is replaced by a C = C bond to form a six- 
member ring of carbon atoms. The solution of the ethylene molecule is given in the Ethylene 
Molecule (CH 2 CH 2 ) section. Before forming ethylene groups, the 2sp 3 hybridized orbital 

arrangement of each carbon atom is given by Eq. (14.140). The sum E T (c, 2sp 3 ) of 
15 calculated energies of C, C + , C 2+ , and C 3+ is given by Eq. (14.141). The radius r 2spZ of the 
C2sp 3 shell is given by Eq. (14.142). The Coulombic energy E Cmilomb (C,2sp 3 ) and the 
energy E(C,2sp 3 ) of the outer electron of the C2sp 3 shell are given by Eqs. (14.143) and 
(14.146), respectively. Two CH 2 radicals bond to form CH 2 CH 2 by forming a MO between 
the two pairs of remaining C2sp 3 -RO electrons of the two carbon atoms. However, in this 
20 case, the sharing of electrons between four C2$p 3 HOs to form a MO comprising four spin- 
paired electrons permits each C2sp 3 HO to decrease in radius and energy. The C-C -bond 
MO is a prolate-spheroidal-MO surface that cannot extend into C2sp 3 HO for distances 
shorter than the radius of the C2sp 3 shell of each atom. Thus, the MO surface comprises a 
partial prolate spheroid in between the carbon nuclei and is continuous with the C2sp 3 shell 
25 at each C atom. The energy of the H 2 -type ellipsoidal MO is matched to that of each C2sp 3 
shell. As in the case of previous examples of energy-matched MOs such as those of OH , 
NH, CH, the C = <9 -bond MO of C0 2? andthe C-C-bondMOof CH 3 CH 3 ,1he C = C- 
bond MO of ethylene must comprise 75% of a H 2 -type ellipsoidal MO in order to match 
potential, kinetic, and orbital energy relationships. Thus, the C = C -bond MO must comprise 
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a linear combination of two MOs wherein each comprises two C2sp 3 HOs and 75% of a H 2 - 
type ellipsoidal MO divided between the C2sp 3 HOs: 

2(2 C2sp 3 +0.75 H 2 .MO)->C = C-bond MO (14.415) 

5 

The linear combination of each 77 2 -type ellipsoidal MO with each C2sp 3 HO further 

comprises an excess 25% charge-density contribution from each C2sp 3 HO to the C = C - 
bond MO to achieve an energy minimum. The force balance of the C = C -bond MO is 
determined by the boundary conditions that arise from the linear combination of orbitals 

10 according to Eq. (14.415) and the energy matching condition between the Clsp 3 -HO 
components of the MO . 

The sharing of electrons between two pairs of C2sp 3 HOs to form a C = C -bond MO 
permits each participating hybridized orbital to decrease in radius and energy. The sum 
E T [C ethylem ,2sp 3 )of calculated energies of C2$p 3 , C + , C 2+ 5 and C 3+ is given by Eq. 

15 (14.243). In order to further satisfy the potential, kinetic, and orbital energy relationships, 
' each participating C2sp 3 HO donates an excess of 25% of its electron density to the C = C - 
bond MO to form an energy minimum. By considering this electron redistribution in the 
ethylene molecule as well as the fact that the central field decreases by an integer for each 
successive electron of the shell, the radius 3 of the C2sp 3 shell of ethylene calculated 

20 from the Coulombic energy is given by Eq. (14.244). The Coulombic energy 
E couiomb ( C ethyiene> 2 $P 3 ) of ^ outer electron of the C2sp 3 shell is given by Eq. (14.245). The 
energy E(C ethylene ,2sp 3> ) of the outer electron of the C2sp 3 shell is given by Eq. (14.246). 
E T (C = C,2sp 3 ) (Eq. (14.247), the energy change of each C2sp 3 shell with the formation of 
the C = C -bond MO is given by the difference between E(C ethylem ,2sp 3 ) and E(C,2sp $ ) . 

25 Consider the case where three sets of C = C -bond MOs form bonds between the two 

carbon atoms of each molecule to form a six-member ring such that the six resulting bonds 
comprise eighteen paired electrons. Each bond comprises a linear combination of two MOs 
wherein each comprises two C2sp 3 HOs and 75% of a H 2 -type ellipsoidal MO divided 

between the C2sp 3 HOs: 
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3 (2 C2sp 3 + 0.75 H 2 MO) 3 (c = c) - ethylene - type - bond MO 

- 6onc/ MO o/ benzene 



(14.416) 



The linear combination of each H 2 -type ellipsoidal MO with each C2sp 3 HO further 
5 comprises an excess 25% charge-density contribution per bond from each C2sp 3 HO to the 
C -C -bond MO to achieve an energy minimum. Thus, the dimensional parameters of each 
bond C = C -bond are determined using the same equations as those used to determine the 
same parameters of the C = C -bond MO of ethylene (Eqs. (14.242-14.268)) while matching 
the boundary conditions of the structure of benzene. The energies of each C ~ C bond of 
10 benzene are also determined using the same equations as those of ethylene with the 
parameters of benzene. The result is that the energies are essentially given as 0.75 times the 
energies of the C = C -bond MO of ethylene (Eqs. (14.251-14.253) and (14319-14.333). 

The derivation of the dimensional parameters of benzene follows the same procedure 
as the determination of those of ethylene. As in the case of ethylene, each # 2 -type 

15 ellipsoidal MO comprises 75% of the C = C -bond MO shared between two C2$p 3 HOs 

0 75^ 

corresponding to the electron charge density in Eq. (11.65) of — - — . But, the additional 
25% charge-density contribution to each bond of the C = C -bond MO causes the electron 
charge density in Eq. (1 1 .65) to be is given by -~ = -0.5e . The corresponding force constant 

k y is given by Eq. (14.152). In addition, the energy matching at all six C2sp 3 HOs further 
20 requires that k' be corrected by a hybridization factor (Eq. (13.430)) as in the case of 
ethylene, expect that the constraint that the bonds connect a six-member ring of C = C bonds 
of benzene rather two C2$p 3 HOs of ethylene decreases the hybridization factor of benzene 
compared to that of ethylene (Eq. (14.248)). 

Since the energy of each H 2 -type ellipsoidal MO is matched to that of all the 

25 continuously connected C bemem 2sp 3 HOs, the hybridization-energy-matching factor is 
0.85252 . Hybridization with 25% electron donation to each C = C -bond gives rise to the 
C benzene 2sp 3 HO-shell Coulombic energy ^ 0W ,( C "^ 2 ^ 3 ) S iven b ^ Eq ' ( 14 - 245 )' The 
corresponding hybridization factor is given by the ratio of 15.95955 eV , the magnitude of 
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EcouiombiCb^ene^P 2 ) gi ven by Eq. (14.245), and 13.605804 eV , the magnitude of the 
Coulombic energy between the electron and proton of H given by Eq. (1.243). The 
hybridization energy factor C bwamC2 ^ igo is 

e 2 e 2 



C , = 8 ™° a ° = 5Sfa = 13.605804 = 

beme„eC2 s p 3 HO g 2 g 2 15.95955 

87r£ o^ e „ 2ene2V 8^ 0 0.85252a 0 

5 Thus, the force constant to determine the ellipsoidal parameter c' in terms of the 

central force of the foci (Eq. (1 1.65)) is given by 

■ t . mC , (2^ = 0.85252^^ (14 .418) 

benzeneC^HO 4^ 4^ 

The distance from the origin to each focus c' is given by substitution of Eq. (14.418) into Eq. 
(13.60). Thus, the distance from the origin of the component of the double C = C -bond MO 
10 to each focus c* is given by 



ft 4*H?p _ / g<*o (14.419) 



^( (0.85252) m e e 2 a \ 0.85252 
The internuclear distance from Eq. (14.419) is 



2c' = 2j aa ° (14.420) 
V 0.85252 

The length of the semiminor axis of the prolate spheroidal C = C -bond MO * = c is given by 
15 Eq. (13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis 
a then allows for the solution of the other axes of each prolate spheroid and eccentricity of 
the C = C -bond MO. From the energy equation and the relationship between the axes, the 
dimensions of the C -C -bond MO are solved. 

The general equations for the energy components of V e 9 V p9 T , V m , and E T of the 

20 C = C -bond MO of benzene are the same as those of the CH 2 CH 2 MO except that energy of 
the C bet1zetie 2sp 3 HO is used and the hybridization factor is given by Eq. (14.417). Using Eqs. 
(14.251) and (14.417), E T (C = C,cr) is given by 

E T (C = C,<r) = E T + E(C^Jw*yE(C b _,2sp 3 ) 



8#£ 0 c ! 
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The total energy term of the double C = C -bond MO is given by the sum of the two H 2 -type 
ellipsoidal MOs given by Eq. (11.212). To match this boundary condition, E T {C = C,a) 
given by Eq. (14.421) is set equal to two times Eq. (13.75): 



E T (C = C,a) = - 



2e 2 



(0.85252)^2-^ 



1 a n \ a+c* 



ln- 



— 1 



a—c' 



= -63.27074 eV 



(14.422) 



5 From the energy relationship given by Eq. (14.422) and the relationship between the axes 
given by Eqs. (14.419-14.420) and (13.62-13.63), the dimensions of the C = C -bond MO can 
be solved. 

Substitution of Eq. (14.419) into Eq. (14.422) gives 



2e 2 



0.85252 



(0.85252)^2 



a + . 



aa n 



0.85252 



a — 



-1 



= e63. 27074 (14.423) 



1 0.85252 

10 The most convenient way to solve Eq. (14.423) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

a = 1.47348a 0 =7.79733 X 10~ u m 
Substitution of Eq. (14.424) into Eq. (14.4129) gives 
c' = 1. 3 1468a 0 =6.95699 X lCT 11 m 
15 The internuclear distance given by multiplying Eq. (14.425) by two is 
2c' = 2.62936a 0 =1.39140 X 10 _1 ° m 
The experimental bond distance is [3] 



2c' = 1.339X 10 



,-io 



m 



(14,424) 
(14.425) 
(14.426) 

(14.427) 
(14.428) 
(14.429) 



Substitution of Eqs. (14.424-14.425) into Eq. (13.62) gives 
20 b = c = 0.66540tf 0 =3.52116 X 10 -11 m 

Substitution of Eqs. (14.424-14.425) into Eq. (13.63) gives 
e = 0.89223 

The nucleus of the C atoms comprise the foci of the #2 -type ellipsoidal MO. The 
parameters of the point of intersection of the # 2 -type ellipsoidal MO and the C benzetie 2sp 3 HO 
25 are given by Eqs. (13.84-13.95) and (13.261-13.270). Each benzene carbon atom contributes 

(0.75)(-1.13380 eF) = -0.85035 eV (Eqs. (14.483) and (14.493)) to each of the two C = C- 
bond MOs and (0.5)(-l. 13380 eV) = -0.56690 eV (Eq. (14.467)) to the corresponding 
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C- H -bond MO, The energy contribution due to the charge donation at each carbon 
superimposes linearly. The radius of ^ benzem2spi =0.79597a 0 is calculated using Eq. (14.518) 

using the total energy donation to each bond with which it is participates in bonding. The 
polar intersection angle 6' is given by Eq. (13.261) where r n - ^ bemem2s ^ =0.79597a 0 is the 

5 radius of the C benzene 2sp 3 shell. Substitution of Eqs. (14.424-14.425) into Eq. (13.261) gives 
0' = 134.24° (14.430) 
Then, the angle 6> , n the radial vector of the C2sp 3 HO makes with the internuclear 

C ~C benzene ^ S P f 

axis is 

9^ n , *«n =180°-134.24° = 45.76° (14.431) 
10 as shown in Figure 45. 

Thus, the n CH 4 bond dissociation energy, E D [ l2 CH 4 ), given by Eqs. (13.154), and (13.614- 

13.616) is 

E D ( 12 CH 4 ) = -(67.95529 eF + 13.59844 eV)-E T „ sc ( 12 CH 4 ) 

= -81.55373 <?F-(-86.04373 eV) (13.617) 
= 4.4900 eV 

The experimental 12 CH 4 bond dissociation energy is [40] 

15 E D ( 12 CH 4 ) = 4.48464 eV (13.618) 

Consider the right-hand intersection point. The distance from the point of intersection of the 
orbitals to the internuclear axis must be the same for both component orbitals. Thus, the 
angle cot = 0 r _ n „ lAn between the internuclear axis and the point of intersection of the H 2 - 

° ^ benzene ' n 2 MU 

type ellipsoidal MO with each C benzem 2sp 3 radial vector obeys the following relationship: 
20 r bm2sp , sin^ =c _ 2 ^ 0 = Q.79597« 0 sin0 c=c _ 2 ^ o = &sin0 c=c _^ o (14.432) 

such that 

Bcc _ =sin - P-™***"^** , sin - 0-79597. sin4S.76° 

with the use of Eq. (14.43 1). Substitution of Eq. (14.428) into Eq. (14.433) gives 

*c=c,_^o= 58 - 98 ° < 14 - 434 > 

25 Then, the distance d c =c ben2ene ,H 2 Mo along the internuclear axis from the origin of H 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 
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d c-c bimcm ^uo = acos0 c~c baane ,h.mo (14.435) 
Substitution of Eqs. (14.424) and (14.434) into Eq. (14.435) gives 

dc=c bm ,H>Mo = 0.75935a 0 = 4.01829 X 10" n m (14.436) 
The distance d„ „ n , along the internuclear axis from the origin of the C atom to the 
5 point of intersection of the orbitals is given by 

^c=c Wm 2Vtfo =c '~^c=c to ,H 2 Mo (14.437) 
Substitution of Eqs. (14.425) and (14.436) into Eq. (14.437) gives 

d c c 2^0 = 0-55533a 0 = 2.93870 X 10" n m (14.438) 



10 FORCE BALANCE OF THE CH MOs OF BENZENE 

Benzene can also be considered as comprising chemical bonds between six CH radicals 
wherein each radical comprises a chemical bond between carbon and hydrogen atoms. The 
solution of the parameters of CH is given in the Hydrogen Carbide (CH) section. Each 
C-H bond of CH having two spin-paired electrons, one from an initially unpaired electron 

15 of the carbon atom and the other from the hydrogen atom, comprises the linear combination 
of 75% # 2 -type ellipsoidal MO and 25% C2$p 3 HO as given by Eq. (13.439): 

1 C2sp 3 + 0.75 H 2 MO -> CH MO (14.439) 



20 The proton of the H atom and the nucleus of the C atom are along each internuclear axis 
and serve as the foci. As in the case of H 2 , the C-H -bond MO is a prolate spheroid with 

the exception that the ellipsoidal MO surface cannot extend into C2sp z HO for distances 

shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each 

MO surface comprises a prolate spheroid at the H proton that is continuous with the C2sp 3 

25 shell at the C atom whose nucleus serves as the other focus. 

The force balance of the CH MO is determined by the boundary conditions that arise from 
the linear combination of orbitals according to Eq. (14.439) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. The force constant 
k x to determine the ellipsoidal parameter c' of the each H 2 -type-ellipsoidal-MO component 

30 of the CH MO in terms of the central force of the foci is given by Eq. (13.59). The distance 
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from the origin of each C- H -bond MO to each focus c' is given by Eq. (13.60). The 
internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the prolate 
spheroidal C~H -bond MO b ~c is given by Eq. (13.62). The eccentricity, e, is given by 
Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other 
5 axes of each prolate spheroid and eccentricity of each C-H -bond MO. From the energy 
equation and the relationship between the axes, the dimensions of the CH MO are solved. 

Consider the formation of the double C = C -bond MOs of benzene wherein ethylene 
formed from two CH 2 radicals, each having a C2$p 3 shell with an energy given by Eq, 
(14.146), serves as a basis element. The energy components of V e9 V p9 T , V m9 and E T are 
10 the same as those of the hydrogen carbide radical, except that E T (C = C,2sp 3 } is subtracted 
from E T (CH) of Eq. (13.495). As in the case of the CH 2 groups of ethylene (Eq. (14.270)), 

the subtraction of the energy change of the C2$p 3 shell per H with the formation of the 
C = C -bond MO matches the energy of each C-H -bond MO to the decrease in the energy 
of the corresponding C2sp 3 HO. Using Eqs. (13.431) and (14.247), E^^ (CH) is given by 

E n^ e [CH) = E T + £(C,2^)-£ r (C = C,2^ 3 ) 



15 



S7rs 0 c 1 



(0 . 91771) i 2-if) ta f±f; 



-l 



(14.440) 



E T 



-14.63489 eV- (-1.13379 eV) 
(CH) given by Eq. (14.440) is set equal to the energy of the H 2 -type ellipsoidal MO 



given by Eq. (13.75): 



Erp 



(CH) = 



8tt£ 0 c ' 



(0.91771)[ 



ln 



a + c' 



-1 



a — c 



= -31.63537 eV 



-14.63489 eV-(-l. 13379 eV) 
(14.441) 

20 From the energy relationship given by Eq. (14.441) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH MO can be solved. 
. Substitution of Eq. (13.60) into Eq. (14.441) gives 



(0.91771)( 2---^|ln 

2 ct 



a + 



2aa n 



a- 



2aa n 



= el8.13427 



(14.442) 
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The most convenient way to solve Eq. (14.442) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 

a = 1.60061a 0 = 8.47006 X 10 _n m (14.443) 
Substitution of Eq. (14.443) into Eq. (14.60) gives 
5 c' = 1.03299a 0 =5.46636 X 10~ u m (14.444) 

The internuclear distance given by multiplying Eq. (14.444) by two is 

2c' = 2.06598a 0 =1.09327 X 10" 10 m (14.445) 
The experimental bond distance is [3] 

2c' = 1.101 X 10" 10 m (14.446) 
10 Substitution of Eqs. (14.443-14.444) into Eq. (14.62) gives 

b = c = 1 .22265a 0 = 6.47000 X 1 0~ u m (14.447) 
Substitution of Eqs. (14.443-14.444) into Eq. (14.63) gives 

e = 0.64537 (14.448) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each 
15 # 2 -type ellipsoidal MO. The parameters of the point of intersection of the H 2 -type 
ellipsoidal MO and the C benzene 2sp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). 
The polar intersection angle 0' is given by Eq. (13.261) where r n = r bemm2j ^ = 0.79597« 0 is 
the radius of the C bemene 2sp 3 shell. Substitution of Eqs. (14.443-14.444) into Eq. (13.261) 
gives 

20 0' = 74.42° (14.449) 

Then, the angle 6 , the radial vector of the C2sp 3 HO makes with the internuclear 

C—H benzene ^- S P ^0 

axis is 

0 3 =180°-74.42° = 105.58° (14.450) 

as shown in Figure 46. 

25 

The distance from the point of intersection of the orbitals to the internuclear axis must be the 
same for both component orbitals. Thus, the angle G>t = 0 c ~H be)i2erje ,H 2 Mo between the 
internuclear axis and the point of intersection of the H 2 -type ellipsoidal MO with the 
C benzene 2sp 3 radial vector obeys the following relationship: 
30 ^c-h^« =0.79597« 0 sin^ taVffO =bsm0 c _ Hb _, HiMO (14.451) 
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such that 

6 - sin" 1 ° J9597a ° Shl0 c-^2^Ho _ . , 0.79597a o s inl05.58° „ A ^ 
t 'c-n lmmm ,H^io ~ Sln = sin °_ (14.452) 

with the use of Eq. (14.450). Substitution of Eq. (14.447) into Eq. (14.452) gives 

6 c-H ioaeM ,H lM o =38.84° (14.453) 

5 Then, the distance d C -ff timmc<fh Mo along the internuclear axis from the origin of # 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 

d c-H bai!im , Hi mo = a cos e c-H bemem ,h 2 mo (1 4.454) 
Substitution of Eqs. (14.443) and (14.453) into Eq. (14.454) gives 

d c-H bm ,H 2 Mo = 1.24678tf 0 = 6.59767 X KT 11 m (14.455) 

10 The distance d c _ H ^ 2spi[io along the internuclear axis from the origin of the C atom to the 
point of intersection of the orbitals is given by 

d C-H bsn!em 2sp 3 HO = d C-H banem ,H 2 MO ~ C ' (1 4.456) 

Substitution of Eqs. (14.444) and (14.455) into Eq. (14.456) gives 

d c-H^^Ho = 0.21379a 0 =1.13131 X 10" 11 m (14.457) 
15 The basis set of benzene, the ethylene molecule, is planar with bond angles of approximately 
120° (Eqs. (14.298-14.302)). To form a closed ring of equivalent planar bonds, the 
C = C bonds of benzene form a planar hexagon. The bond angle 0 C=C=C between the 
internuclear axis of any two adjacent C = C bonds is 

0 C=C=C =12O° (14.458) 
20 The bond angle <9 C=C „„ between the internuclear axis of each C = C bond and the 
corresponding H atom of each CH group is 

0 C =c-h =120° (14.459) 
The experimental angle between the C = C = C bonds is [13-15] 

0 C =c=c= !20° (14.460) 
25 The experimental angle between the C = C-H bonds is [13-15] 

Oc=c-h =120° (14.461) 
The C 6 H 6 MO shown in Figure 47 was rendered using these parameters. 

The charge-density in the C = C -bond MO is increased by a factor of 0.25 per bond 
with the formation of the C benzene 2sp 3 HOs each having a smaller radius. Using the orbital 
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composition of the CH groups (Eq. (14.439)) and the C = C -bond MO (Eq. (14.416), the 
radii of Cls = 0.171 13a 0 (Eq. (10.51)) and C benzene 2sp 3 = 0.79597a 0 (Eq. (14.520)) shells, 
and the parameters of the C = C -bond (Eqs. (13.3-13.4), (14.424-14.426), and (14.428- 
14.438)), the parameters of the C-#-bond MOs (Eqs. (13.3-13.4), (14.443-14.445), and 
5 (14.447-14.457)), and the bond-angle parameters (Eqs. (14.458-14.459)), the charge-density 
of the C 6 H 6 MO comprising the linear combination of six sets of C-H-bond MOs with 

bridging C=C -bond MOs is shown in Figure 47. Each C-H -bond MO comprises a H 2 - 
type ellipsoidal MO and a C benzene 2sp 3 HO having the dimensional diagram shown in Figure 
46. The C = C -bond MO comprises a H 2 -type ellipsoidal MO bridging two sets of two 
10 C benzem 2sp 3 HOs having the dimensional diagram shown in Figure 45. 



ENERGIES OF THE CH GROUPS 

The energies of each CH group of benzene are given by the substitution of the semiprincipal 
axes (Eqs. (14.443-14.444) and (14.447)) into the energy equations of hydrogen carbide (Eqs. 
15 (13.449-13.453)), with the exception that E T (C = C,2sp 3 ) (Eq. (14.247)) is subtracted from 

E T (CH) in Eq. (13.453): 

-2e 2 



V e =(0.91771) 



~ i — — 



r = (0.91771) t= 



&X£ 0 sJa z -b 2 a -4 a 2 -b 
= 13.17125 eV 



ln a + ^ 2 -* 2 =-37.10024 eV 



a + 4a 1 -b 2 
^b 2 ^ a-4a 2 -b 2 



rln 



20 



V m =(0.91771) 



(CH) = 



-h 2 



rln 



a- 



■4a 2 -b 2 



4m. 



a4a 2 —b 2 a — 4a 2 —b 2 



= 11.58941 eV 



-5.79470 eV 



(14.462) 
(14.463) 
(14.464) 
(14.465) 



87TS 0 C ' 



(0.91771) 



r 



1 a. 



2---=a 
V 2 a j 



In 



a + c' 



-1 



a — c 



= -31.63539 eV 



-14.63489 eV -(-1.13379 eV) 
(14.466) 

where £ rtoI „„ e 1S given by Eq. (14.440) which is reiteratively matched to Eq. (13.75) 

within five-significant-figure round off error. 
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The total energy of the C- H -bond MO, E^ (C-H), is given by the sum of 
0.5E T (c = C,2sp 3 ), the energy change of each C2sp 3 shell per single bond due to the 
decrease in radius with the formation of the corresponding C = C -bond MO (Eq. (14.247)), 
and E Tieiamc (CH), the cr MO contribution given by Eq. (14.441): 

(C-H) = (0.5)E T (c = C,2s P 3 ) + E Tb _ (CH) 
'(0.5)(-1.13379eF) + 

[(0.9177l)f 2-I-SOln— -l" 

vv -14.63489 eV-{-\. 13379 eV) 

= (0.5)(-l. 13379 eV) + (-3 1.63537 eF) 
= -32.20226 



/7 



(14.467) 



10 



VIBRATION OF THE 12 CH GROUPS 

The vibrational energy levels of CH in benzene may be solved using the methods given in 
the Vibration and Rotation of CH section. 

THE DOPPLER ENERGY TERMS OF THE l2 CH GROUPS 
The equations of the radiation reaction force of the CH groups in benzene are the same as 
those of the hydrogen carbide radical with the substitution of the CH -group parameters. 
Using Eq. (1 3.477), the angular frequency of the reentrant oscillation in the transition state is 



15 



co = ■ 



0.75e 2 



-f^sE- =2.64826 X 10 16 radls 



(14.468) 



where b is given by Eq. (14.447). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K =ha) = H2.64826 X 10 16 radls = 17.43132 eV (14.469) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
20 energy of each i/ 2 -type MO, for E hv , the mass of the electron, m„ for M , and the kinetic 
energy given by Eq. (14.469) for E K gives the Doppler energy of the electrons for the 
reentrant orbit: 
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E n ~ E, 



2E 



K _ 



= -3 1.63537 eF, 



|2e(l7.43132eF) _ 



= -0.26130 eV 



(14.470) 



Mc \j m e c" 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
5 oscillation of the electrons and nuclei, E osc9 is given by the sum of the corresponding 
energies, E D given by Eq. (14.470) and E Kvib 9 the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of the C-H bond. Using co e given by Eq. (13.458) for E Kvib 



of the transition, E bemem osc ( ll CH) per bond is 



E> 



'benzene osc 



( 12 CH) = E D +E Kvlb =E D +±h^ 



(14.471) 



10 



E b „ 0SC ( U CH) = -0.26130 eV +|(0.35532 eV) = -0.08364 eV (14.472) 



TOTAL AND BOND ENERGIES OF THE n CH GROUPS 



E bemeneT+osc ( lz CH) , the total energy of each U CH group including the Doppler term, is given 



15 



by the sum of E Tbmm [C-H) (Eq. (14.467)) and E bemeneo5c ( n CH) given by Eq. (14.472): 

^{V e +T + V m +V p +E(C,2sp 3 )-E r (C = C,2sp 3 )f 
[ + 0.5E T (C = C, 2sp* ) + E benzem osc ( 12 CH) J (14.473) 

= E r^JC-H) + E bemeneosc (»CH) 



E, 



bertzeneT±osc 



(CH) = 



E, 



benzemT+osc 



( l2 CH) = 



f -e 2 



(0.91771) 



^ 2a) a-c' 



-14.63489 eV-(-l. 13379 eV) 



-0.5(1.13379 eV) 



(31.63536831 eV)^ 



2M 



3 e 2 
' 4 4ne„b 3 



m„ 



m„c 



= -32.20226 eV-\ 0.26130 eV --%.]— 

1 2 i M 



2 i M 



(14.474) 

From Eqs. (14.472-14.474), the total energy of each 12 CH is 



WO 2007/051078 PCT/US2006/042692 

398 

E benzetjeT+0SC ( n CH) = -32.20226 eV + E bemem osc ( l2 CH 2 ) 

r i \ 

0.26130 eF--(0.35532 eV) (14.475) 



= -32.20226 eV- 
= -32.28590 eF 



where given by Eq. (13.458) was used for the /z^j— term. 

As in the case of 12 CH 2 , 14 AW 5 and acetylene, the dissociation of the C = C bonds 
forms three unpaired electrons per central atom wherein the magnetic moments cannot all 
5 cancel. The energy per atom E (magnetic) is given by Eq. (13.524). Thus, the bond 
dissociation energy of each CH group of the linear combination to form benzene, 
E n ( l2 CH\ 5 is given by the sum of the total energies of the C2sp 3 HO and the hydrogen 

^benzene \ J 

atom minus the sum of E bememT+osc ( 12 C//) and E(magnetic) given by Eq. (13.524): 

E o^„ e ( "CH) = E(C, 2sp 3 ) + E(H) -{E bememT+osc ( U CH) + E{magnetic)) (14.476) 
10 E(C,2sp 3 ) is given by Eq. (13.428), E D (H) is given by Eq. (13.154), and E(magnetic) is 
given by Eq. (13.524). Thus, E^ ^CH) given by Eqs. (13.154), (13.428), (13.524), 
(14.475), and (14.476) is 

E Dbt _ ( X2 CH) = -(14.63489 eF + 13.59844 eV)-(E benzeneT+osc (CH) + E {magnetic)) 

= -28.23333 eV - (-32.28590 eV + 0. 14803 eV) (14.477) 
= 3.90454 eV 

15 SUM OF THE ENERGIES OF THE C = C a MO ELEMENT AND THE HOs 
OF BENZENE 

The energy components of V e , V p , T , V m , and E T of the C = C -bond MO of benzene are 
the same as those of the CH 2 CH 2 MO except that the hybridization factor is given by Eq. 
(14.417). The energies of each C = C -bond MO are given by the substitution of the 
20 semiprincipal axes (Eqs. (14.424-14.425) and (14.428)) into energy equations of the 
CH 2 CH 2 MO (Eqs. (14.319-14.323)), with the exception that the hybridization factor is 

0.85252 (Eq. (14.417)): 

V e =2(0.85252) ~ 2 f In ° + ^f = -101.12679 eV (14.478) 

Sns 0 "Ja 2 -b 2 a-^la 2 -b 2 
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P 87t£(,yla 2 -b 2 



= 20.69825 eV 



h 2 



T = 2(0.85252) " \xi ° + ^f ^ - = 34.31559 eV 

V , 2mayla 2 -b 2 a-4a 2 -b 2 



a+^a 2 -b 2 



V. =2(0.85252) * ln£±^ 



= -17.15779 *F 



(14.479) 
(14.480) 
(14.481) 



£ r (C = C,o-) = - 



2e 2 



8?r^ 0 c 1 



(0.85252) 



1 a n 



2---^ In- 



-1 



= -63.27075 (14.482) 



5 where E T (C = C,cr) is the total energy of the C = C cr MO given by Eq. (14.421) which is 
reiteratively matched to two times Eq. (13.75) within five-significant-figvire round off error. 

The total energy of the C = C -bond MO, E T (C = C) , is given by the sum of two 

times E T [C = C,2sp^, the energy change of each C2sp 3 shell due to the decrease in radius 
with the formation of the C = C -bond MO (Eq. (14.247)), and E T (C = C,cr), the cr MO 
10 contribution given by Eq. (14.422): 

E T (C = C) = 2E T (C = C, 2sp 3 ) + E T (C = C, cr) 
/r 2(-1.13380eD + 
C 2e 2 



(0.85252)| 2-Ii^ln^-l 

2 a 



(14.483) 



V I a J a-c 
= 2(-L13380cF) + (-63.27074^F) = -65.53833 eV 



which is the same 2? r (C = C, cr) of ethylene given by Eq. (14.324). 



VIBRATION OF BENZENE 
15 The C = C vibrational energy levels of C 6 H 6 may be solved as six sets of equivalent 

coupled harmonic oscillators where each C is a further coupled to the corresponding C - H 
oscillator by developing the Lagrangian, the differential equation of motion, and the 
eigenvalue solutions [9] wherein the spring constants are derived from the central forces as 
given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
20 Hydrogen-Type Molecules section. 



THE DOPPLER ENERGY TERMS OF THE C = C -BOND MO ELEMENT 
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OF BENZENE 

The equations of the radiation reaction force of the C = C -bond MO of benzene are given by 
Eq. (13.142), except the force-constant factor is (0.85252)0.5 based on the force constant k' 
of Eq. (14.418), and the C = C -bond MO parameters are used. The angular frequency of the 
5 reentrant oscillation in the transition state is 



10.85252- " 



,(0.5)** 



co = ]l 2 — = 4 .97272X 10 16 radls (14.484) 



where b is given by Eq. (14.428). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K =hco = fi4.91T72X 10 16 radls = 32.73133 eV (14.485) 
10 In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each .tf 2 -type MO, for E hv , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (14.485) for E K gives the Doppler energy of the electrons for the 
reentrant orbit: 



^ =^^=-31-63536831 eV^^^^l =-035S06 eV (14.486) 

15 In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of the C = C - 
bond MO due to the reentrant orbit of the bond in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the 
corresponding energies, E D given by Eq. (14.486) and E Kvtb , the average kinetic energy of 

20 vibration which is 1/2 of the vibrational energy of the C = C bond. Using the experimental 
C = C E vib (o 16 ) of 1584.8 cm" 1 (0.19649 eV) [16] for E Kvib of the transition state having 
two bonds, E ' osc (C = C, er) per bond is 

E' osc (C = C,a) = E D + E Kvib = E D +\*^ (14.487) 

E' osc (C = C,<j) = -0.35806 eF + -(0.19649 eV) = -0.25982 eV (14.488) 

2 



WO 2007/051078 



PCT/US2006/042692 



401 



Given that the vibration and reentrant oscillation is for two C - C bonds of each C = C 
double bond, E bemene osc (C = C, <r) , is: 



^ benzene osc — C ,0"^ — 2 



E D +—h 



\ 



2 Vju 



= 2| -0.35806 eF + i(0.19649 eV)j = -0.51963 eV 

(14.489) 



TOTAL ENERGIES OF THE C = C -BOND MO ELEMENT OF BENZENE 
e t+osc ( c = c )> me total energy of the C = C -bond MO of benzene including the Doppler 
term, is given by the sum of E T (C = C) (Eq. (14.483)) and E bemene osc (C = C,cr) given by Eq. 
(14.489): 



Et+os, (C = C) = V e +T + V m +V p +2E T (C = C,2sp 3 ) + E benzem 0SC (C = C,a) 
10 =E T (C = C,cr) + 2E T (C = C,2sp 3 ) + E be „ zene osc (C = C,er) 

= E T (C = C) + E bemene osc (C = C, a) 



(14.490) 



E T+osc (C = C) = 



-2e 2 



(0.85252) 



r 1 a n \. a + c' , 
In 1 



2---^- 
v 2 a j 



a-c' 



+ 2E T (C = C,2sp 3 ) 



(31.63536831 eV)\^ 



(0.85252) 



2h\ 



1 e 2 

2 Axstf 



m„ 



m.c 



-K\- 
2 iju 



= -65.53833 eV-2 0.35806 eV--h — 



(14.491) 



2 ^ 

From Eqs. (14.489-14.491), the total energy of the C = C -bond MO is 

E T+osc (C = C) = -63.27074 eV + 2E T (C = C, 2sp 3 ) + E bemene osc (C = C, cr) 

= -63.27074 eV + 2(-l. 13380 eF)-2^0.35806 eV --^-(0.19649 eV) 



15 



= -66.05796 eV 



where the experimental E lb was used for the hi — term. 



(14.492) 
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TOTAL BOND DISSOCIATION ENERGY OF BENZENE 

Ethylene serves as a basis element for the C = C bonding of benzene wherein each of the six 
C = C bonds of benzene comprises (0.75) (4) = 3 electrons according to Eq. (14,416). The 

3e 

total energy of the bonds of the eighteen electrons of the C = C bonds of benzene, 

5 E r (c 6 H 6 ,C = c), is given by (6) (0.75) times E T+osc (C = C) (Eq. (14.492)), the total 
energy of the C = C -bond MO of benzene including the Doppler term, minus eighteen times 
E(C 9 2sp s ) (Eq. (14.146)), the initial energy of each C2$p 3 HO of each C that forms the 

3e 

double C = C bonds. Thus, the total energy of the six C = C bonds of benzene is 

= (6) (0.75) (-66.05796 eF)-18(-14.63489 eV) (14.493) 
= -297.26081 eV- (-263.42798 eV) 
- -33.83284 eV 

10 Each of the C-H bonds of benzene comprises two electrons according to Eq. (14.439). 
From the energy of each C-H bond, ~E D ( u CH) (Eq. (14.477)), the total energy of the 
twelve electrons of the six C-H bonds of benzene, E T (C 6 H 6 ,C-H), is given by 

E T (C 6 H 6 ,C-H) = (6)(-£ Dt _ ( 12 CH)) = 6(-3.90454 eV) = -23.42724 #F (14.494) 
The total bond dissociation energy of benzene, E D (C 6 H 6 ), is given by the negative sum of 

15 E T [c 6 H 6 ,C = cj (Eq. (14.493)) and E T (C 6 H 6 ,C-H) (Eq. (14.494)): 

Eq (C 6 H 6 ) = -[e t [c 6 H 6 ,C = C} + E T (C 6 H 6 ,C - H)j 

= -((-33.83284 eV) + (-23.42724 eV)) (14.495) 
= 57.2601 eV 

The experimental total bond dissociation energy of benzene, E T (C 6 H 6 ), is given by 
the negative difference between the enthalpy of its formation (AH f (benzene (gas)}) and the 
sum of the enthalpy of the formation of the gaseous carbons (AH f (C(gas))) and hydrogen 
20 (AH f (H(gas))) atoms. The heats of formation are [17-18] 

AH f (benzene(gas)) = 82.9 kJ/mole (0.8592 eV I molecule) (14.496) 
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AH f (C(gas)) = 716.68 kJ I mole (7.42774 eV / molecule) (14.497) 

AH f (H(gas)) = 217.998 kJ I mole (2.259353 eV I molecule) (14.498) 
Thus, the total bond dissociation energy of benzene, E D (C 6 H 6 ), is 

E D (C 6 H 6 )-E T (C 6 H 6 ) = -(AH f (benzene{ga S )y(6AH f (C(gas))^ 

= -(0.8592 eF-6(7.42774 eF + 2.259353 eV)) 
= 57.26 eV 

5 (14.499) 

where E T (C 6 H 6 ) is the total energy of the bonds. The results of the determination of bond 

j 

parameters of C 6 H 6 are given in Table 14.1. The calculated results are based on first 
principles and given in closed-form, exact equations containing fundamental constants only. 
The agreement between the experimental and calculated results is excellent. 

10 

CONTINUOUS-CHAIN ALKANES (C„# 2 „ +2 , n = 3,4,5...*>) 

The continuous chain alkanes, C„H 2n + 2 , are the homologous series comprising terminal 

methyl groups at each end of the chain with n - 2 methylene ( CH 2 ) groups in between: 

CH 3 (CH 2 ) n _ 2 CH 3 (14-500) 

15 C n H 2nJ , 2 can be solved using the same principles as those used to solve ethane and ethylene 
wherein the 2s and 2p shells of each C hybridize to form a single 2sp 3 shell as an energy 
minimum, and the sharing of electrons between two C2sp 3 hybridized orbitals (HOs) to form 
a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius 
and energy. Three H AOs combine with three carbon 2sp 3 HOs and two H AOs combine 

20 with two carbon 2sp 3 HOs to form each methyl and methylene group, respectively, where 
each bond comprises a H 2 -type MO developed in the Nature of the Chemical Bond of 
Hydrogen-Type Molecules and Molecular Ions section. The CH 3 and CH 2 groups bond by 
forming H 2 -type MOs between the remaining C2sp 3 HOs on the carbons such that each 
carbon forms four bonds involving its four C2sp 3 HOs. 

25 
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FORCE BALANCE OF THE c-C -BOND MOs OF CONTINUOUS-CHAIN 
ALKANES 

C n H 2n+2 comprises a chemical bond between two terminal CH 3 radicals and n-2 
CH 2 radicals wherein each methyl and methylene radical comprises three and two chemical 
5 bonds, respectively, between carbon and hydrogen atoms. The solution of the parameters of 
CH 3 is given in the Methyl Radical (CH 3 ) section. The solution of the parameters of CH 2 
is given in the Dihydrogen Carbide Radical ( CH 2 ) section and follows the same procedure. 
Each C-H bond having two spin-paired electrons, one from an initially unpaired electron of 
the carbon atom and the other from the hydrogen atom, comprises the linear combination of 
10 75% H 2 -type ellipsoidal MO and 25% C2sp 3 HO as given by Eq. (13.429): 

1 C2sp 3 + 0.75 H 2 MO-+C-H MO (14.501) 

The proton of the H atom and the nucleus of the C atom are along each internuclear axis 
15 and serve as the foci. As in the case of H 2 , each of the C-H -bond MOs is a prolate 
spheroid with the exception that the ellipsoidal MO surface cannot extend into C2sp 3 HO for 
distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. 
Thus, each MO surface comprises a prolate spheroid at the H proton that is continuous with 
the C2sp 3 shell at the C atom whose nucleus serves as the other focus. The electron 
20 configuration and the energy, £(c,2sp 3 ) , of the C2sp 3 shell is given by Eqs. (13.422) and 

(13.428), respectively. The central paramagnetic force due to spin of each C-H bond is 
provided by the spin-pairing force of the CH 3 or CH 2 MO that has the symmetry of an s 
orbital that superimposes with the C2sp 3 orbitals such that the corresponding angular 
momenta are unchanged. The energies of each CH 3 and CH 2 MO involve each C2sp 3 and 
25 each His electron with the formation of each C-H bond. The sum of the energies of the 
# 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. The force balance of the 
C- H -bond MO is determined by the boundary conditions that arise from the linear 
combination of orbitals according to Eq. (14.139) and the energy matching condition between 
the C2sp 3 -HO components of the MO. 
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The CH 3 and CH 2 groups form C-C bonds comprising if 2 -type MOs between 
the remaining C2sp 3 HOs on the carbons such that each carbon forms four bonds involving 
its four C2sp 2 HOs. The sharing of electrons between any two C2sp 3 HOs to form a 
molecular orbital (MO) comprising two spin-paired electrons permits each C2sp 3 HO to 
5 decrease in radius and energy. As in the case of the C-H bonds, each C-C -bond MO is a 
prolate-spheroidal-MO surface that cannot extend into C2sp 3 HO for distances shorter than 
the radius of the C2sp 3 shell of each atom. Thus, the MO surface comprises a partial prolate 
spheroid in between the carbon nuclei and is continuous with the C2sp 3 shell at each C 
atom. The energy of the if 2 -type ellipsoidal MO is matched to that of the C2sp 3 shell. As 
10 in the case of previous examples of energy-matched MOs such as the C-C -bond MO of 
ethane, each C-C -bond MO of C n H 2n + 2 must comprise 75% of a H 2 -type ellipsoidal MO 
in order to match potential, kinetic, and orbital energy relationships. Thus, the C-C -bond 
MO must comprise two C2sp 3 HOs and 75% of a H 2 -type ellipsoidal MO divided between 

the two C2sp 3 HOs: 

15 

2 C2sp 3 + 0.75 H 2 MO^C-C- bond MO (1 4.502) 

The linear combination of the H 2 -type ellipsoidal MO with each C2^ 3 HO further 
comprises an excess 25% charge-density contribution from each C2sp 3 HO to the C-C- 
20 bond MO to achieve an energy minimum. The force balance of the C-C -bond MO is 
determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (14.502) and the energy matching condition between the C2sp 3 -HO 
components of the MO. 

Before bonding, the 2sp 3 hybridized orbital arrangement of each carbon atom is given by Eq. 
25 (14.140). The sum E T (c,2sp 3 )of calculated energies of C, C + , C 2+ ,and C 3+ is given by 
Eq. (14.141). The radius r 2sp3 of the C2sp 3 shell is given by Eq. (14.142). The Coulombic 
energy E Coulomb (C,2sp 3 ) and the energy E(C,2sp 3 ) of the outer electron of the C2sp 3 shell 

are given by Eqs. (14.143) and (14.146), respectively. 

The formation of each C-C bond of C n H 2n+2 further requires that the energy of all 
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# 2 -type prolate spheroidal MOs (<r MOs) be matched at all C2sp 3 HOs since they are 
continuous throughout the molecule. Thus, the energy of each C2sp 3 HO must be a linear 
combination of that of the CH 3 and CH 2 groups that serve as basis elements. Each CH 3 
forms one C-C bond, and each CH 2 group forms two. Thus, the energy of each C2sp 3 
5 HO of each CH 3 and CH 2 group alone is given by that in ethane and ethylene, respectively. 
The parameters of ethane and ethylene are given by Eqs. (14.147-14.151) and (14.244- 
14.247), respectively. The alkane parameters can be determined by first reviewing those of 
ethane and ethylene. 

With the formation of the C-C -bond MO of ethane from two methyl radicals, each 
10 having a C2sp 3 electron with an energy given by Eq. (14.146), the total energy of the. state is 
given by the sum over the four electrons. The sum E T (C elhane ,2sp 3 ) of calculated energies of 
C2sp 3 , C + , C 2+ , and C 3H " given by Eq. (14.147), is 

E T{C elhane ,2sp 3 ) = -(64.3921 eF + 48.3125 eF + 24.2762 eV + E(c,2sp 3 )) 

= -(64.3921 eK + 48.3125 eF + 24.2762 eF + 14.63489 eK)(14.503) 
= -151.61569 eV 

where E(c,2sp 3 ) is the sum of the energy of C, -11.27671 eV , and the hybridization 
15 energy. The orbital-angular-momentum interactions also cancel such that the energy of the 
e t( c ethane ^ S P 3 ) is purely Coulombic. 

The sharing of electrons between two C2sp 3 HOs to form a C-C -bond MO permits 
each participating hybridized orbital to decrease in radius and energy. In order to further 
satisfy the potential, kinetic, and orbital energy relationships, each C2sp 3 HO donates an 

20 excess of 25% of its electron density to the C-C -bond MO to form an energy minimum, 
By considering this electron redistribution in the ethane molecule as well as the fact that the 
central field decreases by an integer for each successive electron of the shell, the radius 
r ath an ^ S p i of ^ c2s p 3 shell of ethane may be calculated from the Coulombic energy using 
Eq. 

25 (10.102): 



^*ethane2sp 3 



r 5 y e 2 9 75e 2 

y ' /:>e = 0.87495a, 



£(Z-n)-0.25 

V«=2 J 



0 



8™? 0 (el51.61569eF) 8^ 0 (el 5 1.6 1569 eV) 

(14.504) 
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Using Eqs. (10.102) and (14.504), the Coulombic energy E Coulomb (C elhane> 2sp 3 ) of the outer 
electron of the C2sp 3 shell is 



2 2 

Ecouio mb (C e/W? 2^ 3 ) = — ^ = " g = -15.55033 eV (14.505) 

Dviring hybridization, one of the spin-paired 2s electrons is promoted to C2$p z shell as an 
5 unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(14.145). Using Eqs. (14.145) and "(14.505), the energy E(C etham ,2sp 3 ) of the outer electron 

of the C2sp 3 shell is 

E(C elhm9 2sp 3 ) = — + ^^- = -15.55033 eF + 0.19086 eF = -15.35946 

8 ^o^ ie2 ^ m 2 e (r,) 

(14.506) 

10 Thus, E T (C - C, 2sp 3 ) , the energy change of each C2sp 3 shell with the formation of the 
C - C -bond MO is given by the difference between Eq. (14.146) and Eq. (14.506): 

E T (C - C, 2sp 3 ) = E (C etoe , 2sp 3 ) - E (c, 2^ 3 ) = -15.35946 eF-(-14.63489 = -0.72457 eF 

(14.507) 

Next, consider the formation of the C = C -bond MO of ethylene from two CH 2 
15 radicals, each having a C2sp 3 electron with an energy given by Eq. (14.146). The sum 
E T {C ethylene ,2$p z )of calculated energies of C2sp 3 , C + , C 2+ , and C 3+ is given by Eq. 

(14.147). The sharing of electrons between two pairs of C2sp 3 HOs to form aC = C -bond 
MO permits each participating HO to decrease in radius and energy. In order to further 
satisfy the potential, kinetic, and orbital energy relationships, each participating C2sp 3 HO 
20 donates an excess of 25% of its electron density to the C = C -bond MO to form an energy 
minimum. By considering this electron redistribution in the ethylene molecule as well as the 
fact that the central field decreases by an integer for each successive electron of the shell, the 
radius r , , of the C2sp 3 shell of ethylene may be calculated from the Coulombic 

energy using Eqs. (10.102) and (14.147): 
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(5 \ ^2 



ethylene! sp* 



g(z M ) °- 5 J 8 ^ o(el51 61569eF ) 

(14.508) 



V«=2 

9.5e 2 



8^ 0 (el51.61569eF) 
= 0.85252a 0 

where Z = 6 for carbon. Using Eqs. (10.102) and (14.508), the Coulombic energy 
^cou lomb (C elhylene ,2sp 3 ) of the outer electron of the C2sp 3 shell is 

E r ,AC nl ,2sp 3 ) = — = — = -15.95955eF (14.509) 

Cou,omb p ) Sx So r u , . 8«? 0 0.85252flo 

5 During hybridization, one of the spin-paired 2* electrons is promoted to C2sp 3 shell as an 
impaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(14.145). Using Eqs. (14.145) and (14.509), the energy E[C ethylem ,2sp 3 ) of the outer electron 

of the C2sp 3 shell is 

E(C , , ,2sp 3 ) = — +^f!^. = -15.95955 eV + 0.19086 eV = -15.76868 eV 

^ nS ^ ethylene nl e { T 3 ) 

10 (14.510) 

Thus, E T (C = C,2sp 3 ), the energy change of each C2sp 3 shell with the formation of the 

C = C -bond MO is given by the difference between Eq. (14.146) and Eq. (14.510): 

E r (C = C,2sp 3 ) = E(C ellvlene ,2sp 3 )- E{C,2sp 3 ) 

= -15.76868 eV - (-14.63489 eV) (14.511) 
= -1.13380 eV 

To meet the energy matching condition for all <j MOs at all C2sp 3 HOs, the energy 
15 E (C alkane , 2sp 3 ) of the outer electron of the C2sp 3 shell of each alkane carbon atom must be 
the average of E(C ethane ,2sp 3 ) (Eq. (14.506)) and E{C ethylene ,2sp 3 ) (Eq. (14.510)): 

_ / _ ^ q\ ^ ( ^ethane » 

2sp 3 ) + E(C elhy!ene ,2sp 3 ) 

E\y a lkcme^ S P )— 2 

(-15.35946 eV) + (-15.76868 eV) (14 512) 

2 

= -15.56407 eV 
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And, E TaBmu (C - C, 2sp 3 ) , the energy change of each C2sp 3 shell with the formation of each 
C-C -bond MO, must be the average of E T (C-C,2sp 3 ) (Eq. (14.507)) and 
E T (C = C,2sp 3 ) (Eq. (14.511)): 

E T . (c-C,2^)^^ C - C - 2 ^) +£ ^ C = C - 2 ^) 

2 



_ (-0.72457 er) + (-1.13379«r) 

2 

= -0.92918 eV 

5 Using Eq. (10.102), the radius ^ /AaBe2 ^ of the C2sp 3 shell of each carbon atom of C n H 2n+2 
may be calculated from the Coulombic energy using the initial energy 
E Coul0 n, b {C,2sp 3 ) = -14.82575 eV (Eq. (14.143)) and E T ^(C ~C,2sp 3 ) Eq. (14.513)), the 

energy change of each C2sp 3 shell with the formation of each C-C -bond MO. Consider 
the case of a methyl carbon which donates E Tjtm {C - C, 2sp 3 ) Eq. (14.513)) to a single 
10 C-C bond: 



r 

alhamlsp' 



? fczst, (£ Co „ om6 (C, 2^ 3 ) + £ w (C-C, 2sp 3 )) 



* 2 (14.514) 



8«» 0 (el4.825751 eF + eO.92918 eK) 
: 0.86359a n 



Using Eqs. (10.102) and (14.514), the Coulombic energy E Cmlomb (C alkcme ,2sp 3 ) of the outer 
electron of the C2sp 3 shell is 



-e 2 -e 2 



15 E n , AC ,„ ,2sp 3 ) = = = -15.75493 eV (14.515) 

coui omb \ on™. P) 8 8^ 0 0.86359a 0 V 

u alkam2sp " " 

During hybridization, one of the spin-paired 2s electrons is promoted to C2sp 3 shell as an 
unpaired electron. The energy for the promotion is the magnetic energy given by Eq. 
(14.145). Using Eqs. (14.145) and (14.515), the energy E(C alkam ,2sp 3 ) of the outer electron 

of the C2jp 3 shell is 

20 E(C alkane ,2sp 3 ) = — + 2w 2 ^ = _! 5,75493 e F + 0.19086 eV = -15.56407 eV 

V 8 ^o^ toe2jp 3 m 2 (r 3 ) 
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(14.516) 

Thus, E Taikatte (C - C, 2sp 3 ) , the energy change of each C2sp 3 shell with the formation of each 
C-C-bond MO is given by the difference between Eq. (14.146) and Eq. (14.516): 

E Tgikgne (C-C,2^ 3 ) = £(C„^ eF-(-14.63489 eV) = -0.92918 eV 

5 a!Ka " C (14.517) 
which agrees with Eq.(14.513). 

The energy contribution due to the charge donation at each carbon superimposes 
linearly. In general, the radius r mMs ^ of the C2sp 3 HO of a carbon atom of a group of a 

given molecule is calculated using Eq. (14.514) by considering ^E^ {MO, 2sp 3 ) , the total 

10 energy donation to each bond with which it participates in bonding. The general equation for 
the radius is given by 



-e 2 



mol2sp 



[E Coulomb (C2sp 3 ) + 'EE Tmoi (MO,2sp 3 )) ^ 



e 2 



8^ 0 (el4.825751 eV + X| £ r moi (MO,2sp 3 
The C2sp 3 HO of each methyl group of an alkane contributes -0.92918 eV to the 
corresponding single C-C bond; thus, the corresponding C2sp 3 HO radius is given by Eq. 
15 (14.514). The C2sp i HO of each methylene group of C„H 2n+2 contributes -0.92918 eV to 
each of the two corresponding C-C bond MOs. Thus, the radius of each methylene group 
of an alkane is given by 



-e 1 



«,„^ 2 ^ {C,2sp 3 ) + j:E T ^ (meth y lene C-C,2^ 3 )) 

g2 (14.519) 



8^ 0 (el 4.825751 eF + e0.92918 eF + eO.92918 e V) 
= 0.81549a 0 

As in the case with ethane, the i^-type ellipsoidal MO comprises 75% of the C-C- 
20 bond MO shared between two C2.sp 3 HOs corresponding to the electron charge density in 

Eq. (11.65) of ~°^ 5e : But, the additional 25% charge-density contribution to the C-C- 

— & 

bond MO causes the electron charge density in Eq. (11.65) to be is given by — = -0.5e . 
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Thus, the force constant to determine the ellipsoidal parameter c } in terms of the central 
force of the foci is given by Eq. (14.152). The distance from the origin of the C-C-bond 
MO to each focus c 1 is given by Eq. (14.153). The internuclear distance from is given by Eq. 
(14.154). The length of the semiminor axis of the prolate spheroidal C-C-bondMO b = c 

5 is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution of the 
semimajor axis a then allows for the solution of the other axes of each prolate spheroid and 
eccentricity of the C-C -bond MO. Since the C-C-bond MO comprises a # 2 -type- 
ellipsoidal MO that transitions to the C alkam 2sp 3 HO of each carbon, the energy 
E(C alkam ,2$p 3 ) in Eq. (14.512) adds to that of the # 2 -type ellipsoidal MO to give the total 

10 energy of the C-C-bond MO. From the energy equation and the relationship between the 
axes, the dimensions of the C-C-bond MO are solved. Similarly, E(C alkam ,2$p 3 ) is added 
to the energy of the H 2 -type ellipsoidal MO of each C-H bond of the methyl and 
methylene groups to give their total energy. From the energy equation and the relationship 
between the axes, the dimensions of the equivalent C-H -bond MOs of the methyl and 

15 methylene groups in the aikane are solved. 

The general equations for the energy components of V e , V p , T, V m , and E T of each 

C-C-bond MO are the same as those of the CH MO except that energy of the C a}kam 2$p 3 
HO is used. The energy components at each carbon atom superimpose linearly and may be 
treated independently. Since each prolate spheroidal H 2 -type MO transitions to the 

20 C alkane 2sp s HO of each corresponding carbon of the bond and the energy of the C alham 2sp 3 
shell treated independently must remain constant and equal to the E{C afkm9 2sp 3 ^ given by 
Eq. (14.512), the total energy E^ (C - C, <x) ofthe cr component of each C-C-bond MO 
is given by the sum of the energies of the orbitals corresponding to the composition of the 
linear combination ofthe C alkam 2sp 3 HO and the #2 -type ellipsoidal MO that forms the a 

25 component of the C-C-bond MO as given by Eq. (14.502) with the electron charge 
redistribution. The total number of C-C bonds in C n H 2n+2 is n-1. Using Eqs. (13.431) 

and (14.512), (C-C,cr) ofthe n~\ bonds is given by 
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E r M ,„ (C-C,*) = {n-i)(E r+ E(C a!kam ,2sp 3 )) 



= («-!)- 



&7T£ Q C ' 



(0.9177l)(V|-^- 



In 



q + c' 
a — c' 



-1 



-15.56407 eV 



(14.520) 



To match the boundary condition that the total energy of each H 2 -type ellipsoidal MO is 
given by Eqs. (11.212) and (13.75), E T (C-C,a) given by Eq. (14.520) is set equal to 
(n-1) times Eq. (13.75): 



E T (C-C,ct) = 



%TUS Q C* 



= («-l)(-3 1.6353683 1 eV) 



,-15.56407 eV 

(14.521) 

From the energy relationship given by Eq. (14.521) and the relationship between the axes 
given by Eqs. (14.153-14.154) and (13.62-13.63), the dimensions of the C-C -bond MO can 
be solved. 

10 Substitution of Eq. (14.153) into Eq. (14.521) gives 



(0.91771)f2-I^V^7^- 1 " 

\ 2 a ) a—^aa^ 



= el6.07130 



(14.522) 



« = 2.12499a 0 =1.12450X 10~ 1U m 
15 Substitution of Eq. (14.523) into Eq. (14.155) gives 
c' = 1.45774a 0 = 7.71400 X 10 -11 m 
The internuclear distance given by multiplying Eq. (14.524) by two is 



The most convenient way to solve Eq. (14.522) is by the reiterative technique using a 
computer. ; The result to within the round-off error with five-significant figures is 

(14.523) 
(14.524) 
(14.525) 

(14.526) 
(14.527) 
(14.528) 



2c' = 2.91547a 0 =1.54280X 10- IU m 
The experimental C — C bond distance of propane is [3] 
20 2c' = 1.532JT 10 -10 m 

The experimental C — C bond distance of butane is [3] 

2c' = 1.531 X 10~ 10 m 
Substitution of Eqs. (14.523-14.524) into Eq. (13.62) gives 
6 = c = 1.54616a 0 = 8.18192 X 10 -11 m 
25 Substitution of Eqs. (14.523-14.524) into Eq. (13.63) gives 
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e = 0.68600 (14.529) 
The nucleus of the C atoms comprise the foci of each # 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the i7 2 ~type ellipsoidal MO and the C alkane 2sp 3 HO 
are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle 6" is 
5 given by Eq. (13.261) where for methylene bonds r, t =r /fae ^ 3 = W-2^ =a81549a o is the 

radius of the C alkam 2sp 3 shell given by Eq. (14.519). Substitution of Eqs. (14.523-14.524) 

into Eq. (13.261) gives 

6>' = 56.41° (14.530) 
Then, the angle 9 the radial vector of the C2sp 3 HO makes with the internuclear 

10 axis is 

, 3 = 180°- 56.41° = 123.59° (14.531) 
as shown in Figure 48. 

15 Consider the right-hand intersection point. The distance from the point of intersection of the 
orbitals to the internuclear axis must be the same for both component orbitals. Thus, the 
angle cot = 6 r r „ un between the internuclear axis and the point of intersection of the H 2 - 

type ellipsoidal MO with the C alkane 2sp radial vector obeys the following relationship: 



r alkane2sp 2 °^ LW C-C aSkam 2sp 3 HO " ' 0 C-C alkatje : 



mneLsp _ sin^ „ - 0.81549a fl sin£_ =bsin0 c _ c _^ MO (14.532) 

20 such that 



Bcc huo . sin -. °- 81549a » *>°c^- _ sin - C81S49. siM23.S9° 

with the use of Eq. (14.53 1). Substitution of Eq. (14.528) into Eq. (14.533) gives 

e c-c^o =26.06° (14.534) 

Then, the distance d r r H Mn along the internuclear axis from the origin of # 2 -type 
25 ellipsoidal MO to the point of intersection of the orbitals is given by 

d C-C^,H 2 MO = ^^C-C^,H,MO (14.535) 

Substitution of Eqs. (14.523) and (14.534) into Eq. (14.535) gives 

d c _c^ HiMO = 1 .90890a 0 = 1.01015 X 10" 10 m (14.536) 
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The distance d i 



'C-C alkaf)e 2sp 2 



along the internucleax axis from the origin of the C atom to the 



point of intersection of the orbitals is given by 

d C-C a!kam 2sp i HO " d C-C a}katle ,H 2 MO 

Substitution of Eqs. (14.524) and (14.536) into Eq. (14.537) gives 



(14.537) 



5 



C-C atkam 2sp % HO 



= 0.451 \7a Q =2.38748 X 1(T U m 



(14.538) 



FORCE BALANCE OF THE CH 3 MOs OF CONTINUOUS-CHAIN 
ALKANES 

Each of the two CH 3 MOs must comprise three equivalent C-H bonds with each 
10 comprising 75% of a H 2 -type ellipsoidal MO and a C2sp 3 HO as given by Eq. (13.540): 



The force balance of the CH 3 MO is determined by the boundary conditions that arise from 
15 the linear combination of orbitals according to Eq. (14.539) and the energy matching 
condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k } to determine the ellipsoidal parameter c ! of the each if 2 -type- 
ellipsoidal-MO component of the CH 3 MO in terms of the central force of the foci is given 
by Eq. (13.59). The distance from the origin of each C-H -bond MO to each focus c* is 
20 given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13 .62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 
the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. Since each of the three prolate spheroidal C- H -bond MOs comprises an i7 2 -type- 

25 ellipsoidal MO that transitions to the C alkane 2sp 3 HO of C n H ZtM9 the energy E(C aIkam , 

of Eq. (14.512) adds to that of the three corresponding H 2 -type ellipsoidal MOs to give the 
total energy of the CH 3 MO. From the energy equation and the relationship between the 
axes, the dimensions of the CH 3 MO are solved. 



3[l C2sp 3 +0.75 H 2 MO]-*CH 3 MO 



(14.539) 
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The energy components of V e9 V p , T , and V m are the same as those of methyl 
radical, three times those of CH corresponding to the three C~H bonds except that energy 
of the C alkam 2$p $ HO is used. Since the each prolate spheroidal £T 2 ~type MO transitions to 
the C aikmw 2$p d HO and the energy of the C alkam 2sp z shell must remain constant and equal to 
5 the E(C alkane ,2sp 3 ) given by Eq. (14.512), the total energy (CH 3 ) of the CH 3 MO is 
given by the sum of the energies of the orbitals corresponding to the composition of the linear 
combination of the C alkam 2sp % HO and the three # 2 -type ellipsoidal MOs that forms the 
CH 3 MO as given by Eq. (14.539). Using Eq. (13.431) or Eq. (13.541), (CH 3 ) is 

given by 

Er albm (CH 3 ) = E T + E(C alkane ,2sp 3 ) 



10 



3e 2 



87T£ 0 C' 



(0.91771)^2-!^- ]ln 



a + c' 
a — c' 



-15.56407 eV 



(14.540) 



E T . (CH,) given by Eq. (14.540) is set equal to three times the energy of the H 2 -type 
ellipsoidal MO minus two times the Coulombic energy of H given by Eq. (13.542): 

3e 2 



E T (CH,) = - 



8ft£ 0 C ' 



-15.56407 eV = -67.69450 eV 



(14.541) 

15 From the energy relationship given by Eq. (14.541) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH 3 MO can be solved. 
Substitution of Eq. (13 .60) into Eq. (14.541) gives 



3e 2 



8*% j2aa *- 



(0.91771)| 2-^)ln- 





2aa Q 


3 




2aa 0 


3 



: e52.13044 



(14.542) 



The most convenient way to solve Eq. (14.542) is by the reiterative technique using a 
20 computer. The result to within the round-off error with five-significant figures is 

a = 1 .64920a 0 = 8.72720 X 10' 11 m (14.543) 
Substitution of Eq. (14.543) into Eq. (14.60) gives 

c' =1.04856« 0 = 5.54872 X 10~ u m (14.544) 
The internuclear distance given by multiplying Eq. (14.544) by two is 

25 2c' = 2.0971 la Q =1.1 0974 X 10" 10 m (14.545) 



WO 2007/051078 PCTYUS2006/042692 

416 

The experimental C-H bond distance of propane is [3] 

2c' = 1.107X10- 10 m (14.546) 
Substitution of Eqs. (14.543-14.544) into Eq. (14.62) gives 

b = c = l.27295a 0 =6.73616X lO" 11 m (14.547) 
5 Substitution of Eqs. (14.543-14.544) into Eq. (14.63) gives 

e = 0.63580 (14.548) 
The nucleus of the H atom and the nucleus of the C atom comprise the foci of each 
#2 -type ellipsoidal MO. The parameters of the point of intersection of the i^-type 
ellipsoidal MO and the C alkane 2sp % HO are given by Eqs. (13.84-13.95) and (13.261-13.270). 
10 The polar intersection angle 0' is given by Eq. (13.261) where r =r , = 0.86359a is 

" alkane2sp 0 

the radius of the C alkane 2sp 3 shell. Substitution of Eqs. (14.543-14.544) into Eq. (13.261) 
gives 

0' = 77.49° (1 4.54 9) 
Then, the angle S c _ H ^ Wllo the radial vector of the C2sp 3 HO makes with the internuclear 
15 axis is 

e *-«^Wno = 180°-77.49° = 102.51° (14.550) 
as shown in Figure 49. 

20 The distance from the point of intersection of the orbitals to the internuclear axis must be the 
same for both component orbitals. Thus, the angle cot = 6 C „ „ Mn between the 
internuclear axis and the point of intersection of the i^-type ellipsoidal MO with the 
c aikane 2s P 3 radial vector obeys the following relationship: 

W sin0 c- H ^Ho = 0.86359a 0 sm0 c _ HMam2sp3ffO =bsin6 c _ H ^ HiMO (14.551) 
25 such that 

9 - sin" 1 ° M359a ° Sine c-„^.2s P >Ho _ , 0.86359q n sinl02.51° „ . _ „. 

^c-h^^mo - sm = sin 2- (14.552) 

with the use of Eq. (14.550). Substitution of Eq. (14.547) into Eq. (14.552) gives 

& c-H M .„„ e ,H 2 Mo = 41 .48° (14.553) 
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Then, the distance ^ C -// a ,, one ,// 2 Mo along the intemuclear axis from the origin of i? 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 

d c-H alkatte ,H 2 MO = a™s0 c „ Ha!katteM2MO (14.554) 
Substitution of Eqs. (14.543) and (14.553) into Eq. (14.554) gives 
5 dc-H^w =1.23564^ = 6.53871 X 10"" m (14.555) 

The distance d rr 0 3tr ^ along the intemuclear axis from the origin of the C atom to the 
point of intersection of the orbitals is given by 

d c-u^m = d c-u al ^Mo (14.556) 
Substitution of Eqs. (14.544) and (14.555) into Eq. (14.556) gives 
10 d „ , m = 0.18708a 0 = 9.89999 X 1(T 12 m (14.557) 



BOND ANGLE OF THE CH 3 AND CH 2 GROUPS 

Each CH 3 MO comprises a linear combination of three C-H -bond MOs. Each C-H - 
bond MO comprises the superposition of a H 2 -type ellipsoidal MO and the C alkam 2sp 3 HO. 

1 5 A bond is also possible between the two H atoms of the C-H bonds. Such H-H bonding 
would decrease the C-H bond strength since electron density would be shifted from the 
C-H bonds to the H-H bond. Thus, the bond angle between the two C-H bonds is 
determined by the condition that the total energy of the # 2 -type ellipsoidal MO between the 
terminal H atoms of the C-H bonds is zero. From Eqs. (11.79) and (13.228), the distance 

20 from the origin to each focus of the H-H ellipsoidal MO is 



c^gl* 4 * 8 ' = B> (14.558) 
^m e e 2 2a V 2 

The intemuclear distance from Eq. (14.558) is 



2c' = 2^ (14.559) 

The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. 
25 (14.62). 

The bond angle of the CH 3 groups of C n H 2n+2 is derived by using the orbital 
composition and an energy matching factor as in the case with the CH 3 radical. Since each 
pair of H 2 -type ellipsoidal MOs initially comprise 75% of the H electron density of H 2 and 
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the energy of each # 2 -type ellipsoidal MO is matched to that of the C alkane 2sp 3 HO, the 
component energies and the total energy E T of the H~H bond are given by Eqs. (13.67- 
13.73) except that V e , T 9 and V m are corrected for the hybridization-energy-matching factor 
of 0.86359 . Hybridization with 25% electron donation to the C-C -bond gives rise to the 
5 C alkam 2sp 3 HO-shell Coulombic energy £ C ^(C^,2^) given by Eq. (14.515). The 
corresponding normalization factor for determining the zero of the total H-H bond energy 
is given by the ratio of 15.75493 eV , the magnitude of E Couhmb (C alka ^2sp 3 ) given by Eq. 

(14.515), and 13.605804 eV 9 the magnitude of the Coulombic energy between the electron 
and proton of H given by Eq. (1.243). The hybridization energy factor C alkaneC2s j HO is 



10 



c 



alkaneC2sp*HO 



^ ' * alkaml sp 2 



8?H? 0 0.86359a 0 



13.605804 eV 
15.75493 eV 



= 0.86359 (14.560) 



Substitution of Eq. (14.558) into Eq. (13.233) with the hybridization factor of 
0.86359 gives 



0 = 



- e 



(0.86359) _1 [|-|-^ 



^ a + 
In 




a — 



-1 



1 + 



2% 



0.75e 2 



i 



m„c 



0.75e 2 



8x£ a a 3 S7ts 0 (a + c') 



0.5 m r 



(14.561) 

15 From the energy relationship given by Eq. (14.561) and the relationship between the axes 
given by Eqs. (14.558-14.559) and (14.62-14.63), the dimensions of the H-H MO can be 
solved. 

The most convenient way to solve Eq. (14.561) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 
20 a = 5.8660o 0 =3.1042 X 10" 10 m (14.562) 

Substitution of Eq. (14.562) into Eq. (14.558) gives 



c' = 1.7126a 0 =9.0627 X 10 



m 



(14.563) 
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The internuclear distance given by multiplying Eq. (14.563) by two is 

2c' = 3.4252a 0 = 1.8125 X 1(T 10 m (14.564) 

Substitution of Eqs. (14.562-14.563) into Eq. (14.62) gives 

6 = c = 5.6104a 0 = 2.9689 X 1(T 10 m (14.565) 
5 Substitution of Eqs. (14.562-14.563) into Eq. (14.63) gives 

e = 0.2920 (14.566) 
Using 2c y H _ H (Eq. (14.564)), the distance between the two H atoms when the total 

energy of the corresponding MO is zero (Eq. (14.561)), and 2c y c „ H 9 the internuclear distance 

of each C-H bond, the corresponding bond angle can be determined from the law of 
10 cosines. Since the internuclear distance of each C-H bond of CH 3 (Eq. (14.545)) and 

CH 2 (Eq. (14.597)) are sufficiently equivalent, the bond angle determined with either is 

within experimental error of being the same. Using, Eqs. (13.242), (14.545), and (14.564), 
the bond angle 6 between the C-H bonds is 

^2(2.0971 1) 2 -(3.4252) 2X 



B — cos 



-i 



= cos" 1 (-0.33383) = 109.50° (14.567) 



2(2.09711) 

15 The experimental angle between the C-H bonds is [19] 

0 = 109.3° (14.568) 
The CH 3 radical has a pyramidal structure with the carbon atom along the z-axis at 

the apex and the hydrogen atoms at the base in the xy-plane. The distance d origin _ H from the 

origin to the nucleus of a hydrogen atom given by Eqs. (14.564) and (13.412) is 
20 d origin _ H =\.9115Aa 0 (14.569) 

The height along the z-axis of the pyramid from the origin to C nucleus d hejghl given by Eqs. 
(13.414), (14.545), and (14.569) is 

4*8*,=0.69800fl 0 (14.570) 
The angle 9 V of each C-H bond from the z-axis given by Eqs. (13.416), (14.569), and 
25 (14.570) is 

6 V =70.56° (14.571) 
The C-C bond is along the z-axis. Thus, the bond angle 0 C _ C _ H between the internuclear 
axis of the C-C bond and a H atom of the methyl groups is given by 

Oc-c-h =18O-0 V (14.572) 
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Substitution of Eq. (14.571) into Eq. (14.572) gives 

Q c-c-h =109.44° (14.573) 
The experimental angle between the C-C-H bonds is [19] 

Qc-c-h =109.3° (14.574) 

5 The C„H 2n+2 MOs shown in Figures 50-60 were rendered using these parameters. A 
minimum energy is obtained with a staggered configuration consistent with observations [3]. 

ENERGIES OF THE CH 3 GROUPS 

The energies of each CH 3 group of C„H 2n+2 are given by the substitution of the 
10 semiprincipal axes ,(Eqs. (14.543-14.544) and (14.547)) into the energy equations of methyl 
radical (Eqs. (13.556-13.560)), with the exception that E(C alkane ,2sp 3 ) (Eq. (14.514)) 

replaces E(C,2sp*) inEq. (13.560): 



V =3(0.91771) ~Y hx a + ^?-JL =-107.32728 eV (14.575) 

e V J 87rsja 2 -b 2 a-4a 2 -b 2 

V = 3 f = 38.92728 eV (14.576) 

P 8xs 0 Ja 2 -b 2 



15 T = 3(0.91771) f ln a+ 7 =32.53914 eV (14.577) 



V =3(0.91771) ~f In a + ^f ~ h% = -16.26957 eV (14.578) 

" V Um^a^a 2 ^ a-4a 2 -b 2 



[CH 3 ) = 



3e 2 



8ft£ 0 C ' 



(0.91771) 



( 1 a \ 
2 o 

^ 2 a J 



In 1 

a — c' 



v -15.56407eF j 



= -67.69451 eV (14.579) 



where E T (CHS) is given by Eq. (14.540) which is reiteratively matched to Eq. (13.542) 
within five-significant-figure round off error. 

20 

VIBRATION OF THE U CH 3 GROUPS 

The vibrational energy levels of the C-H bonds of CH 3 in C n H 2n+2 may be solved as three 
equivalent coupled harmonic oscillators by developing the Lagrangian, the differential 
equation of motion, and the eigenvalue solutions [9] wherein the spring constants are derived 
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from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section 
and the Vibration of Hydrogen-Type Molecules section. 



THE DOPPLER ENERGY TERMS OF THE l2 CH 3 GROUPS 
5 The equations of the radiation reaction force of the methyl groups in C n H 2n+2 are the same as 
those of the methyl radical with the substitution of the methyl-group parameters. Using Eq. 
(13.561), the angular frequency of the reentrant oscillation in the transition state is 



0J5e 2 



AtcsJ) 



3 



= 2.49286 X 10 16 radls (14.580) 



where b is given by Eq. (14.547). The kinetic energy, E K9 is given by Planck's equation 
10 (Eq. (11.127)): 

E K = hw = &2.49286X 10 16 radl s =16.40846 eV (14.581) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each H 2 -type MO, for E hv , the mass of the electron, m e , for M , and the kinetic 
energy given by Eq. (14.581) for E K gives the Doppler energy of the electrons of each of the 
15 three bonds for the reentrant orbit: 



E D s Ejj^ =-31.63537 er I M^A0SJ6eV) _ ^ ^ ^ ^ ^ 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH 3 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
20 oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14,582) and E Kvib , the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of each C-H bond. Using co e given by Eq. (13.458) for 
E Kvib of the transition state having three independent bonds, E ' } alkam osc ( 12 CH 3 ) per bond is 

E' alkaneosc { u CH 3 ) = E D+ E Kvlb =E D+ U^ (14.583) 
25 E' ' alkam osc ( 12 CH 3 ) = -0.25352 eF + -(0.35532 eF) = -0.07586 eV (14.584) 



WO 2007/051078 



PCTYUS2006/042692 



422 



Given that the vibration and reentrant oscillation is for three C-H bonds, 

■^alkam osc ( ^7^3 ^ 3 iSI ' 



E. 



alkam osc 



= 3^-0.25352 eF + i(0.35532 eV~) 
= -0.22757 eV 



(14.585) 



5 TOTAL BOND ENERGIES OF THE 12 CH 3 GROUPS 

, the total energy of each 12 CH 3 group including the Doppler term, is given 

by the sum of E T ^ e (CH 3 ) (Eq. (14.579)) and E alkaneosc ( i2 CH 3 ) given by Eq. (14.585): 

E alkaneT+osc (CH 3 ) = V e+ T + V m +V p + E(C alkane , 2sp 3 ) + E alkans osc ( *CH 3 ) 

v - /„ s (14.586) 

= E T^( CH 3) + E ^ ne0se ( U CH 3 ) 



10 



E. 



alkatieT+osc 



{ U CH 3 ) = 



-3e 2 
87re 0 c ' 



(0.9177l)|2---^- 
v 2 « 



In 1 




-15.56407 eV 


J a — c x 


J 



-3 (31.63536831 



2h 



3 e 2 



4 4xs h 3 



mc 



2 Vju 



= -67.69450 eV -3 



0.25352 <?F --ft /— 
2 V/i 



(14.587) 

From Eqs. (14.585-14.587), the total energy of each 12 CH 3 is 
E^er+osc ( "CH, ) = -67.69450 e V + E alkane osc ( *CH 3 ) 



= -67.69450 eV-3 
= -67.92207 eF 



0.25352 -^-(0.35532 (14.588) 



where o e given by Eq. (13,458) was used for the h — term. 
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The total CH 3 bond dissociation energy, E Dafkam ( 12 C# 3 ) is given by the sum of the 
initial C2sp 3 HO energy, £(c,2sp 3 ) (Eq, (14.146)), and three times the energy of the 
hydrogen atom, E D [H) (Eq. (13.154)), minus E alkaneT , osc ( l2 CH 3 ) (Eq. (14.588)): 

E **- ( 12Cf/ 3 ) = E ( C > 2s P 2 ) + 3E ^ " E *~**~ ( llCH > ) & 4 ' 589 > 

5 Thus, the total 12 Cff 3 bond dissociation energy, 2?^ ^ ^ ( 12 C/y 3 ) is 

E Daikam ( 12 C# 3 ) = -(l4.63489 eF + 3(l3.59844 eF))-(^ /toer+osc ( 12 C27 2 )) 

= -55.43021 eV -(-67.92207 eF) • (14.590) 

= 12.49186 

FORCE BALANCE OF THE CH 2 MOs OF CONTINUOUS-CHAIN 
ALKANES 

10 Each of the CH 2 MOs must comprise two equivalent C-H bonds with each comprising 
75% of a H 2 -type ellipsoidal MO and a C2sp 3 HO as given by Eq. (13.494): 

2[l C2sp 3 +0.75 H 2 MO] -> CH 2 MO (14.591) 

15 The force balance of each CH 2 MO is determined by the boundary conditions that arise from 
the linear combination of orbitals according to Eq. (14.591) and the energy matching 
condition between the hydrogen and C2$p 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type- 
ellipsoidal-MO component of the CH 2 MO in terms of the central force of the foci is given 

20 by Eq. (13.59). The distance from the origin of each C- 77 -bond MO to each focus c' is 
given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the 
semiminor axis of the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The 
eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for 
the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 

25 MO. Since each of the two prolate spheroidal C-H -bond MOs comprises an H 2 -type- 
ellipsoidal MO that transitions to the C alkane 2sp 3 HO of C n H 2n+2 , the energy JE(C a/ , one ,2^ 3 ) 
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of Eq. (14.512) adds to that of the two corresponding ff 2 -type ellipsoidal MOs to give the 
total energy of the CH 2 MO. From the energy equation and the relationship between the 
axes, the dimensions of the CH 2 MO are solved. 

The energy components of V e , V p9 T 9 and V m are the same as those of dihydrogen 
5 carbide radical, two times those of CH corresponding to the two C-H bonds except that 
energy of the C alkam 2sp 3 HO is used. Since the each prolate spheroidal # 2 -type MO 
transitions to the C alkam 2sp 3 HO and the energy of the C alkam 2sp 3 shell treated independently 
must remain constant and equal to the E(C alkane ,2sp 3 } given by Eq. (14.512), the total energy 
E T (CH 2 ) of the CH 2 MO is given by the sum of the energies of the orbitals 
10 corresponding to the composition of the linear combination of the C alkane 2sp 3 HO and the two 
ff 2 -type ellipsoidal MOs that forms the CH 2 MO as given by Eq. (14.591). Using Eq. 
(13.431) or Eq. (13.495), E^ (CH 2 ) is given by 



2e 2 



%7VS Q C ' 



(0^177.)! 2 -I^V|±£l-l 



-15.56407 eV 



(14.592) 



E T (CH 2 ) given by Eq. (14.592) is set equal to two times the energy of the H 2 -type 
15 ellipsoidal MO minus the Coulombic energy of H given by Eq, (13.496): 

2e 2 



E T [CH 2 )-- 



87tS Q C ' 



(0.9m.)! 2-ifM±§;-i 



-15.56407 eV = -49.66493 eV 



(14.593) 

From the energy relationship given by Eq. (14.593) and the relationship between the axes 
given by Eqs. (13.60-13.63), the dimensions of the CH 2 MO can be solved. 
20 Substitution of Eq. (13.60) into Eq. (14.593) gives 



2e 2 



(0.91771)^2™-^ln ^ 





2aa 0 


3 




2aa 0 


3 



-1 



= e34.10086 



(14.594) 



The most convenient way to solve Eq. (14.594) is by the reiterative technique using a 
computer. The result to within the round-off error with five-significant figures is 



a = 1.67122a, = 8.84370 X 10 -11 m 



(14.595) 
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Substitution of Eq. (14.595) into Eq. (14.60) gives 

c' = 1.05553tf 0 =5.58563 X 10~ n m (14.596) 
The internuclear distance given by multiplying Eq. (14.596) by two is 

2c' = 2.11106a 0 = 1.1 1713 X 10~ 10 m (14.597) 
5 The experimental C-H bond distance of butane is [3] 

2c' = 1.117X10- 10 m (14.598) 
Substitution of Eqs. (14.595-14.596) into Eq. (14.62) gives 

b = c = 1.29569a 0 =6.85652 X 10"" m (14.599) 
Substitution of Eqs. (14.595-14.596) into Eq. (14.63) gives 
10 e = 0.63 159 (14.600) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each 
# 2 -type ellipsoidal MO. The parameters of the point of intersection of the £T 2 -type 
ellipsoidal MO and the C alkane 2sp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). 
The polar intersection angle 0' is given by Eq. (13.261) where r„ = r mejhylene2spS =0.81549a 0 is 
15 the radius of the C melhylene 2sp* shell (Eq. (14.521)). Substitution of Eqs. (14.595-14.596) into 
Eq. (13.261) gives 

£• = 68.47° (14.601) 
Then, the angle 6 ian the radial vector of the C2sp i HO makes with the internuclear 

C-i/ alkane 2sp HO 

axis is 

20 0 3 = 180°-68.47° = 111.53° (14.602) 

as shown in Figure 49. The distance from the point of intersection of the orbitals to the 
internuclear axis must be the same for both component orbitals. Thus, the angle 
cot = 6^ „ u between the internuclear axis and the point of intersection of the H 2 -type 

ellipsoidal MO with the C alkane 2sp* radial vector obeys the following relationship: 
25 ^ 8^^^-0.81549^8111^^ =bsinO c _ H ^ H2UO (14.603) 

such that 

with the use of Eq. (14.602). Substitution of Eq. (14.599) into Eq. (14.604) gives 

Och ™o =35.84° (14.605) 
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Then, the distance d r „ „ MO along the internuclear axis from the origin of i? 2 -type 
ellipsoidal MO to the point of intersection of the orbitals is given by 

dc^H alkanei H 2 MO = "MtOc-n^jitMo (14.606) 
Substitution of Eqs. (14.595) and (14.605) into Eq. (14.606) gives 

5 d c-H aikane ^Mo =1.35486^ = 7.16963 X 10" n m (14.607) 

The distance d. TT ^ - along the internuclear axis from the origin of the C atom to the 

C~fi a}kane 2sp HO 

point of intersection of the orbitals is given by 

Substitution of Eqs. (14.596) and (14.605) into Eq. (14.608) gives 
10 d „ , =0.29933a 0 = 1.58400 XI 0" n m (14.609) 

C-H alka „ e 2sp HO u 

The charge-density in each C-C -bond MO is increased by a factor of 0.25 with the 
formation of the C alkane 2sp 3 HOs each having a smaller radius. Using the orbital composition 
of the C-C -bond MOs (Eq. (14.504), CH 3 groups (Eq. (14.539)), and the CH 2 groups (Eq. 
(14.591)), the radii of Cl* = 0.171 13a 0 (Eq. (10.51)), C alkam 2sp 3 = 0.86359a 0 (Eq. (14.514)), 

15 and C^2j/7 3 = C waWiM 2sp 3 =0.81549a 0 (Eq. (14.521)) shells, the parameters of the 
C-C -bonds (Eqs. (13.3-13.4), (14.523-14.525), and (14.528-14.538)), the parameters of the 
C-H -bond MOs of the CH 3 groups (Eqs. (13.3-13.4), (14.544-14.545), and (14.547- 
14.557)), the parameters of the C-H -bond MOs of the CH 2 groups (Eqs. (13.3-13.4), 
(14.595-14.597), and (14.599-14.609)), and the bond-angle parameters (Eqs. (14.562- 

20 14.574)), the charge-density of the C n H 2n+2 MO comprising the linear combination 2^ + 2 
C-H -bond MOs and n-l C-C -bond MOs, each bridging one or more methyl or 
methylene groups is shown for representative cases where data was available [17-18], 
Propane, butane, pentane, hexane, heptane, octane, nonane, decane, undecane, dodecane, and 
octadecane are shown in Figures 50-60, respectively. Each C-H -bond MO comprises a 

25 i? 2 -type ellipsoidal MO and a C alkam 2sp 3 HO having the dimensional diagram shown in 
Figure 48. Each C-C-bond MO comprises a /7 2 -type ellipsoidal MO bridging two 
C alkane 2sp 3 HOs having the dimensional diagram shown in Figure 49. 
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ENERGIES OF THE CH 2 GROUPS 

The energies of each CH 2 group of C n H 2n+2 are given by the substitution of the 
semiprincipal axes (Eqs. (14.595-14.596) and (14.599)) into the energy equations of 
dihydrogen carbide radical (Eqs. (13.510-13.514)), with the exception that E(C alkane ,2sp 3 ) 

5 (Eq. (14.512)) replaces E(C,2sp 2 ) in Eq. (13.514): 

V e = 2(0.91771) ~ 2 f ln a + ^" 2 ~ b [ = -70.41425 eV (14.610) 

87te 0 va 2 —b 2 a — yja 2 —b 2 

V= 2 f =25.78002 eV (14.611) 

%izeja 2 -b 2 

T = 2(0.91771) f \n a + ^f~ b2 = 21.06675 eV (14.612) 

2m e a^a 2 -b 2 a — 4a 2 —b 2 ■ 

V m = 2(0.91771) ~f \n a + ^f~ b2 = -10.53337 eV (14.613) 

Am p a4a" - b 1 a-sja 2 -b 2 



2e 2 

10 E T {CH 2 ) = 



87V£ Q C ' 



(0.91771) 



( 1 a \ 
2 o 



ln^-1 

a — c' 



-15.56407 eV = -49.66493 eV 



(14.614) 

where E T{ka (CH 2 ) is given by Eq. (14.592) which is reiteratively matched to Eq. (13.496) 
within five-significant-figure round off error. 

15 VIBRATION OF THE 12 CH 2 GROUPS 

The vibrational energy levels of the C-H bonds of CH 2 in C n H 2n+2 may be solved as two 
equivalent coupled harmonic oscillators by developing the Lagrangian, the differential 
equation of motion, and the eigenvalue solutions [9] wherein the spring constants are derived 
from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section 

20 and the Vibration of Hydrogen-Type Molecules section. 



THE DOPPLER ENERGY TERMS OF THE l2 CH 2 GROUPS 

The equations of the radiation reaction force of the methylene groups in C n H 2n+2 are the 

same as those of the dihydrogen carbide radical with the substitution of the methylene-group 
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parameters. Using Eq. (13.515), the angular frequency of the reentrant oscillation in the 
transition state is 



l 0.75e 2 



Afro Jy* 

« = \|— ^—=2.42751 X 10 16 rod Is (14.615) 



where b is given by Eq. (14.599). The kinetic energy, E K , is given by Planck's equation 
5 (Eq. (11.127)): 

E K =ha> = £2.4275 IX 10 16 rad /s = 15.97831 eV (14.616) 
In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total 
energy of each H 2 ~type MO, for E hv , the mass of the electron, m e , for M, and the kinetic 
energy given by Eq. (14.616) for E K gives the Doppler energy of the electrons of each of the 
10 three bonds for the reentrant orbit: 



= _ 2E K ^ T /2e(l5.9783l eV) 
D S hv \Mf = " 3L63537 eV ^l m c 2 1 = "0.25017 eV (14.617) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of CH 2 due to 
the reentrant orbit of each bond in the transition state corresponding to simple harmonic 
15 oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14.617) and E Kvib , the average kinetic energy of vibration which 
is 1/2 of the vibrational energy of each C-H bond. Using co e given by Eq. (13.458) for 
E Kvib of the transition state having two independent bonds, E \ lham osc ( l2 CH 2 ) per bond is 

E\ lkaneosc ( n CH 2 ) = E D + E Kvib = E D +|»^ (14.61 8) 

20 E\ lkam osc ( u CH 2 ) = -0.25017 eV + ^-(0.35532 eV) = -0.07251 eV (14.619) 

Given that the vibration and reentrant oscillation is for two C-H bonds, E alkane osc ( n CH 2 ), 
is: 



Eaikane osc { U CH 2 ) = 2 E o^~ h ^ = 2 ("0.250 17 eV + 1 (0.35532 e V)j = -0. 1 4502 e V 
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(14.620) 



TOTAL BOND ENERGIES OF THE n CH 2 GROUPS 

E alkamT+0SC ( 12 CH 2 ) , the total energy of each 12 CH 2 group including the Doppler term, is given 
5 by the sum of E^ (CH 2 ) (Eq. (14.614)) and E alkamosc { n CH 2 ) given by Eq. (14.620): 
E alkaneT+osc (CH 2 ) = V e +T + V m +V p +E (C alkane , 2sp* ) + E alliane osc ( n CH 2 ) 

= E T alt<me ( CH 2 ) + Klkane osc ( ^ CH 2 ) 



(14.621) 



E. 



'alkaneT+osc 



( l2 CH 2 ) = 



-2e z 



(0.9177l)[2-i^Jln^-l 



-2 



(31.63536831 e 
= -49.66493 eV -2 



2h^ 


3 e 2 


4 AnsJ? 




m e c 2 



-15.56407 eV 

\ 



2 \| ju 



r 1 
0.25017 eV --hi— 
2 V M 



V 

(14.622) 

From Eqs. (14.620-14.622), the total energy of each l2 CH 2 is 
E atkan eT+osc ( U CH 2 ) = -49.66493 eV + E alkane osc ( l2 CH 2 ) 



10 



= -49.66493 eV-2 
= -49.80996 eV 



0.25017 eF— ^(0.35532 eV) 



(14.623) 



I* 



where co given by Eq. (13.458) was used for the ft — term. 

V/" 

The derivation of the total CH 2 bond dissociation energy, E D a ( 12 CH 2 ) follows 

from that of the bond dissociation energy of dihydrogen carbide radical, E D ( n CH 2 ) , given 

by Eqs. (13.524-13.527). E Dttmm { n CH 2 ) is given by the sum of the initial C2sp 3 HO energy, 

15 E{c,2sp 3 } (Eq. (14.146)), and two times the energy of the hydrogen atom, E(H) (Eq. 

(13.154)), minus the sum of E alkaneT+osc ( 12 CH 2 ) (Eq. (14.623)) and E(magnetic) (Eq. 
13.524)): 
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E D ^ ( 12 CH 2 ) = E(casp 3 ) + 2E(H)-E a ^ mT+osc ( 12 CH 2 )-E{magnetic) (14.624) 
Thus, the total U CH 2 bond dissociation energy, E D ^ ( 12 Ci? 2 ) is 

( 12 CH 2 ) = -(14.63489 e F + 2(l3.59844 eV))-(E a)kaneTH>sc ( l2 CH 2 ) + E (magnetic)) 

= -41.83177 eV- (-49.80996 eV + 0. 14803 eV) 
= 7.83016 eV 

(14.625) 

5 

SUM OF THE ENERGIES OF THE C-C a MOs AND THE HOs OF 
CONTINUOUS-CHAIN ALKANES 

The energy components of V e , V p , T , V m ,, and E T of the C-C -bond MOs are the same as 
those of the CH MO except that energy of the C alkane 2sp z HO is used. The energies of each 
10 C-C -bond MO are given by the substitution of the semiprincipal axes (Eqs. (14.523- 
14.524) and (14.528)) into the energy equations of the CH MO (Eqs. (13.449-13.453)), with 
the exception that E(C alkone ,2sp 3 ) (Eq. (14.512)) replaces E(c,2sp 3 ) in Eq. (13.453). The 
total number of C-C bonds of C n H 2n+2 is n-\. Thus, the energies of the n-\ bonds is 
given by 



15 V e =(n-\) (0.91771) 2 f 1n a+ y = -(^-1)28.79214 eV (14.626) 

%7ie 0 ^a 2 -b 2 a-y]a 2 -b 2 

V,= y ^?_ = (n-l)9.33352gF (14.627) 
87ce 0 ja 2 -b 2 

r = («-l)(0.9177l) y \a a + ^f~ bl =(n -1)6.77464 eV (14.628) 

2m e ctyla 2 -b 2 a-sja 2 -b 2 

V m = (/?-l)(0.9177l) ~f \n a + ^f~ b2 =-(n-l)338732eV (14.629) 

\m.a4a 2 -b 2 a-yja 2 -b 2 



E T (C-C,cr) = - ^" ^ 



e 2 



V 2a) a-c 



-15.56407 eV 



(0.91771) 
= -(»-l)31.63537eF 

20 (14.630) 
where E T (C - C, a) is the total energy of the C-C <x MOs given by Eq. (14.520) which 
is reiteratively matched to Eq. (13.75) within five-significant- figure round off error. 
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Since there are two carbon atoms per bond, the number of C - C bonds is n -1 , and 
the energy change of each C2sp 3 shell due to the decrease in radius with the formation of 
each C-C-bond MO is (C-C,2sp 3 ) (Eq. (14.517)), the total energy of the C-C- 



VIBRATION OF CONTINUOUS-CHAIN ALKANES 

The vibrational energy levels of the C-C bonds of C n H 2n+2 may be solved as n~\ sets of 
10 coupled carbon harmonic oscillators wherein each carbon is further coupled to two or three 
equivalent H harmonic oscillators by developing the Lagrangian, the differential equation of 
motion, and the eigenvalue solutions [9] wherein the spring constants are derived from the 
central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the 
Vibration of Hydrogen-Type Molecules section. 



THE DOPPLER ENERGY TERMS OF THE C-C-BOND MOs OF 
CONTINUOUS-CHAIN ALKANES 

The equations of the radiation reaction force of each symmetrical C-C-bond MO are given 
by Eqs. (11.231-11.233), except the force-constant factor is 0.5 based on the force constant 
20 k' of Eq. (14.152), and the C-C-bond MO parameters are used. The angular frequency of 
the reentrant oscillation in the transition state is 




= („-!) e * (0.9177l)f2-l^ V + ^ -l 

+ 8?rs 0 jaa 0 |_ \ 2a) a-y]aa Q 



-15.56407 eV 



= (« - 1) (2 (-0.929 1 8 e + (-3 1 .63 537 e F)) 
= -(??- 1)33. 49373 eV 



15 




(14.632) 
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where a is given by Eq. (14.523). The kinetic energy, E K , is given by Planck's equation 
(Eq. (11.127)): 

E K = hco = ^9.43699 X 10 15 rod Is = 6.21159 eV (14.633) 
In Eq. (11.181), substitution of E^ (C-C) (Eq. (14.631)) with n = 2 for E hv , the mass of 
5 the electron, m e , for M, and the kinetic energy given by Eq. (14.633) for E K gives the 
Doppler energy of the electrons of each of the bonds for the reentrant orbit: 



E ° = Ehv W = ~ 33 - 49373 eF y g(6 ' 2n j 9eF) =-0-16515 eV (14.634) 



mc 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the 
transition state at their corresponding frequency. The decrease in the energy of each C-C- 

10 bond MO due to the reentrant orbit of the bond in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the 
corresponding energies, E D given by Eq. (14.634) and E Kvib , the average kinetic energy of 
vibration which is 1/2 of the vibrational energy of each C-C bond. Using the ethane 
experimental C-C E vlb (o 3 ) of 993 cm' 1 (0.12312 eV) [10] for E Kvlb of the transition state 

1 5 having n - 1 independent bonds, E ' alkam osc (C- C, cr) per bond is 

E 'alkane aso{C ~ C ,a) = E D + E Rvib = Eq +~ (1 4.635) 

^U™ osc (C-C,a) = -0.16515 eF + |(0.12312 eF) = -0.10359 eV (14.636) 
Given that the vibration and reentrant oscillation is for n-1 C-C bonds, E a!lcane osc (C -C,a), 



is: 



E alkane (C - C, <x) = (« - l) 



E D +-\\- 



20 =(«-D^-0.16515er + |(0.12312eF)J (14.637) 

= -02-1)0.10359 
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TOTAL ENERGIES OF THE C-C -BOND MOs OF CONTINUOUS-CHAIN 
ALKANES 

EaikamT+osc (C-C) , the total energy of the n-1 bonds of the C-C -bond MOs including the 
Doppler term, is given by fee sum of E T ^ (C-C) (Eq. (14.631)) and E alkaneosc (C-C,a) 
5 given by Eq. (14.637): 



E a lkaneT+osc C) _ 



(„-l) 



K+T + V m+ V p + E(C aliane ,2sp^ 



+ Ealkane osc ip " C» °" ) 



+2^.(C-C,2^) 

= (C-C,a) + 2(i,-l)i^ (C-C 5 2^) + £ fl/fe , neojc (C-C 50 -) 
= ^, toie {C-C) + E alkaneosc (C-C,cx) 



(14.638) 



E alkaneT±osc ( C ' ~ ' C) = (f? - l) < 



(0.91771)1 2---^ 



In 



2 a J a~c } 
15.56407 eV + 2E T _(C-C,2sp 3 ) 



-1 



2/Y 



1 + 



1 e 2 



2 47Tffl 3 



m.c 



2 V>" 



J 



(14.639) 



= (!,-!) 



-33.49373 eV -0.16515 eV + -h P 

2 i Mj 



10 



From Eqs. (14.637-14.639), the total energy of the n - 1 bonds of the C-C -bond MOs is 

•(- 

'-31.63537 eF + 2(-0.92918 eV)^ 



E alhmeT+osc (C-C) = (»-l)(-31.63537 eV + 2E T ^ {c -C,2 S p 3 )) + E a!kaneosc (C-C,<x) 



= (»-l) 
= - (n -1)33. 59732 eV 



-0.16515 eF + -(0.12312 eK) 
2 V ' 



(14.640) 



where the experimental E vib was used for the h \— term. 
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TOTAL BOND ENERGY OF THE C-C BONDS OF CONTINUOUS- 
CHAIN ALKANES 

Since there are two carbon atoms per bond and the number of C-C bonds is n - 1 , the total 
bond energy of the C-C bonds of C n H 2n+2 , E D (C-C) nl , is given by 2(n-l)E(C,2sp*) 

5 minus E alkaneT+osc (C-C) (Eq. (14.640)) where E(c,2sp>) (Eq. (14.146)) is the initial 

energy of each C2sp 3 HO of the CH 3 and CH 2 groups that bond to the C-C bonds. Thus, 

the total dissociation energy of the C-C bonds of C n H 2n+2 , is 

E D (C-C)„. l = 2(n-l)(E(casp 3 ))-(E ala ^ eT+osc (C-C)) 

= 2(«-l)(-14.63489er)-(«-l)(-33.59732eK) (14.641) 
= (n -1) (2 (-14.63489 e V) - (-33 .59732 e V)) 
= (n -0(4.32754 eV) 

10 TOTAL ENERGY OF CONTINUOUS-CHAIN ALKANES 

E D (C n H 2K+2 ), the total bond dissociation energy of C n H 2n+2 , is given as the sum of the 
energy components due to the two methyl groups, n-2 methylene groups, and n-1 C-C 
bonds where each energy component is given by Eqs. (14.590), (14.625), and (14.641), 
respectively. Thus, the total bond dissociation energy of C„H 2n+2 is 

15 E D {C n H 2n ^) = E D {C-C) n ^2E D ^ 2 CH^ (14 642) 

= (n- 0(4.32754 eF) + 2(l2.49186 eF) + («-2)(7.83016 eV) 
The experimental total bond dissociation energy of C„H 2n+2 , E D ^ (C n H 2n+2 ),is given 

by the negative difference between the enthalpy of its formation (AH f (C n H 2n+2 (gas)) ) and 

the sum of the enthalpy of the formation of the reactant gaseous carbons (AH f (C(gas))) 

and hydrogen ( hH f (H (gas)) ) atoms: 

E D ^ (C„H 2n+2 ) = -{AH f (C„H 2n+2 (gas)) - [nAH f (C (gas)) + (2n + 2)AH f (H (#»))]} 
= -{A^r / (C„ J ff 2 „ +2 (^a5))-[n7.42774 eV + (2n + 2) 2.259353 eV~]} 
(14.643) 

where the heats of formation atomic carbon and hydrogen gas are given by [17-18] 

AH f (C(gas)) = 716.68 kJ I mole (1A211A eV I molecule) (14.644) 
AH f (H(gas)) = 217.998 hJ I mole (2.259353 eV I molecule) (14.645) 
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Using the corresponding experimental &H f (C„H 2 „ +2 (ga$)) [18], E D (C„H 2 „+ 2 ) 

was determined from propane, butane, pentane, hexane, heptane, octane, nonane, decane, 
undecane, dodecane, and octadecane in the corresponding sections, and the results of the 
determination of the total energies are given in Table 14.1. The calculated results are based 
5 on first principles and given in closed-form, exact equations containing fundamental 
constants only. The agreement between the experimental and calculated results is excellent. 

Using the results for C n H 2n+2 and the functional groups as basis sets that are linearly 
combined, the exact solution for the dimensional parameters, charge density functions, and 
energies of all molecules can be obtained. For example, one or more of the hydrogen atoms 

10 of the solution for C n H 2n+2 can be substituted with one or more of the previously solved 
functional groups or derivative functional groups to give a desired molecule. The solution is 
given by energy matching each group to C n H 2n ± 2 . Substitution of one or more H's of 
C n H 2t1+2 with functional groups from the list of CH 39 other C n H 2n+2 groups, H 2 C = CH 2 , 
HC = CH, F , C7, O, OH, NH , NH 29 CN , NO, N0 2 , CO, C0 2 , and C 6 H 6 give the 

15 solutions of branched alkanes, alkenes, and alkynes, alkyl halides, ethers, alcohols, amides, 
amines, nitriles, alkyl nitrosos, alkyl nitrates, aldehydes, ketones, carbolylic acids, esters, and 
substituted aromatic s, 

PROPANE (C 3 /f 8 ) 
20 Using Eq. (14.642) with n = 3 , the total bond dissociation energy of C 3 H 8 is 

E D (C^) = E D (C-C) 2 + 2E D ^ ( U CH 3 ) + E D ^ {»CH 2 ) 

= (2)(4.32754eF) + (2)(12.49186eF) + (l)(7.83016er) (14.646) 
= 41.46896 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C 3 H S , E D ^ (C 3 H & ), 
given by the negative difference between the enthalpy of its formation 
(AH f (C 3 H % (gas) = -1.0758 eV) ) [18] and the sum of the enthalpy of the formation of the 

25 gaseous carbons (AH f (C(gas))) and hydrogen ( AH f (H(gas))) atoms is 

E Dcsp (C 3 H S ) = -{AH f (C,H % (gas)) - [3Aff, (c(gas)) + SAH f (H (gas))]} 

= -{-1.0758 eV- [(3) 7.42774 eV + (8) 2.259353 eV]} (14.647) 
= 41.434 eV 
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The charge-density of the C 3 H 8 molecular orbital (MO) comprising a linear combination of 
two methyl groups and one methylene group is shown in Figure 50. 

BUTANE (C 4 # 10 ) 
5 Using Eq. (14.642) with n = 4 , the total bond dissociation energy of C 4 H l0 is 

E D (C 4 H l0 ) = E D (C- C), + 2E D ^ ( »CH 3 ) + 2E D ^ ( *CH 2 ) 

= (3)(4.32754eF) + (2)(12.49186eF) + (2)(7.83016eF) (14.648) 
= 53.62666 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C 4 H l0 , E D ^ (C 4 H l0 ), 
giyen by the negative difference between the enthalpy of its formation 
(AH f (C 4 H l0 (gas) = -1.3028 eV)) [18] and the sum of the enthalpy of the formation of the 

10 gaseous carbons (AH f (C(gas))) and hydrogen ( AH f (//(gas))) atoms is 

(C 4 H l0 ) = -{AH, (C 4 H w (gas))-[4AH f (C (gas)) + 10 AH f (H(gas))]} 

= -{-1.3028 eV- [(4) 7.42774 eV + (10)2.259353 eV]} 
= 53.61 eV 

(14.649) 

The charge-density of the C 4 H W molecular orbital (MO) comprising a linear combination of 
two methyl and two methylene groups is shown in Figure 51 . 

15 

PENTANE (C 5 H l2 ) . 

Using Eq. (14.642) with n = 5 , the total bond dissociation energy of C 5 H 12 is 

E D (C 5 H l2 ) = E D (C-C\ + 2E D _("CH 3 ) + 3E D _ (™CH 2 ) 

= (4)(4.32754 eF) + (2)(l2.49186 eF) + (3)(7.83016 eV) (14.650) 
= 65.78436 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C 5 H l2 , E D (C 5 H n ), 
20 given by the negative difference between the enthalpy of its formation 
( AH f (C 5 H 12 (gas) = -1 .5225 eV) ) [1 8] and the sum of the enthalpy of the formation of the 

gaseous carbons ( AH f (C (gas)) ) and hydrogen ( AH f (H(gas))) atoms is 
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E Dm? (C 5 H l2 ) — {AH, (C 5 H 12 ( g a S ))-[5AH f (C(ga S )) + 12AH f (H{gas))]} 

= -{-1.5225 eV- [(5)7.42774 eV + (12)2.259353 eV]} (14.651) 
= 65.77 eV 

The charge-density of the C S H 12 molecular orbital (MO) comprising a linear combination of 
two methyl and three methylene groups is shown in Figure 52. 

5 HEXANE ( C 6 H H ) 

Using Eq. (14.642) with n = 6 , the total bond dissociation energy of C 6 H U is 

E D (C 6 H U ) = E D (C-C) 5+ 2E Daikmi ( 12 Ctf 3 ) + 4E D ^ ( »CH 2 ) 

= (5)(4.32754eF) + (2)(l2.49186eF) + (4)(7.83016eF) (14.652) 
= 77.94206 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C 6 H 14 , E D ^ (C 6 H U ) , 
given by the negative difference between the enthalpy of its formation 
1 0 ( AH f (C 6 H U (gas) = -l .7298 e V) ) [1 8] and the sum of the enthalpy of the formation of the 
gaseous carbons (AH f (c(gas))) and hydrogen (AH f (ff(gas))) atoms is 

(C 6 H u ) = -{AH f (C 6 H U (gas))-[6AH f (C(gas)) + UAH f (H(g«*))]} 
= -{-1.7298 eV- [(6)7.42774 eV + (14)2.259353 eV}} 
= 77.93 eV 

(14.653) 

The charge-density of the C 6 H 14 molecular orbital (MO) comprising a linear combination of 
1 5 two methyl and four methylene groups is shown in Figure 53 . 

HEPTANE (C 7 H 16 ) 

Using Eq. (14.642) with n = 7 , the total bond dissociation energy of C 7 H l6 is 

E D (C,H l6 ) = E D (C-C) 6 + 2E D ^ (*CH 3 ) + 5E D _("CH 2 ) 

= (6) (4.32754 eV) + (2) (l 2.491 86 e V) + (5) (7.830 1 6 e V) (14.654) 
= 90.09976 eV 

20 Using Eq. (14.643), the experimental total bond dissociation energy of C v H l6 , E D ^ (C 7 H l6 ) , 
given by the negative difference between the enthalpy of its formation 
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( AH f (C 7 # 15 (gas) = -1 .9443 e V) ) [1 8] and the sum of the enthalpy of the formation of the 
gaseous carbons (AH f (C(gas))) and hydrogen (AH f (H(gas))) atoms is 

(C n H xt ) = - {Afl> (C n H l6 (gas))-[lAH f (C (gas)) + 16 AH, (H (gas))]} 
= -{-1.9443 eV- [(7) 7.42774 eK + (16)2.259353 eV]} 
= 90.09 eV 

(14.655) 

5 The charge-density of the C n H l6 MO comprising a linear combination of two methyl and five 
methylene groups is shown in Figure 54. 

OCTANE ( C s H ls ) 

Using Eq. (14.642) with n = 8 , the total bond dissociation energy of C s H ls is 

E D (C S H 18 ) = E D (C-C) 7+ 1E D _ ( "CH 3 ) + 6E D ^ ( »CH 2 ) 
10 =(7)(4.32754eF) + (2)(l2.49186eF) + (6)(7.83016eF) (14.656) 

= 102.25746 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C S H^, E D ^ (C 8 ff 18 ), 
given by the negative difference between the enthalpy of its formation 
(AH f (C s H ls (gas) = -2.1609 eV)) [18] and the sum of the enthalpy of the formation of the 
gaseous carbons (AH f (C(gas))) and hydrogen (AH f (H(gas))) atoms is 

E D ^ (C g H ls ) = -{AH f (C S H 1S (gas)) - [SAH f (C (gas)) + 1 SAH f (H (gas))]} 
15 =-{-2.1609 eF-[(8)7.42774eF + (l8)2.259353eF]} 

= 102.25 eV 

(14.657) 

The charge-density of the C B H ls MO comprising a linear combination of two methyl and six 
methylene groups is shown in Figure 55. 



20 NONANE (C g H 20 ) 

Using Eq. (14.642) with n = 9 , the total bond dissociation energy of C 9 H 20 is 
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E D (C 9 H 20 ) = E D (C-C\ + 2E DMam (»CH S ) + 1E^ (*CH 2 ) 

= (8)(4.32754eF) + (2)(l2.49186eF) + (7)(7.83016eF) (14.658) 
= 114.41516 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C 9 H 20 , E D ^ (C 9 H 20 ), 
given by the negative difference between the enthalpy of its formation 
{AH f (C 9 H 20 (gas) = -2.3651 eV)) [18] and the sum of the enthalpy of the formation of the 

5 gaseous carbons ( AH f (C (gas)) ) and hydrogen ( AH f (H (gas)) ) atoms is 

^ {C>H 20 ) = - { AH f (C 9 H 20 (gas)) - [9 AH, (C (gas)) + 20AH, (H(gas))]} 
= -{-2.3651 eV- [(9)7.42774 eV + (20)2.259353 eV~]} 
= 114.40 eV 

(14.659) 

The charge-density of the C 9 H 2Q MO comprising a linear combination of two methyl and 
seven methylene groups is shown in Figure 56. 

10 

DECANE (C l0 H 22 ) 

Using Eq. (14.642) with n = 10 , the total bond dissociation energy of C 10 H 22 is 

E D (C 1Q H 22 ) = E D (C-C) 9+ 2E DMmt ( 12 Ctf 3 ) + 82^ ( "CH 2 ) 

= (9)(4.32754 «r) + (2)(l-2.49186 eF) + (8)(7.83016 eV) (14.660) 
= 126.57286 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C l0 H 22 , 
15 E D (C 1Q H 22 ), given by the negative difference between the enthalpy of its formation 
(AH f (C l0 H 22 (gas) = -2.5858 eV)) [18] and the sum of the enthalpy of the formation of the 
gaseous carbons {AH f (C(gas))) and hydrogen (AH f (H(gas))) atoms is 

(C 10 H 22 ) = -{AH f (C 1Q H 22 (gas))-[l0AH f (C (gas)) + 22 AH f (H(gas))]} 
= _{_ 2 .5858 eV- [(10)7.42774 eV + (22) 2.259353 eV~§ 
= 126.57 eV 

(14.661) 

20 The charge-density of the C l0 H 22 molecular orbital (MO) comprising a linear combination of 
two methyl and eight methylene groups is shown in Figure 57. 
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UNDECANE ( C n H 24 ) 

Using Eq. (14,642) with n ~ 1 1 , the total bond dissociation energy of C n H 24 is 

E D (C U H 24 ) = E D (C -C\ Q + 2E D ^ { U CH 3 ) + 9E D ^ (»CH 2 ) 

= (l0)(4.32754eF) + (2)(l2.49186er)+(9)(7.83016eF) (14.662) 
= 138.73056 eV 

5 Using Eq. (14.643), the experimental total bond dissociation energy of C n H 24 , 
E D ^ (C n H 24 ), given by the negative difference between the enthalpy of its formation 
( AH f (C n H 2i (gas) = -2.8066 eV) ) [18] and the sum of the enthalpy of the formation of the 
gaseous carbons ( AH f (C(gas))) and hydrogen (AH f (H(gas))) atoms is 

E D ^ (C U H 24 ) = -{AH, (C u H u (gas))-[l lAH f (C (gas)) + 24 AH f (H(gas))]} 
= -{-2.8066 eV-[(l 1)7.42774 eF + (24) 2.259353 eV]} 
= 138.736 eV 

10 (14.663) 

The charge-density of the C n H 24 MO comprising a linear combination of two methyl and 
nine methylene groups is shown in Figure 58. 

15 DODECANE (C n H 26 ) 

Using Eq. (14,642) with n - 12 , the total bond dissociation energy of C U H 26 is 

E D (C l2 H 26 ) = E D (C-C) n+ 2E Daikme (*CH 3 ) + 10E D _ (*CH 2 ) 

= (H)(4.32754eF) + (2)(l2.49186eF) + (l0)(7.83016er) (14.664) 
= 150.88826 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C l2 H 26 , 
E D (C n H 26 ), given by the negative difference between the enthalpy of its formation 
20 (AH f (C n H 26 (gas) = -2.9994 eV)) [18] and the sum of the enthalpy of the formation of the 
gaseous carbons (AH f (c(gas))) and hydrogen (AH f (H(gas))) atoms is 
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E Da>? (C l2 H 26 ) = -{AH f (C 12 H 26 {gas)) - [l2Aff, (C {gas)) + 2fiAff, (H {gas))]} 

= -{-2.9994 eV- [(12)7.42774 eV + (26)2.259353 eF]} (14.665) 
= 150.88 eV 

The charge-density of the C l2 H 26 MO comprising a linear combination of two methyl and ten 
methylene groups is shown in Figure 59. 

5 OCTADECANE (C 18 /f 38 ) 

Using Eq. (14.642) with n = 18, the total bond dissociation energy of C 1S H 3S is 

E D (C 18 ^ 38 ) = E D (C-C) 1? +22^ ^CH,) + \6E^ { l2 CH 2 ) 

= (17)(4.32754 eF) + (2)(l2.49186 eF) + (l6)(7.83016 eV) (14.666) 
= 223.83446 eV 

Using Eq. (14.643), the experimental total bond dissociation energy of C l8 H 28 , 
E d ck (Qs^s)* given by the negative difference between the enthalpy of its formation 
1 0 ( AH f (C 18 H 3S (gas) = -4.2970 e V) ) [1 8] and the sum of the enthalpy of the formation of the 
gaseous carbons (AH f (C(gas))) and hydrogen ( AH f (H(gas))) atoms is 

(C 1S H 38 ) = - {AFT, (C u H 38 {gas))-[l*AH f {C(gas)) + 3SAH f (H(gas))]} 
=,-1-4,2970 eV- [(18) 7.42774 eF-f-(38)2.259353 eV]] 
= 223.85 eV 

(14.667) 

The charge-density of the C n H 3S molecular orbital (MO) comprising a linear combination of 
1 5 two methyl and sixteen methylene groups is shown in Figure 60. 

Table 14.1. The calculated and experimental bond parameters of C0 2 , N0 2> CH S CH 3 , 
CH 2 CH 2 , CHCH , benzene, propane, butane, pentane, hexane, heptane, octane, nonane, 

decane, undecane, dodecane, and octadecane. 

Parameter Calculated Experimental Ref. for Exp. 

C0 2 Bond Energy 5.49553 eV 5.51577 eV 7 

C0 2 BondLength 1.1616A 1.1600 A 3 
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Calculated 


Experimental 


Ref. for Exp. 


7V0 2 Bond Energy 


3 1532 eV 


3.161 eV 


/ 


M? 2 Bond Length 


1 1R79 A 

1. iO /Z. /Tl 




D 


JV0 2 Bond Angle 


1 j 1 .U 1Z 


1.54.1 


3 


£7 (~* f^TT T>r\*\A Tina.*-™-. i 

*±2> ^-^3 "Doncx janergy 


3.90245 eV 


3.8969 eV 


7 


i2 3 C — C/i 3 Bond Length 


1.53635 A 


1.5351 A 


3 


H — CH 2 CH 3 Bond Length 


1.10822 A 


1.0940 A 


3 


Ethane H-C-H Bond Angle 


107.44° 


107.4° 


8 


nuitine — j7 Dona Angle 


111 A AO 

1 1 1.44 


111.17° 


3 


j J 2^ — 2 £*ona .bnergy 


7.55681 eV 


7.597 eV 


7 


i7 2 C = CH 2 Bond Length 


1.3405 A 


1.339 A 


3 


H-CHCH 2 Bond Length 


1.0826 A 


1.087 A 


3 


Ethylene H-C-H Bond Angle 


116.31° 


116.6° 


11 


Ethylene C^C-H Bond Angle 


121.85° 


121.7° 


11 


HC = C/Y Bond Energy 


10.07212 eV 


10.0014 eV 


7 


HC = CH Bond Length 


1.2007 A 


1.203 A 


3 


H-CCH Bond Length 


1.0538 A 


1.060 A 


3 


Acetylene C ~C — H Bond Angle 


180° 


180° 


6 


C 6 xl 6 1 otal Bond Energy 


57.2601 eV 


57.26 eV 


17-18 


ociiZiCue — \^ jDonu -Lcngin 


i.jyi4 a 


1.399 A 


3 


H — C 6 H 5 Bond Length 


J. .U7JJ -fit. 


i ifti X 
1.1U1 A 


3 


K^^jLi^ ^ — ^ — o r>ona Angle 


120° 


120° 


13-15 


C 6 H 6 C — C — H Bond Angle 


120° 


120° 


13-15 


C 3 H S Total Bond Energy 


41.46896 eV 


41.434 eV 


17-18 


Propane C — C Bond Length 


1.5428 A 


1.532 A 


3 


Propane C — H Bond Length 


1.1097 A 


1.107A 


3 


Alkane H-C-H Bond Angle 


109.50° 


109.3° 


19 


Alkane C-C-H Bond Angle 


109.44° 


109.3° 


19 


C 4 H l0 Total Bond Energy 


53.62666 eV 


53.61 eV 


17-18 


Butane C — C Bond Length 


1.5428 A 


1.531 A 


3 


Butane C — H Bond Length 


1.11713 A 


1.117A 


3 
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Parameter 


f" 1 a 1 r* n 1 n t p c\ 


Exn er imental 


Ref. for Exp. 


C s H l2 Total Bond Energy 


65.78436 eV 


65.77 eV 


17-18 


C e H l4 Total Bond Energy 


77.94206 eV 


77.93 eV 


17-18 


C 7 H l6 Total Bond Energy 


90.09976 eV 


90.09 eV 


17-18 


C 8 H U Total Bond Energy 


102.25746 eV 


102.25 eV 


17-18 


C 9 H 2Q Total Bond Energy 


114.41516 eV 


114.40 eV 


17-18 


C 10 H 22 Total Bond Energy 


126.57286 eV 


126.57 eV 


17-18 


C U H 24 Total Bond Energy 


138.73056 eV 


138.736 eV 


17-18 


C l2 H 26 Total Bond Energy 


150.88826 eV 


150.88 eV 


17-18 


C 18 i/ 38 Total Bond Energy 


223.83446 eV 


223.85 eV 


17-18 
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